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For other examples of boundary conditions which can be pul in the
furm {(B.C.) we refer the reader to the paper [7] of the anthors. )
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AONOTE 0N INTEGRODIFFERENTIAL INEQUALYIIES
PO DIFFEBENTIAL ECUATIONS
BY
A AN, ZACHTWOLT

81 Intredueiion. A resull of fundians nial and far-reaching importancs
in (e study  of exisiones, pn'quencas, boundednaess and stability propertics
of ordinary differential cqualions is lae Gronwall inequality {1, p. 1844
Recentiy, the author has exfablished sone row integral ips qualities of this
type [9]. {101 Tn this paper, we wish fo ratabilich snme pow integral inegnal’-
ties and integrodiiterentiaf ineguailtics which may be used as o Lol T anplica-
tions (see [1]. }1] —[69). The resulis obleined are- exntensions Lo those in
120 3] ISE—{11]

g2, Main resalts. Tn this sectinn we wish {o cslabilish some inleresting
and useful infegrodifferantial inequaliiies which can be used in the study
of many probiems concerning the behaviour of solutiors ol a class of differen-
tial and integrodifferential equations. A useful general version of Gronwali’s
inequality may be stated as follows :

Theorem 2.1, Lef 2(D, f(d), oty and k() be revl-palued fonncys tivetondi
nuvus functions defined on 1. for which the fnequality

!
(2.1) H{hg vy

S

9 £6) ds 4 {6 € f al)a(e) ds

3 !
sy (Tg(=) ( § Rk 2%(k) dky d=) ds
Iolds fJor all 11, where @, is ¢ nennegative constant end V221, U

] ) F] =
(2.2) (< .ro—!—dl[ fisy exp ( J =y d=) fug -+ o) exp (§atkydi
g 3] o)

[ -+(1 —o:).jTh(k) exp ((—1-+a) _f{f(n)ﬁ-g(n} J'dn) ] B2 Ydepds

for ell tel.

Proof. Define a funciion m(f) by the right member of (2.1). Then
! i =
(e f(ORD 4F) [ 6(=) x(z) d= 4 [0 $g(=) (§ R A%y diyd=, m(0)=z,
U ]

which, in view of (2.1}, fnplis
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! t =
(2.3) m' (N[ tm{t)y+ § glzy miz)yd=t UJ'.Gf(‘-) (§ htk) kY dRyd=].
Deline
{2.-1) iy =m(l}+ _l,'lg('.') m(s) d+-+ j,:. gl=){ j'-.h(l.') mr I dlyds,

{0y =m{=x,.

Then it follows from (2.3) and (2.1) and the facl that mif)y< ety the
inequalily

) '
(2.3) p O [ o) () [olD) --0[ hik)y v (k) dkY.
is satisfied. If we define

(2.6) F=plt) + § HOE) 0*(8) dE 1(O) = 0(0) =i

Then, it follows from (2.5) and {2.6) and the fact that e(H=r(f), the incgualily

r{O< (f(D)-+g(D) D) +-h(1) 1)

is satisfied which implics the estimation for 7(f) such thal

ry<exp F (@) -Fon) dn) L2 (1 =) [y exp (1) (-
0 1] 0

™
J-g(n)) dn) dk}
Then from (2.3) we have
() € (R T gD,

or
t
()< f(Op() +9(t) {exp (J (f(ny +g(npdny [x™* —(1 —=)x
] k
« Ry exp (1) J () Fy(n)) di) dk)'
which implies the estimate for o(f) such that

dn<esp (J1G) d) [ra o+ o) exp ( Julk) diov>

w e (1 —2) j h(k) exp (= I):[ (f(n) +g(m)) dn) dk) (r-a) e,

Substituting this value of v(f) in (2.3) we have

-1

] INTEGRODIFFERENTIAL INEGUALITIES 3!

! U =
2.7 mh= fih Joap § (=) d=) fro fa(zrexp ( {gikydi)
1 [ o

i P ’
foly (1 —x) ) Athy exp ((z D {{fm)-=gin) dir) di) T d =]
T th

New integrating both sides of (2.7) from 0 (o { and substituting the value of
m{hH in 2.1 we obtain the desired bound in (2.2).

Remark 1. The above theeremis an extension to the resultsof Candra
and Davis [3) Beesack (20 and Reddy ([0 Th. +.1).

Newl we shall establish a now integrodiflerential inequality of th2
Gronwall (ype which ean be used 25 a fonl in same applications.

Theorem 2.2, Lel Uiy, g, and bl be real-valued neanegative condis
nuocs funct ons defined on T [0. =). for which the inrqueality

I
1128y < a = §bis) (Hs)® [als) s} ds, (=1
i

halds. where @ is a posifine constan! ond <z =1 I

7
1oa [a-y]* FhG) e ds 0. te.
0

(2.9) < [ 4-(1 =) § b(s) Q(s) ds]r %!
Q
for all (1. where
(2.10) Q) = [+ y(O)] ¢ {1 —x(a-L-p()* [h(s) erds)™

for all t=1.
Proof. Define

/
(2.1 m(fy=0-+ [ b(s) ((sN* [y(s) —us) ds, m{0)y==u,

then (2°8) can be wrillen in lhe form
(2.1 g(hH< mihy.

