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L Introduction. Tel M be a latlj
B o lgehrn g . el s a fathice ordered module over i
assumj{‘ Iﬁm“”h(}“r\ :illl‘ai .lIlllll. ‘t! has a natural Riesz space sll‘ilcl?ll:‘eA?;lhc;m("-
e A-n:)rlulf; i ; papes fhat it is Arehimedean. M is said 10’1;(3 (}\B
of M is order R or every :ti"i'_:ﬂf"' the Ricesz subspace Ax= {aa: a4
Mis ] se in the principal band B, ¢ : “r The -
priginated under the influence of [10]. We ghf;!inf]?f?mi:‘d SRR
1. We shall characterize order principal

A-n] i I S "] - b - < -
11§ £ ;, [RIN (:\l( ll me ]{H SZ sSpace esulls 1o I.h S
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It is well known that every order
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d linear o : i
eve : perator on a Riesz
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N tlmmih1;;:1101‘]])]115111. As a consequence of a module
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concerning Ri y :
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[0] Pll (!1‘ f(-)l elementary f-algebra theory we refer 16 “911“] l(fill:fdl‘f[l;l?ﬂr °
A o _ . g 2).
b ?jl:;ll(;‘:::ll‘gt L be an Archimedean Riesz space. If a nonemply
E o u";sc cDupwardr we shall write D, while Dfu (with 1n:—pf}
D dkenol;burpDT h}olds. Fhe meanings of D} and of D]u are ‘-Iu;l(;)
¢ C=D) with Clu }G‘ ' the secl of all elemenls uel, sueh that 1]1(-1"e‘(lz\‘i'51-
T .UA(“. 1)\01;’11 hcfelemenl.. uelt, B, will denote 1}10'1’00-!- IS
L oA(u—)=0} of all ¢ s ' he Biess
;cc = ij o componenis of n, and _#, the Riesz
el K and L be Archix j
: Jnumedean Riesz s T
s : _ £ spaces. The order ector spo
nd(;:~e}c;)((\)1~l$ged lmeinr maps from K 1o I will be dum)ivfldh\\'eci'n( r.‘i")]'c)e
ARies.z a]geﬁrqogfl'atm' T=.L,L) is called an :-rlhcnno:'phiﬁ:l:f o
'mp]ies =z b__‘ 15 sald to be an [-¢lgebra whenever o, b, c=.1+ aA\b
Ab=caAb=0. Any Archimedean f-algebia ' e .
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The set Orth({(L) of all arthamorphims of an Archimedean Tiesz space Lois
(under puintwise defined gperations) an Archimedean [-ulgebra with unit
J—id . The same holds for ihe ordey ideal Z(L) generated by 1 in Oth(L)
(and ealled the center of L) and for its snbalgebra # (1) generated by the
Roolean algebra (L) of all band projeciions of .
.ot 4 be an Archimedean f-algebra with uml e A is said (o be zera.
dimensional, it _#l, is e-unifonmly dense in he principal order ideal A, gene.
raed by eo L s se1o-dimensional it and oty i the Iakulani representation
space ol A s 2 sero-dimensional topological spoee. See 17 where some
equivalent deseripiions are diven,
In this work M owill be an
an Archimedean [-algebra with unit e
space struelure, Consider the mup

I A= Orih (M), H{a)

o see thal H is well defined cbserve first Uhat H{a) is an order
tinear map. Then vse the estimale

g a—afne<(l/mas,

Archimedenn latlive ordeved module over
1n an abviens way M inberits a Rieg

—qt.r, as i, vl

hounded

L= nex

to prove that
axAy<arA\{y+1 maray<(l/max
of disjoint elements v, y A 1t follows that rAp=0
any ae At therefore H(a) is an orthomorphism, Note
algebra homomorphism such that H{e)=idy. By [3
Corollury 5.5] I is a Riesz homomorphism, thus the map (¢, X)-~av from
A+ M Lo M s a Riesz bimorphism (compare 110, p. 3081). Order continuity
of the multiplication by asAt in M is nnplied by the same properly of or-
howmorphism  f{a).

3. Order principal modules, Let M be an Archimedean latlice ordered
Aomodule, Reeall that M is said to be order principal. if for any x € M+ the
subspace Ax of M is order dense in the principal band B..

