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aN A GENERALIZED OPIAL TYPE INEQUALITY
IN TWO INDEPENDENT VARTABLES
BY

B. . PACHPATTE

i. Intreduction. Jn 1982 G. 5. Yang [3] proved the following ine-
quality of Opial type fsce [L. pp. 154 —162" in two independent variables.

If fts. ). fals, ) fisls, ) are conlinuous functions on [a, b w e, d) and if
! flo. fy=fb )= [i(s. WYz=fy(s. d)=0 for u<ss b, c=i=d, then

A0 LI § .
L (n V0 fso D fiels D) dfyds < M J(§1fia(s. D) itdf)ds.

where Mo=(b — @) (d—c) 8 and fils, = ;fr's. N fiafs B e ;l[(s. LY.
(g1 (217

Recently, inaseries of papers [2— 1] the prasent author hes established
wveral interesting and new integral incqgualitics of Opial type involving {unc-
lions and their partial devivatives in two independent variables. The aim of the
present paper is Lo célablish a new integral inequalily involving functions
of twn independent variables and their partial derivatives which claim their
prigin to Yang's inequality given in (1). Our vasult in the special cases vield
the Yang's inequality (1) and its generalization given by thit present author
in [2 Theorem 1L

2 sgatement of results, Throughout we use the notalion D A(ry=dn{r)/dr,
e s ¢’

D s 0o — Ris, 1), Deh(so = o hs, ), DD, ()= B (s, 1)
és ¢ o3

Ele
and A a bpefe d) Ay=le, 2} be, 8] Ay [a. 2 > 3 dl.
Ao fa bpse]e B Av=la. b) %13, d] lor ag xgb, c=3<d.

Out main result is established in the following

Theorem 1. Lel f(s, ). Dif(s, O, DD, f(s, ) and g(s. 1). Dyg(s, ty. DDy
(s. 1) be real-valued continuous functions on A and fta, 1) = f(b. 1) =
— DN f(s. ¢)=Dyf(s, d)=0, afa; [)y=g{b, 1) = Dg(s, c)ymDyg(s, d)y=0 for a<ss b,
r<izd. Let ®(ry and ‘W(r) be nonnegative, coplinuous, nondecreasing functions
for ¥ =0 and OO) =1 (1) =0 such that DOy end DN(r) cxist, nonnegalive,
continueus and nondecreasing for r>0. Then
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b
@) (101 fis, ) ) DY (1 a6s, 1) PaDigls. D
LW (gl ) DOA s ) D LDy f(s ) ] dids

<O( (£ DD 0 [ (1§ DaDagls. 1) dtds)

% d ) T oad

+®({ [ | DDyfts. 1) | didsy¥( [ ﬁ[ i DsDygis. D) | dids)
a 3 K
b5 b B

LD § [ DeDyf(s. O 1 tds)'F ([ [ | D-Dyals, 1) dids)

o

X |-cb(jj|DE-D,f(s, £) ,rif(zs;)\l»'(__rbgtanl,n(s, 1y | dids),

for a<axbh, e<psd.

The particular cases of Theorem 1 are caniained in the following corol-

laries. .
Corollary 2. Assume that in the hypotheses of Theorem 1 we have g=f

and ¥ =®. Then :

@ T 01 DO (160 D) | DaDifts, 1 | dtds

@

x o d
£ ~12— WO { [ | DDyfts, 1) | dids)}t +{(1)(I;§[ | D2D,f(s, (| dids)} *+

De—

: b3 . b d
+{O(J [ PeDif(s, ) | dids)} +{®({ { | D.Duf(s, ) | dlds)}]
for a<a<h, e<B<d. :

Corellary 3. Assume that in the hypotheses of Theorem 1 we have ()=
" () =1, where m20 is a constant. Then

(1) Ciis 017 gl 0T fGs, 0 | 1 DaDagls, 01+

1(b—a) (d-—c)]m' ;

Flg(s. 01 | DoDifs, O ]] dids< ——l_-[ A

2(m+4-1)
b
W {11 Dabufs. £y 120750 11 D.Dygs, 1 |*0] dids.

i c

We note that Lhe inequality (3) is analogous to Godunova and Levin's
inequalily (sce [1, Theorem 13, p. 1591} and we believe that it is new lo the
literature. Putling ®(r)=r and hence D®( =1 in (3) and applying Schwarz
inequality twice lo cach resuiting integral on the right side and then taking
a=(a+b} 2 and B=(c4d) 2. we gel the Yang’s inequalily given in (1). We
also note that the incquality (4) is established by the present author in {2,
Theorem 1] which in turn cortains asa special case the inequality established
by Yang in (1) (sce {2, p. 2060]). - ;
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4. Proefs of Theorem | and Corollaries 2—3. Jn order 1o prove Theo.
. [ . 0
rem 1 owe obtain the o3imates in the following four cases.
Cese 1. Lel (s.Hhe A, and define

i) (s ) ‘l‘._'l' DD ftu vy dedua.

