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A NOTE ON TOPOLOGICAL COLLARS IN HOMOLOGY MANTEOLDS
' BY

13, AYALY and AL QUINTERO

Lasie dei*nitions. A liomology manifold ((HMI.. m)-manifold) 13 an
cucligran polyhedron M='"J such thal H Ok (v: Ky is H (8" Dor @ for
cach re M. The et of porats with the Talter property is valled the boundary
of A and is a (ML n- U)-manifold, ¢ M, witheut boundary which is the
urderlying sprer of o caubeomplex (A= K. .

A homology p-sphere is a closed (without boundary and compacty -
manifold with the same homology as 8" A Fomelagy p-hallis anacyelic com-
pact (13, m-maileld. Foy o gen rul reference of fhe ustat properties of
hamatogy manifolds. see [4].

A plmap [ = Qs calied a J-resolution if it is onlo and {7'(x) is contrac-
tible fov cach 1 €.

Given o metrie space N A< Xois locally 1-caconnected (1-LCCY in Xl
for cach re N —.4 and » =0 there is k=0 such Lhal coch loop in (N —.4)0
0B Ky is vudl-hometopic fo (N Ay Bt 1.

Tepolegical coliars in homology manitelds, 1, Definition. A H -
nifold with boundaiy wdmifs o fopological coller (TOP-collary if there exists
ar open EMe U wid ¢ hemeomorphisi f U ¢ Mo |01 sueh thal B(x)=(x. 0)
for cuch v=ell

2 Remerk. 16, is o contractibie Glaser manifold 3] andes ifr, isa
(n De-simplox, the cons M=ca(c6, —0) is a conlraciible homotegy ball
which does net admit a TOP-collar Locause M=V~ {M=(G,—m xIt is
net simphe conneetod. )

By using results about cids of maps. FooQuinn givesin [do 3002
condilices for He existence ol TOPR-collars for geperalized manifolds. Quinn’s
pesults in the case of M L-manifolds are included in

g, Theoren, [0 3 I obe a (MM m)-manifold wifh boundury  and
nza. The follewing stelemends ere equivalend

) Por coch seeK Ikio: K)=Ik{s: Ky—Ik(s: ¢N) is simply connec-
led.

b ¢ M oadmits o TOP-coliar in M .

o) ¢A is J-LOCC in M

4y For eoehze 0 ke s K)y=1k{r: K)—Ikix; &I0)is simply connecled.

Proof. The condilion nz 5 is only used in a)=b). The others are general.
Specially, I=¢) is obvious.
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wsh). Lel N be a regular neighhourhood of FEMin ML eN=NY e
and 2 N &M s the restriction of the natural retraction of N onto ¢, il
is casv to prove thal @) implics thal ris h-resolution. Because we work with
AN I\’:S]‘.il(:{‘.‘c. rois actually a cell-like map. As &M RK(LT) and N ><‘(ﬂ.]) are
TOP-manifolds (see [1]). we can apply the Sichenmann Approximation Theo-
rem (J7. A (o roxid and gl oa honvemorphism [ V.\"x(('.b.l)—>£;:\{><(ll.1j
such that d(f, r = id)<1 H: over ¢ XM (Lt I._') (h=1,2,.. l‘lns:-nndxlmn lets
us extend f lo a honrromerphisim J: N NS e o]y with f=id in &M,

¢} =d) If recdl and sli_.r*: Ky si{r: Ky—lker 3 ). there (‘.\'15.15-:\
ncighbourhood of x. UL such that cach loop in {T—¢M s nnl!;]nu]\ral'n,plc !}\
st{r: K)y—--3M= (k(rr K) I Let K be asubdivision of Kowith st Khel,
then Tk(z: K'Y is a deformation retract ol sttr: Ky — ¢k

d)=ar. Jt Tollows Trom Ik(x: M)~ ks W% where veag and
dim g==F.

Now we are going Lo replace the condition a) of the ahove theorem by a
condifton a’) ahout the closed links. ' .

