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A () (h) = 7 (o) olh) V. heRm.

As o'(@(EN#0 T d' (@) (0 1) 0 then o) —o(r). and so. by (20), f() =[(x).
Therefore f is pseudo-lincar.

Conversely, let us lake f 2 pscudo-lincar function. The conclusion 1s
obvious if [ is constant ov n—1. Assume that [ is net consianl and nz 2,
Let us first note that d'f(ri=6 for all re R (olherwise [ is constant). Let
Fe R such that [(D)# ) and N,—=ker diyf = the R f(0) (M=0}. X

ker dif(2). We have that N= N 1f this is nof Lhe case, asdim X=dim N,

_n— 1. ihere exists e X0 (T N and sa, by (19). f(0) f(ay=f(%), a con-
tradiction. Let now v =R be arbitrarily chesen :then flxy#f(0) or (s f(x).
A4 above we oblaiy kor d'f(r)=2N, or kv difiey=X. Iener ker drf(xy=XN.
for all re R, Take o =d'f(0) and ¥ =R" such {hat w{x)= 1. Then every xR
can be written as z=(r - o(1) I)+ol1) i and so. by (19, fia)=[flwl(r) I}
Taking 7 : R=R, (=fuxh (200 holds. Moreosver 2 (D =df(ix) ()0, There
fore o is pseudo-linear. The proof is complcle,

Remark. The results concernirg (strietly) bonvex. (strictly) pscudo-
honvex aund quasi-honvex fanctions stated in this note are also valid ininfi-
nite dimensional normed spaces, while, Theorem 12 is valid in every topelo-
gical lincar space. taukirg the Galeaox differential of f.
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SUFFICTENT CONDITIONS FOR THE EXISTENCE OF
NONOSCILLATORY SOLUTTONS OF FUNCTIONAL DIFFERENTIAL
EQUATIONS OF NEUTRAL TYPL
BY

AL b ZALIARIEY and T D BAINOY

The prescnt paper deals with Tinding sufficient conditions for the exis-
lenee of at least one non-oscillatory sohution of the nqu:.uirm_

(N (L) (D)™ = p() fle(ty a(=(Dh)=U.

where (L) (1) = x(0) +a() 2(=(1), (= la ek

Analogous resulls concerning ordinary differential equations and cqua-
lions wilh a retarding argument have been obtaincd in o number of contri-
butions. A detailed bibliography in this respect is contained in [1]. [2].

Denole by C(f) the space of all conlimuous funclions 7 : T—R where
I =ty o), o€ = 4o, by ACH(T) denote the linear space of all functions posses-
sing locally absolutely coniinnous derivalives to order k inclusively, and by
A€ (1) denote the space of locally summable funclions.

We shall sav that conditions (\) are fulfilled if the following conditions
held :

Al. The function ¢ =30 (1), and is nen-negalive.

A2. The function pe.AC '(J) and is non-negative.

A3, The function feC(R%) and f(u. v) =0 for w.e=>0.

Ad. The Tunction <€ AC"ME U E. =1t (<t tell, =(hgd
for e and lim <({)=c0.

As in [3]. define the function
v(fy o =inl {s2(s) =L s}
(obviously v(f) is defin~d for all fe= ] sinee lim =(f)—cc). We shall mention some
ol ils properties |1]
1. The inequality {=+{f) holds for all t= 1,
9. I f, = t.. then v{f,)<v(fs)

3. The function (1) is semicontinvous from the right and is continuous
il and only if <(f) is monotonely increasing and lim <({)=c0.
[

4. For any (=1 the cqualily =({(D}=! holds.
Introduce the notalions
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Tn(!)‘uf- T|(\,J ‘.'(I). T](f‘:f(’). H1(’)- fu'(n’}.
{2) ‘,'-u”) ‘.'(_‘.'m 1”” Tm("‘) o] 1(—”))

(1) —a() a(=(y ad=, () m=2000

[l can be imm~diately seen thal

{3) =Gy = 7 Ep st for 2 doome 1, =1
Consider the initial value problem

(11 o alha(=() = (. t=1

() ally==(0. 1€ B,

Delinition 1. We shall suy thal the funciion reCE, U i d solution
of problem (1), (3) if ¥ sudisfies equation (1} sthpost ever ypwhere on [ oagd 1f x(h—
=(f) for i&E,, _

Lemma 1. Lel the following conditions hold :

1. The funeti®ns «a:I— [0. 2) < E. 0 I=W are conlinueus.

2.0 lim v, (fy = where <, is the funclion defined by (2).