() wis. )= 1§ | DD g(u. ) dedu.

Then |

(7 Dy e § DDy vy do. Daxs. )= § - DaDyf(u 1) da
and '

(8 Dhw(s, = ,l'J D.Dyg(s, ) do. Daw(s, )= | D.Dyglu. fH  du.

From this, we obserye that {or cach fixed s, z(s, 1) and (s, [) are nondecrea
sing for  on [e, 8], Since fla, gl H=0 and Dyf(s. =Dyl ) =0 for
(5. (=4, we have

(4) fisch) = 7 Dyf(udy duo g ) < f Dygla ) du.
(10) Difis ) < § DD f(se v} do=Dy=(s. 1),

() Duts. O < [ DiDygls. ) do=1n(s, 1),
From (9~ (11} we observe thal

i12) fis. 0y = § Dyz(u ) dus z(s, 1),

(t3) g(s. 1) = § Dyl 1) du—ws. 0.

From (12). (13). (7). (8). (3). (6) and the hypotheses of Throrem |
we ghserve Lhal

an _|"_r:"|(1>( fs. 0 ) DY( ges, 0 ) | DaDyg(s. O
S g ) ) DO f(s )y ) L DLD (s )y [ dids
. .'I'I“J.::I‘h(:(" ty DY (s, 10 DyDyg(s.
K ‘Gols. 1) DOC(s. ) | DD f(s i) ) dids

< [ [(x(s. 5)) DY (wls. 20§ DD ygls 1)
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S (s, B)) DO(Gs. ) § | DaDyf(s, Dl dtds

— [0(x(s, 8)) DT (os. 1) Dyao(s, B) -+ (w(s. 3) DOG(s. 3 Dists, )] s
d . .
= R I [D((s, BN (ogs, PN ds =P ((x. 5D (i, 3))
Jds

[
[

(1] D:Duf(s. 1) | dtds) \1'(“_.3 [ DuDag(s. 1) | dtds),
Case 11, Let (s, ) =), and deline
s, )= j:_rfl; D.D;f(u, v) | dodu, w(s, t}=ﬂ‘\:rj: D.Dyg(u, vy | didee,
Case TIL Let Zs, NeA,; and define
2(s, 1) = {bjti D.D,f(u, vy | dodu, wis, )= sjb._fr D.Dyg(u, v) | dodn.
Case IV, Let (s, )=A,; and define

) b -
(s, )= § {1 D.Dyf(u, v) | dedu, w(s, e { { | D.Dyg(u. v) | dedu.
¢ 5

Now by following similar arguments to those in the proof of Case I, but with
suitable modifications, we obtain the following estimates in cases I1, 111
and IV :

(15) Iaf (@ f(s, &) 1) D¥( gls, 8) 1) | DDyg(d,

¥ (| gs, 1) [y DO (s, D) |} | D:Duf(s, O [] dids
< fsrdl D.Duf(s, 1) | didsyF(§ § | DaDagls, 1) | dids)
a ag

(16) OIEE.EBN’(I f(s, ) 1y DX g(s, 1) ) | DeDhapfs, ) |
2W(| gls. ) 1) DD(| fGs, 1) 1) | DaDuf(s, 1) |] dids

< _[bjﬁl D.D\f(s, 1) | dids) ¥ ( _[bjiqi D.Dg(s, 1) | dtds),

and
a7 FF100 6 ) D DY( g5, ) 1) | DaDigls, D |
(g, 0 ) DO (| {65 0 ) | DeDuf(s, ) [} dtds

<0 (1[I DuDifts, ) | ) K [ £ DuDugts, 1) | dus),
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respectively, Adding (11) - (17) the desired inequality in (2) follows. This com-
pletes the proal of Theorem 1.

The proof of Corallary 2 is immediate if we substitute g [ and =
i (2).

By pulting d(ry =™ (r)=r" ! aud henee DO(r) =om - e, DD

(mA4-1)r™ in (2) and using the clementary  ine quality  er.g (/5 403y 2

for e, c,2 0 reals and Halder's inequality twice willvindiees 2{m 1y, 2(m -1}
(2m--1) to cach resultirg integral onthe right side and then taking ses(q--h) 2
and B=(c-+d) 2, we get the required inequality in (1), This completes the proof
of Covollary 3.
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