Theorem 3.0 The jollowing stalements are equivalent.

(iy M is erder principa A-module,

(i) M is order principal A -module.

(iii) (10, efx)t=[0. a] holds Jor cvery re= M,

holds for any pair
implies ar/\ y="4 for
that I is a posilive

(iv) For any pair of disjoint nonzero elements x. y =M+ there exisisd

such that D, Dalx and Dy={0}.

(v) For any puair of disjoint nonzero clements
ae At (or a0, ¢]) such that ax >0 and ay=0.

Proof. (1)=(i). lLet O<yell,, r=M. and
cielt thal 0= ax<y. Then O<(le]A0)x<sy (since aX
(it) hoids.

(i)==(i1). Take y={0. 2], choose a met a, in A% with @ xfy. ond 1
that (e A0y 1

(iy=(v). let x y -0 be disjoint elements of AL Put u x4, @
Lake a subsel € of [0, e} such thal Cufe. The sel D of ail finiie suprema &

sel D=0, ¢]

H(a)x=B,), thereft

x, yeM+ there eislt

|
{ake an element a€d

] o
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is upward directed and satisfies Du
Defr.
gi\)=:>(\'). Obvions,
vi=(G). Tet 0o y<a, Tak
g, lTake a real 1350 s ;
choose a €[0, ¢] satisfving a(y—z2)t -0 and (:(“”h o
sr<{y—=cx) +y that ' ( g

[ Since 2Ap=0, we get Dy= {0} and

(Y —e2)* >0, and
0. It follows from

() a(y— sy +uy=—u y=
amd consequently (zaye<
thus (i) follows.

If A is zero-di i
s zero~dimensional, we gy
- . lEE al, aav add s i
ul ‘n]l'ndm' principal A-modole ' o caivatent dvsm‘lpl.inns
Theovem 3.2, et 4 ¢ - '
.= el A obe a zero-dimensional g
et b ' nstonted j-algelira ]
0 (.1 r‘nm'hliie. Ilwn-!hf' following assertions (H{'e' (’{ ur'mi(fnfd o liee
_'|) }] is order prineipal A-module N o
}J o . Lo - . 0 )
'[P““O(! )[ or (;ny patr of disjoint nonzero elements
i ](“f’;l I‘pEB( such that pa=0 and py=0 .
m) For any pair of disjoi i
: | sfotnd nonzero elemenis 1 p e
. any pe $oao e
an tl!’(ﬂi{tu!\;h;_rdrd sel DB, such thal Date and Dy ‘I{ IJ’UL}[
]’;)n M w5 order principal  H ~module S
. [} X 1 = o "\ . = - -' . )
- L;,fwfl)lhg:ll). Iil\l given distoint clements o y& M+ with 2>0 pi
i ;;n ir.m‘(.“in‘; @y = an(! ay=0. Sinee A s ze}‘o-(limpnqimml ,Plc]\
] asing sequence of posilive elements o, = 4 s isTying O
—a,<(1/me for every neXN (See 14D lh-me'n% g D<a—
=i S I See . e O<ar —a,2<(1tr.
(jj)"=>(ii/i/)e ]Sll:.h thai. a, x>0, a,y=0. Clearly l]!is"im[(Jli('q)'t(.ij)md there
Sl - Lel 2. y=0 be disjoint elements of M. 1Put Iy § '
=0y and assnme that z< 2 s an upper bonnd of Dir Tl . l]l)e LS
. Then we have