5. The fanction = CUI) and w(=(f0) 4.

Then preblent (1. (5) has o unique conlinuous sofution for eny funcfion
g Oy such that y(f)=3(l)

Proof. In view of (2) and condition 2 of Lamma 1. the method of steps
can b oapplicd. then

(0} HOENIOES 51( D ) gl -0 O™ () 5nkh),
for de[v, J(h). rull)] and m 1. &nd in the case when =1 ihe sum in the
right-hand side of equalily (b) Is consident d to be ideatically cqual to zevo,

The continuily of x(f) at the points (<], f=="rp,(1s) Tor mz 1 is gbvious,
while for { <, () it is immediately implied by condition 3 of the lomma and
ciuualitics (3) and (B,

Equality (6) viclds that when (=0 tor (=] and () =0 Tor tery,.
then ofN=0 Ter (=1, 01 e e solution ol problem (1) (3) is unique,

Pemyrle . 1t can be pumedialely seen Trom equalidy (b} thal f ke
funetions =, i = and ¢ are continnous, Then the condilion 5{7(fa)) =0 1s neces-
sary and t;ul'll'iril'nl for the soeiulion e() ta be cont o us,

Lemma 2. Lel the following copditions he salisficd

. The condifions of Lemma [ hold and the junclion y= Q0.

9. The functions o und y ure mensfonely inercasing nop-negatioe wend
(1) =yl # .

Sooa(y 1 for del

Then problem (1), (3) has « unigur pastlior salulion xify which witl e
hoanded if g is o bounded funciion.

Proof. For (€, (L), 7all)] and miz ] the following insqualitics hold

] TUNETITGMNAL DIFFEREN LAV O ATTIENS

”m“’) -4(_ .(l’))\l]
Uy gz, 0y w0 gt

Fhen Lhe asserlion of Lenuna 2 follows i dintely Trom cquality {6y
and incquelities (7).

Lemmia 3. Lt the fotlowing condifions be fulfilled

1. Conditiens M. AL end comditions 2 and 3 of Lenuna U hold,

2. The function ge= AC () and the funclion o e 100 "I,

Phen the conditions 5" (=) =0 and 2" (=g ' {fo. P10
are necessary and sufficient for the problom . (3) {0 have @ g solution
ve e (B I,

(Hfere = " (L) and g () dencie the lefl wnd rivht derivatioes of Uhe
functions = and g, respeetively).

Procf. L Sufficieney. Let mz 1, 2" (=) =0 and 2 ()Y =" (L
Lemma and (6) imply Uhat prohlam (1), {30 has a continuous solulion v s 1!
(G o th)e = (f)). We shall show that the devivatives 2y exist at the poinks
f—,ilo). Tndeed. (3) implics that for i==0 1 o0 ] the cquality

"—J“) (T-(‘l'- (ln))) .UI.: (T. ("I'._ (!n”). S !. 2 Leea I
is eguivalont to the cguality
'.;(l: U") ” |[":|
and ihen
i ' D e a1y,

L ]

" P

2. The necessity is immediately implied v the above canadity and
by ().

Denole by B the Banach space ol bounded funcitons y= () with a
norm |y leesup 4 gy | i1l and by AT denale the cone ul monolonely
inereasing and nonp-negative functions.

Definition 2 {5]. We shall say thal the pelation gy, holds for gy y.€RB
if 4o =K The ordering infroduced  in B is cobled regular if every bounded
monetone sequence has o fmil. The cone nsed 1o introduce the ordering is also
called reqular. _

1t is immedialely verilied thai the ordering introdueed by means ol K+
is regular. .

