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1. Introduction. The purpose of the present paper 's 1o investigate the
follcwing nonlincar boundary value problem:
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Basic assumplions. Assume thal the functions 4, satisfy the following

standard hypotheses:
(M) Al the functions 4= . A(e. 20 | 01| % R =
(=0.1....m: R=)—c. Lwl|} are of Carathcodory type. i.e.
(a) r—. Nl 2) are measurable. for cvery Te R
and
(h) Z—.A(r. 2) are coplinuous. for we. xe il B
y In addition. there cxist p =1, g=L90.1) {1 pig=1y and (20 such
Hal
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ae, vl 0.1 | (k=01 ...om).
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Maorcover, functions AV, sadisfy the ellipiicity condilion :

M

(L) Y D= N (e s e =] 000
k.0

(V) Z2=(%0 2, .o0; Zgh =10 acia

f hm ) T

As regards 3 in The houndary condition (B.C.y we assime ¢
\l.l_._) B D3y REm— R is o maximal monofone (possibly mulfivalued) map-
ping.

Note that cqualion (1) is just the one-dimensional ease (20— 1) of
The well-known nenlinear divergenee cquation. which has hoen stndied by
many authors (see, ede, Yu. A Dubinskii [3L JLLo Lions [t .
Pascali and 50 Sbuaorvban [0 M Nisik [7] and the mferences
Lherein), .

Tnstead, we associate to equation (1) the boundary” condilinn (B.C.)
(where 8 salisfies (1)) which, to our knowledge, was never considered unlil
now in the literature in this geneeal forny T'his is the novelty of This paper.

Nolice thal many classical houndary conditions can be derived from
(B.C.y by making suitable chotves-of 3 and of A, (see Seetion H).

2 Some aotlation and terminoloyy. Let W5 00) (I paturel, ler<eo)

be the usuzal Soboley space endowed with [he wsual norin. For convenience,
we shall dennte it by W' Also we shall denote the space L°(0.1) by L,

‘I he space of all continuous functions : [0.1]—= R with continvous dert-
vatives up Lo the order 1 owill be denoted by CF[0.H]L This-is a Banach space
with respeet 1o its nsual norm. Finallv, we introduce the notation

WEr s L ae W cal [ug. wtl) ') @' (Vy o wTU0R 0 ()
(3.

We assutne lhe familiarily of (he reader with the monntons operalor
theory. For terminology and hackground malerial in this direction see..c.g.
V. Barvbu 1.1 Brezis [2].

3. The main resull, Let o W e We s ) ohe The form delined by

atu, my = N, \.L(.:'. o e Y e

Define alse [he (pussibly multivaluedy mapping

ay t W WP ) Dy

]

wequ, 03 s = (4 qeal Jag0) n(lh o0 A wtt i)
col [e(y, e(ly oo™l et e
where ¢. . .32 represands the sealar product al £ We have denotrd by

CBGw,). g the sol (g wap e Y= 300,00
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Let us associale to problem (19). (B.C.} the form b Wor s WA B di-
ned by .

bl oy—a{u. 0y - wnda, ).

Definition b Lel [ b oan element of (WY (the dual of W) The
function u is said fo bea pariafional sofulion of problea () (B if ;

TR and  fleyshia vy (FY 0= VAFMF,

Remard 1 Vel es assume thal =000 om) and f are sullicienlly
vood funetions and u is o classical solution of problom (19). (B.C) Then o
slraightforward  computation shows that is alse o variational solotion
for Uthis problem in the sense of Definition 1.

1t is welkbknown fsee, cg. Vo Barbuw [10pp. A8 =50 that, under
hvpotheses (L), (H1). the mapping « is well defined on Wor AWRes and,
for every ge WP gy, ) is a dinear continuous i welional on W72 The-
refore a{u, #) may be writlen as .

a(i. )=y (0, (V) uo e Yy

where A is an operator from W7 inlo its dual. Moreover, eperalor A W
- T4 - TR . . . i’
(W is monotene and continwous, Therefore, 4 is marinad monolone,
It is also easy 1o see-lhat for every ye 87 (he mapping 1—{y, col

p(OY. 1) e ), o™ (1D s a0 dinear continuous lunciional
( . o

on WP The conlinuily of this functionat follows from the Tact tha i
is continuously embedded in €7 |01} Therclore az can be written as

(i, wy=(N"u) (o). (¥) us Wg2, pe o

where A% is a multivalued operator from W™ into its dual.