4. Propesition. If M=K is « HML-manifold, the  tnclusion by =

A - EM— M induces an onfo morphi.m between the fundumental groups.
So, :,(jl):l inplies = d)=1. — — _

Proof. Let K7 be the Second barveentric snln}n-tsmn n_l . \.\'v can de-
form cach [ 8= M and obtain a map g. homolopic to f. with g(5" bying in
the 1-skeleton of the dual cell complex of K°. This skeleton 5!('!11][5 a Ille.::h-
bourhood. N. which is ‘1OP-manifold. The TOP-collar of ¢ dets us modify
¢ and obtain a homolopic map missing ¢/,

5. Remarks. ) The JAL-manileld M delined in Remark 2 shows that
the converse of Proposifion < is false.

by T.et M he the above 1A TL-Manifold and G, a Glaser manifold. We
define Voas The gluing of A1 with G, by G, ¢. Whilthead’s Theorem shows
that V is contractible. Theorem 3 shows that ¢V does not admil a FOP-collar
in V. So. V has (he same homotopy (ype as Vo although &V has not TOP-
collar.

6. Lemma. Lel M="'MK ke a simply connecled ([, by-mani fold
with boundary such thal = (1 k(r© Ah=1 for cach verler vE oI Then Mo M —

¢ ix elso simaly connecled.

Proof, M fails 1o bhe 2 Pomanifold onky al seme Sill_l;,"-ll"d.l verlices Qf
I aned woe enn assuine Lhal there only isa singutar verlex p€ ¢ Sinee Tken 2 V)
is PL-manifold we get = (k{r s K==,k A Then M =M sln: K)
and 3= M ¢ M are simply conneeted. Van Iampen’s Theorem shows that
Mo XU (ste s Ky —slin: ¢RY) s simply conneeled. -

7 Proposition. Let M= K ivoa N i fald itk boundary. The
fellowing are equivalent. .

a) For each s=ok. m{lk(s @ K))=1

a'y For eueh a=c ko= (1k(a An=1.

Proof. ay=u’) is jusl Propasilion |

*

o0 HOMOLOGY ALANIFOLIS b

afes), Lol 6 P o obe an (o fysimples. Wl Lodim lhgs" fr sl
and we deal with 2f-manifolds. .

The case =23 tollows Trom Lomma G IE &6 we use Theorem 3 ad
Lhe laiter eass and we see that k(s “: Wy admils o TOP-collar in Tk (577
Wy I B8 we nge Theorom 3 induetively,

8. Bemarls. 1)y Mihough the condition ay can be
in Theorem 3, this is nol possible with ) and

dy For cach =M =z (bk(v: Ky L
Actuwallv, if M is the M L-manilold of Romurk 2, the double suspnsion W

XM sutislies ikt s Ko 1 for cach v W Bul (W

TOP-vollar Lecanse =, (W)y=1 whereas W oo M o B is not simply conneeled

2y The condition d) eannst be sabstiluted by

d”) For cach verlex ve e A, = dlkir: Ky 1.
The tellowing example shews this laet s Let b obe the LM L-manTold of Demark
aby and W othe ghuing of the cones cx V' and cafs, by ex(etr,

substituded by ul

docs not admit i

a). Then ¢ W s
nod T—LGC W but, =, (ke Iy 1 For cach verlex o of the natural frian
vulation, .f, of W,

The previous resuls and {he Edwards-Cannen Characlerization |1 3.5]
uive us

9. Theorem. Let M~ K be a (ML, nYy-manifold. nz6 and ¢ M#Q,
Then M ots « TOP-manifold if and ondy if

a} For cach verler sl N, =z (1k{p: K)y)=1.

by For each verfer weok, = (1k(w: éyy 1.

o) Any condition of those included tn Theorem 3 or Proposifion 7.

HW. Remarks. o) [201.5] is Theorem 9 wilh 3.b) in the place 9.,

by [6. C) is Theorrm 9 with 3.a) in the place 9.¢)
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