Lemma % Lel . 4.8, 1€ 20 250, ) and el the difference
5. (0) — 3, (0) be a non-negative monolonely increasing funetion for (=17, Moreover,
let o, (1) and y0). j— 1.2 salisfy the conditions of Lemuna 3 Then r(f)g ra(h
for any te, 0 where v; is @ dolufion of probfemy (1), (3) wilh an initial funclion
o amd right-hand side y ;.

The prool of Lemma - lullu\w immedialely from equality {6).

Definition X The funclion &= C(I) is called « weak (sirong) solulivn of
equglion (1) if Ly < 3¢ (D (x= A0 () and x(f) salisfies (1) almost ever yo-
here for te=1. ,

1t-is obvious thal every strong solution of (1) is a weak sclution al the
sime  time.

Consider Lhe integral cquations
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i

LT 1 .._ o] \'l"§ -y e |
(L) )=C + =5 !.\(L\ L7 pls) fr(s), 2(=(9))) ds
(8) -
= g(s —1)" 2 pls) flat) x(=(sh) il
(n-2)1,
for n even and
| 3
(LY ({17 4 —-——-—S[\(s )" p(Of(x(s), a(=(s)) ds 4
(n-3)tit.
(g} i [ PR
—(= 10)\ (s — 1" % pls) f(a(s).2(=(s))) ds]tfrx.

for n odd, 124, ¢ =0, nz2.

By means of immediate dilferentiation it is verified that cach conti-
nuous solution x(f) of equations (8) and (9) is 1 weak solution of equation
(1). (Lx obviously helongs lo ACHIY.

Let y=Bn AC* () and let peAC" (K, be an arbitrary fixed function
satisfving the following conditions

1. o(f) is monolonely increasing and non-negative for tek,,

2. ¢ )=0for{eE,, [S(l)=1, and w(fy) = C" :

Consider the funciion

mol

(10) o3 =y(t)+ X (D) y(m )+ D" MOEICM )L
=] ,

for {€ [ym (fe). tmlfe)} and =1, I is obvious that if o(f)=y({), then 3
is a continuons solution of probl=m (4), (3) with a right-hand side y(f) and an
initial function o(f) and if 9f {fo)= y'' (1) for i =0, ..., n—1, then hEe AC?
(E U 1) is bounded as well.

Pefinition 4 [2]. For any fwo functions 4., 3= B such thae §1,€ Y.
the set <y, y.=—{y y=B n,<y< y,! will be called a cone seqment.

Definition 5 [5]. The operalor A : BB is culled monolone on T<SB
if Ay, —Ay., =K for any two elements y,. y.= T such that y.- y, e Kt (ie.
if §,< Yy then Ay, <A}

Consider the operators
!

1 i
’?(fo)_—' Erzg".g(s L)y "(Ip(s)f((bﬁ(s), OE(=())N ds +

an (Fy) (= L '

T in—2) 18(5—&)" 2 p(s) fOYs), D3(x(s)) ds,  (=fo

t

o(l), € Ey,.

FUNCTIONAL DIFFERENTIAL EQUATIHIAS Ll Y

when i 15 an even number sl

l 1] -I
wlly) = _—\ \(.x e il [1@%0s), W3=(9y ds -
) (n—a311!

(12) (S~
'H'I—f-:)g(*' i) [l sy, (=) dsld.. (=1,

w{ly =l

when nis an odd nunber.
Theorem 1. Lel the following condifions be fulfitled along with condt
tinns (A}
1. The funetion [(u, p} is bounded, i.e. for coey peint (w s R e hare
f(u. vy =M and if < us mE 0. then flu,, )= [l v.).
9. The funclion p(l) satisfies the inequalily

(13 fo= 1" pthdl=o.

St v () =0 and (1)

Then the operalor F has af least one fived puinl y,=K".

Proof. Introduce the nolation Tty ys R gl =) It yeT.
(hen in view of Lemma 1 @30 is o continuous funclion and (11} i1)5ties that
FyeB. Moreover, (Fy) (t) ==l and therefore F(M=T.