J O<(v - )Aprs(r —pIApr=0 for every peEI.
Bv (ii} there exists an clement
(z—2)Agqr=0. This is &
holds.
(i}==(iv). This folows T
| Iv). ws from Theoremn 3
il\'):a(l). Evident. OO e
L L be an Archimedean Nies '
: ' { vesz space. Ghserve the s
;(;ld module _over zero-dimensional ;-ullq'vhm //N/((ll\)t iy B
ro.()f'.(lfel principal  #Z(L)-module if and only it it
Pojection property (which can be added in a n
wnsidered in (9] and [4]). ‘
(B} FFor every pair isjoi
bk every pair of disjoint nonzer
2 bal',i', projection P such that Pu-—¢ ando Igi)en-lgnls I there exists
snee any Riesz space with sufficien et
b ve any sufficiently many projeclions jesses
o ]ln- :p:|l1(l.\| {See {](“), D ])74]), an Archimedean Riesz sp!jce salisf‘l:'(l?xs{‘:,cssgs
k. alled a weak L‘?M] -space. 1t shonld be noted that an order pri Y ‘( |
1:\ over a zero-dimensional f-algelra is a weak SMP-s e
‘ , gelira s ak SMP-space.
k. isn ]‘(;:\anzf?lde.of(n weak SMP-space without sufficientlvpm
presented in [V, 3.4]. On the other hand, we shall see th

o 0n the olher band (y <200 = ¢ tmplies (ze)r=0

y=M there exists an

there exists

(-{,n“--mq'f'” with q(r—z2)=0, and it follows Lhai
: adiction, thus Datr, and consequently (iii)

L a fattiee orde-
By Theorem 3.2 1 is
pussesses Lhe following
alural way Lo Lhe properties

zmy PI'Oj(‘L‘—
al il a weak
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SMP-space possesses a weak order unit, then it has sufficiently many pro-
jections. A more seneral (reatmenl 18 given next.

First, we extend the notion of algebraically rich ceoter |7, Def. 1.14]
{o Archimedean latlice ordered A-module M. We shall say that A is alge-
braically rich for M il every nonlrivial band 13 of A7 contains a nontrivial
subsel udM, a=A. [ ean be easily seen that A is algebraically vieh for A if
and only if for any x - U, veil, There exists an @ &[0, ¢] (where e s the unit
of A) such thal {0i#adleli,. '

Lemma 3.3, Lel M be an
weak order unit we M I asA and
aM= 1.

Proof. The preimage of the band B, under the
is a band in M which conlains @, hence cquals AL O

Proposition 3.4, Jet M be an Archimedean lattice ordered A-module,
Consider the jollowing condifions.

(i) A is algebraically rich jor M.

(i) 3 is an order principal A-module.
Then (i) implies (ii). 1§ M has a weak order unit, then (i) and (i) are equivalent.

Proof. (i) implies (i) by Theorem 3.1, IFor the converse assume [hat
we M ois a weak order unit. 1T (it) holds, 1he Riesz subspace Auw is order
dense in M, hence for uny w0 from A Lhere exisis e 4% such that g
<aw= x. Therelore «w is contained in B, and by Lemma 3.3 aM<ii,. O

An Archimedean Riesz space L has sufficiently many projections if
and only il (L) is algebraicaliy rich for A (Ly-module T, so we get the
following resulf.

Corollary 3.5. An Archimedean Riesz space with weak  order  unit
has sujficiently many projections if and only if il is a weak SMIP-space. 0

4. Applieations. The following module characlerization of a principal
band in an order principal A-module can be compared with [10, Theorem 4.1}

Theorem 4.0, Lel M be an order principal A-module. Then the following
conditions are eguipalenl for any pair x, y< A=,

(i) ysB-

(i) For any a=A (or a<=|0, ¢]) ax
dimensional, we may add condition

(iii) For any p= B, pr=0 implies py=0.

Prooj. (()=>(i). 1T ax=0 and ye B, the order
cation implies O =ua(yAnx)tay and (i) follows.

(iiy={i). Assume O0<yeB, and take +=0 such ihat zAr=0, 154
Since M is order principal, there exisis a<]0, e] with az=0, ax: (2. Thus
ay -0, and (ii) does not hold,

To prove the remaining part ol 1he proposilion use Theorewm 3.2. 0

Corollary 4.2 Let M be an order principal A-module and let T : M—»ﬂj
be an order bounded linear map. Then T is a module homomorphism i} @
only iy T is an orthomurphism. ]

Proof. I T is A-linear, then T'(ax)—aTx for any asA and <M, 2
(herefore ax=0 implies a Tz=0. By Theorem 41 TzxeB,, hence T i
orthomorphism. If conversely, T'is an orthomorphism, then T(az)=TH(®)Z
=Ii{(a)Te=aTwx, and {he reverse implication follows. [ i