We are now able Lo state the main resull of this paper:

Theorem L. Operafor \*: Wiv (W) defined ahove. by means of ay
s maximal monolone,

Proof. First of all, as 8 is monolone, we deduee Lhal 1% is monotone too.
et us prove now that 1% is maximal menolone. Ju the case in which 3 is every-
where defined on R:7, single-valued and contintens the maximality ol A#
lollows easily. Indeed, since W'# is continuously embedded in o [0,
it follows that A% is demicontinuous (i.c. u;—u strongly in Weer implies ARy ,—
B, weakly in (W2r)). Therefore in this spectal case A s maximal mono-
tone. So, in particular, Tor every 720, the operalor A W (Weery!
is maximal monolone (8, denoles the Yosida approximation of 8). Equiva-
lently, for every he (W™ and for every » 4. there exists . & W™ such
that

) P,y =A% w,

where £ W g (W) s the duality mapping of W™
Let u, = W57 be lixed and denote

{(2) o= 1" (u ) A%,
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(For convenience consider Tor the time beirg that 4 is single-valued, i.e, A3
«is single-valued too),
From (1} and (2) we have

(F(us) — Fluan (e ) (A5 Aty Gy — ) =th=hy) (tr; —u,),
which vickds
(3 B {8 (cod T (O), (1), o w? D0y, w1y —
B(eol fry(0), a1 o g™ HO), N,
col Ju, (0) 1 (M, 1 (1) —uy(1), e O g e +Ca
From (3) we obtain by monotonicily of
{4y s | Zemp 485 (col fug(0), wetl), P —
-5 (cob Juu0), (1), .. ). col fus (0)—
—u (M. (D —u (D s Cous b -0
On the other haund
Q’)) l,ll;l; 8; (col Jua(0), uy(1) . N=5° (col [ug(®), o). - ]
where B¢ is the minimal section of . Also, as W= 2 s continuously embedded
in C™ 1t {0.1], we have
(6) 1 eol [10). (1), .1 g Calt 1ty Yoy,
Now, by (1), (3). (&) we obiain *hat the set
(7) fu; 3 »>0} is bounded in W72

Taking into account eq. (1} we also have

iy

(8}

Sinee W™# is compactly embedded in €77 [0,1] il follows by (7) that there
is u& W™2 such thal (eventually on a subsequence)

(9 w = ag n0, in Clo.1] (=01, .., m—1)}.

A%, 2.0} is bounded in (W™¥)".

In particular (on the same subsequence)
{10) ui () —u' (0), W= (1), as a0 (j=0,1,...m- 1).
According to (8), the set
<8, (cob [, (0} ws (1), ... ]} col [e{0). p(1). ..o gem, 20}
is bounded, for every veW™P, Therefore
(n {@;.(col [w:40). up (1), .1} >0} is bounded in R

(because the set {col [n(0), v(i), ...]; pe W™ ¥ coincides Lo R*™). Using (10
and (11) it follows by a standard argument that ue WE? and there exists
a sequence 2,—0 (a subsequence of thal extracted sbove) such that
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{(12) By eol fa (00 g (1) D=y eol [ug). u(hh b

In olher words

A%y, —o =47 () weakly dn (WS

Thersfore, taking into aecount va. (1) we have

(1) Fla, Y=t 0o weakly in (W™ Fyoawith o e A

Now using (1), (12) and (1) we deduce thai
{1 Vim {(#w, ) Fae ) (1;, —uy =0

"

Pemember Lhat £ s o maximal monotene operator from WO into (W™ 7).