Integraling both sides 05(2.12) from 0 to { we obtamn
(2.1:3) gl g - c\'lﬁrl(w) ds.
Differentiating (2.11) and using (2.12) and {(2.13) we gt
211y :iz(!)é'b(_!) m*(ty [y +mit) 4 i!'I.nrt(s) dsh.

Define
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!
(2.15) w(ly=yOy+m(l)+ f nus) ds. ug) =g -—-a.

then diffeventinling (2.13) and using (2.14) and ibe facts
t
(O) 4+ §misydss u(l) and m{N<uff) from (2.13) we see that the sneguality

{2.106) u{hy<bit) AR S AN

is salistied for all (1. which implics the cstimation for a{f) such thal

]
(217 (< [a-+p(@)]e' {1 —la -y Lo) A ds )= Q)
B I\

€or all f < I. Substituling this vahie of win (2.14) we ahtain
(2.18) ()= O,

for all te . Using (2.13) and (2.17) we can cosily fiad the follovicg cstimalion
fer -m(f)

t
iy = (1 —e) {hin) Qus) ds] Y
0

Now, subslituling this value of m(f) in (2.8) we oblain the desired bound in
(2.9). This completes the procf of the theorem.

We next establish the follosving integrodiiferential inequality which can
he uscd jn ecrtain sifuations

Theorem 2.2. Let pit), #{d. end B be real-valued nennegalive  centi-
nuous funclions defined on T, for which the inequallly

(2.19) Gt [BGs) 96 () HH0) L, LT,
1]

Bolds, where a is ¢ posiiie constend. If

'
1—Ja4y(0)+y=O1 1 [(24b(s)] e ds=0, 1=,

arnl

1 —la +550)] t[ hish—2) exp (_Il ?.Q,(r)r!r)‘ dy=0, (=]
then ) "
(2.20) <@ ep ([h) Q05) @)

for oll L1, where
(2.21)  Q,(f)=={r--y{0] Ayt et {1 —(a 2 (0) -+ yE(0)) §(24-0(s);) eds]
o

cnd

3 INTEGHODIFFERENTIAL INEQUALITTIES =

[y exp ([ 2¢h) ds)
{2.22) 0.0 -

]
1 (tr ) [ (b

for ail =1
Proaf. D}eline

23

!
) =+ [ () 4(s) [yPs)- y(sy) ds. (0=
n

Then (2.1 takes the form

(2.24) g m(.
Tnfegrating from 0 to f, we obtain

12,20 y(h = y(0) + [ mys) ds.

L1,
Differentiating (2.23) from 0 to { and using (2.21) and (2.2)) we have
{2.20)

mtty=b(1y () 1+t

i
< bty m(l) (0% 4 mis) ds]? m < dhm() u(hh.
0

!
1227y w(fy=mehy+1y0) -+ § misyds}. with u(0)«= @ (0.
i}

Ditferentiating (2.27) with respeet to f from 0 to f. and ofter long bul tedious

calculations we find the estimate Tor u(f) such that

fa =g @] oxp (] 2 Qus)ds)
() & r—-——— £

1 Ja—gro § bl — 2 exp T 20 ¢ryrids
il Qo

= ()41},

W e

O —zr’ (=2 \ (22 b(s)) eds.

2o fa @) oSl
Now substituting this estimate of ugf) in (2.26), we obluain
mty mH)< b6 Qall).

Thus we have

mity=a exp § bis} Qau(s) ds.
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Substituting this vahie of m(f) in (2.19), we obinin the bound (2:20). This
completes the proof of the thearem.

§3. Applieations. In 1972, Iman aliev and Ved' [5]. and Kar-
pievie [6] have studied the stability of solutions of curtain class of inle-
grodifferential equations. Ta this section we indicate an application of our
Theorem 2.2 to obtain the hound on the sohition of a elass of sccond order
differential cquations of the form :

(3.1} J=g*(OF (¢, gl yihy. g@)y=a g =c.

where FeC [I x Rx R, K] and @ and C are given positive constants. Assuie
that the function I salisfics

(3.2 EG g, ) | <o) 11y 1 50 1L =1,

where b{f) is a real-valued nonncgative continuons function defined on [,
Further, we assum?> that St e G

I
(3.3) 1—zlapcl® [b(s) % ds =0, f=1.
[ B : :
Integrating (3.1) from 0 &0 {, (=1, we oblain

{3.4) Hiy=a-+ 6( JeF (s, uls), g()) ds.

Taking ihe absolutc values on hoth sides and using the condition (3.2) in (3.4)
we obtain

i
(3.3) Lo | ~‘€0+éfb(5) L) | 1w [ o] ds.
Now, an application of Theorem 2.2 yiclds '

(3.6) gty | <@ 41 -a)of b(s) Qufs) ds]H 07,
for all {1, where
Qu(D = [ac] et {1 —a(a+o)* [ bs) eids)¥™,
4]

for all te 1. Thus (2.6) gives us a bound on | g(0) | interms of the known fune-
tions and hence integrating both sidesof (2.6) [rom 0 to { we can oblain a
bound on | y(t) | for all {e!, where g(f) is a solulion of (3.1). :

Remark. We note that Theorem 2.5 can be ustd Lo establish the bound
on {he solutions of seccond order differertial rquations of the form

(3.7} §=ii) g, B, B YO =0 y0)=¢,

under some suitable conditions on the function invelved in {3.7).
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