Archimedean ladlice ordered A-module with
we M salisfy the relation aw =1, then

antomorphism  [1{a)

continuity of multipli-
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As g ASY CONSE
. mku\:p{‘}.ns_\, (U.Il‘lsl,(jlll('ll('(‘ we gel a generalizalion of a resy
s7 spaces with the principat projeeti e
‘ al projection properts
Corollary 2.3, e s Mo
YOS Lel Lohe a weak SM D-space. Then an order bownded linear

{i ”I ! E 'E,'(I;) Iy an f”'!hﬁ”“)r )] .\'” { l”:li TN t{ col Hes T
; il u 4
l ! lr f J’ [ 8 It [f' i l’h (II] hﬂnd

Howell known

’ . . 5 5
! '”f. ‘[ l CODLNULeS \\”h -]“ l](l“(l })]nie(,l,l(}ll‘i ) .’
'

|l

In Turther : I
applice W ip i i
pplications we need the following lemma

Lemma 5.5, fef
H T M be an erder prineipe
: . . il A- —
and 2=, 0. Then the sobset ! I V-maodule, re= 11+,

=

jrear, e hs /i/(!-)-

zz 1,[0

§
Bequs|[0, elnd(e—aeXye — ex)r =0 for some z}

of Vois domnward divecled and salispies Bzl I A s

e i 5y e zero-dimensional, we may

I. r”ﬂ‘r l"\’i(]f‘“l ]\' ]; .H' i ¢ i [ l; d
5 r H \ 1 (]“\\ nw ;lrd (ll]'l'(" ] I n
r !; T, o ‘E . R 1. . e, 4'-‘-[ u >O h(‘ H ]0\\ N
a I ‘l .Ii‘{ " “(’h ll at (‘”,- y:t) 0. AN ’l‘llCOI‘(‘.nl :% ] I.ho]‘( ('\;i ;S . ll .
3 3] J A . XIS a e

ereasing net oo an [0, ¢] sabisfying
(e—a )y, ~ex)* 0 and a.(y,—z2)"].0.
Sinee ¢, €01, we have dq.azw for all =, heaee
O <o) S(s10 1) <o —22) L0
This conlradiction establishes Bxin
I'he remaining

: part of lentina c ‘oved i
I an be proved in the same way using

Lel M be an Archimedean laitice ordered A-module, N a Dedekind
, N g ;in

880 in [11] shows that

0 implies ay=0. I} A is et

complele Riesz space., : o . .
! lesz space, and T'eL, (M, N) a positive map. The proof of Theorem

M) ={as M (2|2 y,]0 implies Ty,l0}

is Lthe larges! ides i ; e
wargesl ideal of A7 on which 7" s order continuous. Put
wede 1

M= [xeM : |a,z||0, a, =+ implies T|a,z]}0}
x +* [

Propositien 4.5, Ip M is .
ey : < AP M ots an order principd or
=M. Iy in addition A ds :cm—dinmns‘;onal,i!hen“ AL then M*™(T)

‘,‘. an ey . ; . . .
(ry={xeM: |p,x||0, p, =B, implies Tp 2|10},

Py Nt . an g gy

o l"ln"]fli{'.[\ I;nl -gii?j;‘u(i:)}? ?ﬁ‘llf‘l Oand e>0, e, Assume Ty,l <
20 Take an arbitrary ¢=1T rom Lemma - ; such
h?t (e—a)y, —ex)*=0. 1t follows that ctoma 44), and choose g such

< Ty, =Tay,+Te—a)y,< Tax4-<Tx

nd h\ I.El < 4 4 [ . Ll c!