Then, by (13) and (11) and the fact thal a; —»u W akly in W9F we deduee.

by virtue of Lemma 13 in V. Barbu |1, p. 12} thal
R o= kG, where e AP
‘Therelore 4% is maximal monolone. .15 D,

4. Existenee and regularity of variational solutions,  Assume  that
assumptions (H,), (1) and (H,) ave fullilled. Then, as scen above both opera-
tors .1 and .4% are maximal monotone. In addition A isevery where defined on
W e Therefore A 1% is maximal monotone Loo. by the well-known pertie-
bation resull due to R. T, Rockafellar (see. e.g. V. Barbu |1, pp. 16— 18]).
so. a sufficient condition Tor the surjectivity of A4 AP (e, Tor the existence
of al leasi one variational solution lor problem (12), (B.CYis Lhe coerciveness
ol 1A% Specifically, fet us assume (in addition to (11)), (H). (1) that

(i) {3 v,= Ware such thal i alw, -l per= TX

Wy

iie, operator o is coercive with respeet Lo ng) Then, it is casy to see that
1A% is also coercive with respeel Lo u,. Indecd. by the monolonicity of A%
we have

(Aa+ A% (u—u)= () (u—u) (AP (i—1ty),

which by (I1,) implies that A A% is coercive wilth respect lo u,. Then il is
rasy to see Lhat (A L A% 1 is bounded on bounded sibsets ol ils domain
(which coincides to the range of 14 A%), Then by astandard result in the
monotone operalor theory (sce V. Barbu 1. p. 12D it follows thal the range
of 4 --A%is the whole (W™ 7). llence we have proved the lollowing

‘Theorem 2. Assume (M)~ (1) hold. Then, for any fe(W"») problem
(£), (B.C.) has af least one parialional solulion.

Remark 2. Hypotheses (11,) is trivially satisfied if A, verify, for example,
the following condition :

(1) there exist 70 = {73 73 .. 7o) = D(E), C=>0

and g, = L'(0.1) such that
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Hi
V(e B (G2 Oy [ 2 e (@) ner S ] 00
ko0
(V) ze l{lrl- 1.
I is alse obvieus that the existence of variational solutions for fe(Whry
is assured by (1), (F1) together with the strong cllipticily condition :

M

(11, Y DA ) (Lm0
k-

NALY

1, g:tn l((t) >()),

for ae, x| 0.1, (V) & n& "0
Indeed. we have the Tellowing implications

(1= (1) and (11,) ~(Ly=(D).

Moreover, in Lhis ease we also have the uniqueness of the variational solulions,
Remark 3. 1t should be noticed thal in cerlain situations the variational
solutions (if they exist) are classical solutions of equation (Eyand verify (B.C.)
in usuat sense, provided that f belongs Lo some function space.
Let us consider here only the simplest case in which (E) is a linear equa-
lion. Namely. let us assume that

m

(15} A, BY= X a, (@) & (k=0 1., m),
Fae
where the functions a,, satisfy the following hypotheses
(1) wpe W00 (L R=0,10 . m),
(I Y, Lihze | Eohen (e=0) acae] 0l [.
ioha(

(V) L& Rmi,

We are able to prove the following existence and regulavily resull.

Proposition 1. Assume that (1), (1) and (1LY held and f=L7(0,1), for
some re[1, +ac]. Then problem (E), (B.C.) (where A, are defined by (19)) has
a unique clussical solwlion we W=7 (more precisely. w  safisfies (E) for ae.
r=]0.1{ and n satisfies (B.C.) for every 2=[01]).

Proof. First of all, we remark that (I)=(H,) (with p=2, and g{x) =0)
and (I)=(H,). Therefore, according to the Theorem 2 and Remark 2, there
exisls a unique variational solution ae W2 ol problem (E), (B.C.), ie.

1
{16) § fedreaiu, v)-rag(u, v). (V)re Ve
In particular (16) holds for every test function 0=D(0,1), ie,

m 2
(17) ¥ (=1 g u')* =f. in the sense of D'(0,1).

ik=0

Now, define the function
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m

(18)  w(x): = (D" (r) it (a) - (=100 _| i ey () 0D (s) ds-t
bi] A 4]