Let y,. ys< T be arbitrary and such that y,<y.. Then condition 1 of
lhe theorem vields

- . 1 . _
(Fy) (- AFy) (= in :g)u_\(‘t) Upes) [f(@F (51 @F (=(s I —
!

. ; [t '
f((Df(S) (-D;.(T(S)))_. dy — ‘”-FT“)-‘RU fu)""'l’(-")lf(‘bf,(s), d);"’(‘-(.\')))
K
[(@3 (), DEL=(s))] ds.
for (e,
Since for any function ys 7

(14) FN D] (—I?\(s 1) F psif (D% (s). dy(=())) ds.
n=2).!

then condition 1 of the theorem implics that il gy, y: &€ T and y,< .. then the
incquality [(Fy.) ()~ (Fy) (D)]20 holds for t= Euf. i.e. Fy,—Fi s K™
henee the operator (7 is monotone on 1.

Introduce the notation TW =iy ys T, y()z20, (= It Obviously. if
y= T+ the (Fy€K*, ie. the operator is positive on T
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2

The operator 7 is continious on Toie. iF lim
H L

- Yo =L lhen b

Fhi—(FU. 0 as welll (7 3s a closed set).

Denote by 1,8 the dilference
(o 1,00 f(tl)u (0, &3 (=(hH) fid: (f). (l>; (=(f1))

and then

N

CE )
Fi,—F 1, sup e sy sy ds
S50 !FII .\(“ o)1
{160 '
i_ll) . i [-
. \(\: () p) Ty s = -sup (0
9 1)

(n 2 {(n-H! el

Since all Functions participating in (15) are conlinuous, Lhen for any &0
there oxisl numbers w(z), 8() =0 such that for p==v and sup! y () -—al) =38
tet
) ! o e(n—=2)! T TR
the inequality sup | T,(0) | = ~———= holds. Then (16 implies the inequa-
tet o
liv [(Fy,—F | <z for n>v. ’

Let G(fy=5(l,) for all f&l, Then ytiy=hon T and (FH (D= g Tor
tel. Sinee gfy=0tor t= 1 then ®HN =0 for all f= 1. T view of (i1) we ublain
that .

! ; b & .

LFH (D=5 = (— --.))—'\(s LY pls) fl05(s), (=())) ds> 0

n—2)1 0
1
for fel, whence we conclude that Fgshn T
On the other hand, for y=B

and g< 4.

. I,
- (Fy i =sup | {7y () <s5(l) + == -
(17) (FY EE[I)I(fJ)() 2(ly) Y
Tnlroduve the nolation '
: s MU—1)[
M — R ) M-, . n—y Aeda AL
() =9ty + (!1_2)—!R(S—!'o) ' p(s) ds+ (”_—2)!“.8(5“‘!0) plsyds -
{, . .
== __lf_g[g(s_[u)"*-p(s) ds]t!z.
(n—23! JL.

[

It is casily verified that y*(f)2 ¢(t,) for /=T and

231 . o
() =————\(—=1,)"2 p(sydsz 0 for (=l
(n—2!

!
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Therefore, y*=Ktn T+ and p*
Constder the differenee

yshkn Tt

r

! ) = :
y (= Fy D (—)[\( L) () (M —[(D3(s), BF((s))))ds +
n—ac) . .

fo

3

(1) i\ (=173 ()M = (OB(s), DF(())) s+

-+ MS (S (s 1) *p{s) f’S) da l -

[P

-~

Condition 1 of Theorem 1 yvields that the first iwo addends on the righi-
hayd side of equality (I8) are non-negative, hence y () —(Fy) (D20 for
f=1. On the other hand, from (14) and condition 1 of the theorem we obtain
that .
[ () —(Fy) (=0,

lor {1 and hence GFy'< y', e, y° —Fy s K+n T Whene il [ollows that the
monotone operator, positive on K*1 77, transforms the conc scgment <<j,
y*> onto itself and in view of Theoren LT [5] there exists a function y, s
e <f, yr>cKin It such that (Fy,~y,.