5 nma . we -_.(41 J (I.Ll () IILHCG O £ ] e ]l ]dS f()l in £ 0
¥ =¥ S = ¥

HEEO[L ..—_0‘ I y;,lo, alld ('OIIS.C(]UCHH\ Jl’, l(j): .14 (] ;) Ihf.". JRFA Cylse>ll'l

Sion Tx loee -
10:1\.15 cluu,. and the remaining part of the proof is simitar, [
A5 a special case we gel the following generalization of [11, 88.21]
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Covollary 48, Let L be a weal: SM P-space, N a Dedelind complele Riess
space, and T L[, N} ¢ posiline map. Then

el o, Py P00y implies TP 110

is the largest ideal wn which T is order confinuons. (]
Similarly we may generalize [11, 102.17] on locally convex solid Haus.

dorfil weak SMi-spaces,
Also the following formmla for an order conlinuous component T,

of a positive linear map T can be established in a similar way using for exam-

ple [8) and Lemma 4.4 _
Proposition 4.6, Lel M be an order principal A-module. N« Dedeking

complete Riesz space, and T =Ly, N) a posilive operalor, Then for every
re M

T,r=inf sup!Taxr:a, =A% a,xtrl.

-

If A is zero-dimensional, the elemenls a, can be faken from 3. O
Acknosledgement. The author is indelded fo the referee [or suggesting a simaplification
of the pruct of Lomme &3 which appeared in the original version of Lhis paper.
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A NOTE ON ADJOINT ABELIAN OPERATORS ON C{N)
BY

DK, SEN

.I. lnlrrytlm-lmn. The concept of adjoint abelian
5!1!.1((5 was ;nlmduc-(‘(! by Stampfli [12] and  further developed by
Fleming (3. ]4]) ¢ y } i . - :
}1 i g l[ .|.‘ | 1]]) (.m(I S n(8}—[11]) by semitnner produci techniquies,
i ‘ [g., ['],. acharaclerizalion of adjoinl abelian aperalors on C(N), N
;1]( -Il:lp‘\af ]ml.;m- Spate. is given. This note extends 1his resyll 1o ('(‘\‘)
wre . oo v i . . . ' R .
» . \.(t'n‘u (]h a tocally compacl Hausdorff sSpace (Throughont this I:oll‘)
a|1||:I \‘I;(n‘is)h 1.5! l-uf. B;ma;‘h space el all condinuens complex funclions on N
hat vanmsh ac gnlindy, For literature on semis g N )

3 T e seminnet 3l efe
& Buvastl (11| 2], products (s..p) we refer
> g .
2 Adjnint  \hbelian Operators. For our characterization
a]Je:lm’llllI operators on Co(X), The following resuit |
(‘ ‘-’ B - . N .
1 I ‘;)l“(‘lll 21 Let A#£0 be an adjoint abelian aperator on Co X). Then
ere r'.)u.\ 8 @ postlive constant 7. such fhat A+ )]
Prooj. For the proof we need the following lcmmas.

Lemma 1. (]3], p. 218). It Cis compact, U is opent, and C= U, then there

fn\)! ST (‘0 « l.’ L' ”CI ' { - g
o - 1 (‘ (B ( 3 l i
{8 11 ) B! l a 3 t””!!’a ! (,l' ) JO 5acg I )(IC[ Gpe[l .b(,’[,

operaiors on Banach

of ad)oint
plays a central role.

Coliy= Ce U,

Lemma 2 (, 08 o Iy o
2y Ky is o compact Gy, Iy is compact with

Knk,=
Ly then there exists a punclion he Co(N) such that LR

*ﬂ._l’.‘-
Ky={t:h(y=1], K.= {1 h() o)
il 0<h(f)<1,

Lemma 2 is an easv ] -
g 215 an easy consequence worems 3 g . -
b 216). RA I Theorems 13 and ¢ of Halmos ([51],

. Droof of Lemma 2, Since X is a locally compacl H
.xllsl tompaci neighborhoods V, and V, of K,
v, o1, 2), such Lhat VinV.=¢J. By

) there exists a continubus fune

ausdorif space there
and K respeclively (i.e. K
2 [ 1’1‘!1:3(\50111 C of Halmos ([5], p.
Ak o g such thal O=g=<1, K — {x: ga)=11.
E:ll;. ql:]‘\(‘hl f{ll();u(;l B of Halmos ([5], p. 218), there exisis a (130n11.inué|(15)fm]1(--
:)Q ' Td' <f-_::‘1, 1{x) l.fm' TEK, and {(x)=0 for x= XN\ V.. Let
—-mn}g(.x), 9(x)). Then h,eC(X) and K,= {x:h(x)-1). As K\istcom
» by Theorem B of Halmos there exists a continuous f'unction2 h, sucl;

s
=