:

moom . v S k=1 £
NN (= fds, a0 e fugl(s) utO (s) ds.
v A0 [\l u 0
Obviously weL0,1) and its distvibutional derivalive of order m coincides
Lo f. Fhercfore e W7 So by performing successively in (18) the derivatives
w. w' et we dedues by viriue of hypotheses (1;) and (1) (which implizs
in particular that ¢, ()= e, for Ggrsl) thot us W= Then, obvioushv u
satisfies (17) (ie. u satisfics (1)) Tor a.e. as O] )
Now, using again (10) we deduce casily Lhal a satisfies (B.C.) for every
re o, {(where the derivatives are understood in usual sense). Q.1Z.1D.
5. Examples, Let us firsl poinl out two important parlicular cases
for which the variational solutions in the sense of Definition 1 (sce Section 3
above) are just variational solutions in usual sense (sce, g, [6, pp. 272271,
provided that fis in (W)
Ixample 1 (Dirichlet). Let 4 be the subdiiferential of Y, where ¥ @ R¥"s
o] —oo, +oo] is defined by

W) = {O' S

20, otherwise.

Then W coincides to W§» and problem (E), (B.C.) becomes

i

sz‘“ r
{u‘“ (O)=u? (=0 (j=0,1, ..., m—1).
Ervample 2 (Neumann). Let 8=0. Thenr WE? coincides to WP and
prablem (E), (B.C.) becomes
[Tg,,, u=f
Loy ; u=0, for 2=0 and x=1 (j=1, 2, .., m).
Example 3. Lel § be a 2m X 2m-posilive semi-definite matirix (not nrers-
sarly symmelric, i.e. 4 is nol necessarily a subdilferential). In this case (B.C.)
(where .= must be replaced by ,,=") represents some linear boundary con-

difions. Notice that even in this linear case we effectively go beyond the case
of subdifferential in (B.C.).

_ Erample 4. Assume that A, are deflined by (15), where a,; satisfy, for
instance, (1), (1,) and, besides,

W 0y=af' (1) (i=0,1, .., m; j=0,1, ., k=1; k=1, ..., m)
l.et 5 be the subdifferential of the function
Y, R*™— —c0, 4oo] defined by
- IO, if rp==sp(ko=1,2, .., m)
B l oo, otherwise.

Then il is casy to see that (E), (B.C.) becomes

\i.l (COI [’rl’ LI TIREEN rms Sm])

4 — Maienatica
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i

S (1) fun utt =y
ik 0

nUE O D (1) (et 2m 1) (periedie BEY).

For other examples of boundary condilions which can be put in the
form {B.C.) we refer the reader to the paper {5] of the authors. )
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A NGTE 0N INTEGRODIFFEREXNTIAL INF QUALITIES
FOIL DIFFERENTIAL FEGUATIONS
jit's
A s ZAGHTIIWOUT

$1 Antroduetion. A pesult of fund:sznseial and far-reaching inportancs
in the study  of exisienes, vniqueness, bonpdedness and siabiliiy praperiies
of ordinary differentiab cquations is tie Grovwall incquality |1, p. 1040
Recently. the author L established some pew inte gral inequatities of this
type |01 (10} Tn this paper, we wish "o alabiich some wow infegral incgual’-
tics and integrodifferential ineguaiitics which may be used as o locl in anplica-
tions (see [T, [1] —[G]. The resulls obicined are ¢xlensions Lo those i
(21 3] I8t

£2. Main results, In this seetion we wish 1o estabilish sone inlesesting
and uselul integrodifferential inequalities which can be used in the study
of many problems concerning the hehaviour of solulions of a class of differen-
tial and integrodifferential equations. A useful geneval version of Gronwali’s
incquality may he stated as folows

Theorem 2.1, Lel a(f, fD), ¢(f) and hity be rewl-valuad i .f:rn:'b-'!f:-r"('f)rali-
snwus funetions defuved on 1, for which the iregualily

@0 W w0 16 26) ds § 1) (§ aa@)n) ds
-1.-;”3) (I;‘:..(l('-’) (U,\'Ih(ic) (k) dij d=y ds
holds for all i€1, where Xy is a nennegafive constail e s w1 fhen
22 a<at (1) exp (S AR Lot [0 onp ( Stk iy
[+ "-.—(l—a)grh(k) exp ((—1-=) j:[f(_n)--_-;;(:;; jdn) di:] T ds] ds

for all (<]

Proof. Define a function m(fj by the rvight member of (2.1}, Then
¢ H e
i (=[O 1) § (=) a(xy d= 4 i Fa(=) (§ MY 23(k) diydz, midy=m,
0 ] u

which, in view of (2.1), implics