Thus Theorent 1 is proved.

ftemarl 3. The delinition of the operator ¢F implies thal y, = AC* (1)

Corellary 1. Lef the condifions of Theorem 1 be fulfilled und lel y, be the
fired point of the operator (7 belonging to K+n T+, Then the funcfion x(0)=07, (1)
is ¢« posifive weal: solution of equation (1),

Proof. In view of Lemmas 1 and 2, the function xy(/) =0 (1) is the uni-
que continuous, bounded and positive solution of problem (4), (0} wilh a
right-hand side y,(f) and an initial function $(f) and then, according te Theo-
rem 1, 1,(f) is a continuous positive solution of the integral equation (8) lor
(" =2%(l,). Therefore, Ly, € AC*™ ) and x(f) salisfies (1) almost everywhere
for <]

This completes the proof of Coroliary 3.

Theorem 2, Lel the conditions of Theorem 1 be fulfilled. Then the operafer
S has af least one fired point y,= K+,

Proof. Let yeB. Tt is easily seen that for y{f,)#¢(l,) the lunction ©§(1)
can have only bounded jumps. Therefore, the function

!
W= § (s—1)" p(HOYs), DY) d i+
(19) "

H(U—h) [ (=)™ p(PY(s), PN ds,
is continuous for f€ ana S(B)<B.

3 — Matematica



RRh AL ZAHARIEV, D0 D, 3AINGY b

From condition 1 of Theorem 1 we obtain that il g, y.=lband g, <y,

ie, ookt then .

(20) W, ) dor 1=l
Moreover, for yeB

20 Sy (D] =(n~2 Y, tor (SL

Let gy, yo=Band g, —y, = Kt Then (20) and (21) iinply that Sy. — Sy, =
& k%, i.c. the operator § is monotone in B.
‘The continuity of the operalor 8 is proved analogously to that al 7 with
the difference that 'S is continuouns in B and not only in T.
Introduce the notation Br=iylyeB, y(n=20. (s} I g= B, then
(21) implies Sye K+, ie. S(BHy< K+ and hence the operator & is positive in B,
If we set g(f) ==(l,) Tor (=1, then g€ K+ and hence Sge K+ Then (12)
implies that (S§) {N—§(H=0 for (=1, while (21) vields [(S§) (D g(l)L’:
(n—3) H ™" (1) for {1, henee Sj—ge ikt
If y=n, then

-

Syi<o(t)+MIJ(n=3)".

Intreduce the notation

t =z N m
w=@uo+-(JZNR(S@—uvﬂp@ws+m—JJib—u)MQMﬂdm

n-H L, .

[P E

and obviously, ¢ € K+, y*'(h—g(Hz=0 lor f< L,
[y (gD} >0,

for tel, i, y*—ge it On the other hand, condition 1 of Theorem 1t implics
that for =, y*(D—(Sy*) (H20 and

[ (n—(Sy")y (Hl=0.

j.e. y°—Sy K+ and the monotone continuous and positive operator S Lrans
forms the vone scgmenl =g, ¥ = onto itself. In view of Throrem 1.1 [3]
there is at least one fixed point y,€ =g, y ==K~ '

Theorem 2 is thus proved.

Remark 4. The definition of the operator 5 implics that w(te) = Yy(ly)
and, moreover, cquality (12) vields that y,=AC (I).

CoroHlary 2. Lel {he conditions of Theorem 2 be fulfilled and let y, be the
fized point of the operator S, y, & K*+. Then (he function x,(f)— ®F (1) is a positive
weak solution of equafion (1}.

The proof of Corollary 2 is analogous 1o that of Corellary 1 with the
difference that x, (f) is a solution-of (9).

Corollary 3. Lef the condifions of Theorem 1 (Theorem 2) be fulfilled and
@t (£)=0, i=0, ..., n. Then the function 2,() =03, (1) is « posilive strong solu-
tion of equation (1) where y, is fhe fi ved poin{ of the operator (F(S) in the cone Kt

[ FUNCTIOCNAL DIFFERENTIAL EQUATIONS 24
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