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From Lhe definition of & and Uhe properties of f we oblain
o
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From (1) we have
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Now substituling i-=l..., 1 on hoth sides of the inequality {15) and
suutming up we obiain
" i n " i—1 1
(16) N V[ [f( 2 (Vi )= G S (Ve ) — X [H[( NV ) 12 (V) Ve,
i=1 =1 k=1 i=1 PALEH =1
Repiacing & by i in the lirst term on Ihe right side in (16) and using 1his
bound in (13) we oblain the required inequality in (6). This completes the
proof of ‘Theorem 3.

Remark: 4. ‘The discrele anatogues of Opial's inequality or its vaviants
are established in {1, 4, 7-9] by using different techniques, As noted earlier
in Remarks 2 and 3, the steps in ihe proof of Theorem 2 there s a waslage at
(9 and (10) and in parlicular in specializing Theorem 2 as mentioned in Remark
9 s there o Mol her washage while using o Sehwarz ineguakity in order o ol
{ain a nel constant in inequality (3). Similarly, we can see thal, Lhere isa

wastage al (12) and (14), in the gencral case of the proof ol Theoren: 3,
|
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THE GAUCGE-COVARTANT ENTENSION
Gpo= 1,0 17
OF FINSLERTAN METRIC TENSOR
BY
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acmm{:-l\L usual !I'ms]erinn melric tensor (7) and hence
Lry are nob covariant e : o
=) w v < b s 3 ¥ o N . -
oo v Ll cond i —I;;d\i-lli'l(}]]:'ga“%l‘ transformations (1), for they are
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we niitke {he ol e 7oadily arrant. To re S
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i, 1 SUHUoesly 5 . ) CA “pp = U 1§ TE—COL
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N, The conditions rank (dy?/éy™)
degree omogeneily, o

: @, Ly) by
2 Y, Ly)=ky'(x, ¥), =0
il bo ta el L mplicd ’I'h{'}; :11111:?{[ Imv.';'s' of all the objeels under consideration
! vt . »transtformalions mean 1he locnl renr i
T Pl Z 1e Jocel represent s
- ‘“.:. :Sllt.:}nm-] p]n.s.m.s of the tangent bundle, thai is. the ~Il'='-nnut-:l)]l?'l'l O‘f
rbiqu‘[-\'. ‘llnn];(' identity on the haze manifold, In ot her \‘.'(-r:‘ru(l) o INLI:‘LIE:
nqem.'],,mu]](- Il;(ll;lll' il.II general, one—‘tp-on(' mappiugs of tangent ho n(.lgc (;Ialn
Bk q“pp:)-['i' q-:"H[(g'-' .l':: the condition that the mappings do not shift {he
g of (PPt Hq( ' can also be said that (1) represent the one-t o-one map-
b b(r('h;'mn;r;[l aces [n.m_n 1angel]t.spaccs provided thal llie mapping depend
et {:mfa 8 u_a a suffictendly smooth way. The last circu.m%i'-n']cc
nm““]“l:' -ul:; o (]) apply to (1) 1]1'(-. epithet ‘gauge’ in aceordance wi'l l{ the
E. ':"c \ [] ed in the theoretical physics (sce, for example, [6—8])
: H ectors under (he general local coordinale ‘.':':;1151’01‘111-1li;)1|q o
yl=a2i(Th,
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GAUGE — COVAR:ANT EXTENSION

that is, y7=7y?R?, we must stipulate that the representalion (1) musl trans. {(12) BoCL (X, )= B BYCs (2(). TH())
forin under (3) as follows : N
al
(4) y(x'(¥), ¥PBy)=Bi3"(x, 37), : i .
: 13) YTy Cale, g g = PCMa ) =0

where B%=¢29/¢x". The condilion (4) means in facl that (he diagram . " . e
Here, (12) claims that €% 08 o tensor uader (9,
are connection coefficients under (1), The gange covarian definitions of {he
. ( - . orn amp ’ -
formy () — (10) were proposed on p.” 255 —250 of 1] and used in the end of
see. 6 of [1]. Below, the homogeneity (7 (v, by — 1 C 7 (7, )
loss o ORENCIA e 8, b — 87107 (T, ) and the tor-
aonless € ()", will be implied.

P while (13) reads that €9,

BN
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¥

r
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Contracting (13) by y'" and nolin
of Lhe homogeneity assumed,

ling that y'"¢ g2 =0 and y'yt - y! because
we find tha

., el

L o )
(‘0 =l (‘r ¢

is commutative, that is, ¥' =¥ Differentiating (2) with respect to y"and then,
putting k=1, we get the relation
() Y=yt
where y?=3ay%/dy’", which shows thal the fangen! vector is copariant under fhe
homogeneous gauge {ransformations (1) — (2}.

Let I (2, y) be a scalar funetion under (2), 1hat is,

(1)

13‘-(1. g"_a‘ugf fensor, \s the same limt‘,l (C," 4, is notl a gauge tensor,
grvariant nature of (L4} is also obvious from the relation

113

The gauge-

CoPy=Dyy?— 3

fhecause of (3)). Contracting (9) by y? and by y?y?, we ot

i ttwo gange-covari
relalions gaug ariant

(©) F(x, y)=F(a(x), y* By()). ‘

- . (16} Tued* =4, — (7 y
which simultaneously possesses the properiy of posilive homogeneily ol degree ¢ ey
one with respect 1o y. The usual Finslerian metric tensor is given by the de- and
finition {17) Gr Y =T —C Py 1
(7) gw_'-]:'apasz

We see that the relations
(18)
and
%) Goatl*

of the usual Finslerian form will hold when the Miron's regularily condilion
)

((8,~=2/8y?). 1II we assume naturalty that Fis a gauge scalar, that is, has the *
irgnsformation law

8 F(a, y)y=F(r, y(x. y))

under (1) [the assmplion (8) is consistent with (6) because of (4)], we ob-
serve immediately that fhe wsaal Finslerian melric lensor (7) is nol «a gauge
covariant essence. This circumstance suggests us to change (7) by

Y=Yy,

I

Co¥y,=0

9 =D D F*=D,y,= 1, — Clay.. _ .,

) Goe »ig ) LY e 9] ; see .a!sn {3, 10}_ where the regulurity condition was used) is postnlaled,
where - _Tlge condition (20) will be assumed hencelorth, so that the relations {18) and
(10) Bo=18,F, 1) will take place, On applying the operator Dy to (18), we can readily re-

gesent (14) as
so that @,y,=¢,, The covariant tangent coveclor is gange-corariant, that i,

(i1) Yo=Y Yo

as it ensuies directly from (8) after differentiating (8) with respect 1o y'% '1_'h¢
covariant derivative I, is constructed by using some (vertical) connectios
coefficients €7 (x, y). Namely, we sel forth the followingiwo laws of transfors
mations for C:

Co¥ 2 ="'y Dygr.
Sext, we sct forth the metric condition,

‘Dqgrl =0

Capﬂ -0
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Mrome (21). The condition {23) is sivonger than the praper reacloriiy candiliog

(20), Frem (22} and () we find {hat

u 1
. - | o 15 e
(.21) (.:1,,—5.'—"(- arg ._, (_(- ;JC;nq'l'(‘quDp_f ¥ { i .-):
wlere
[ ‘]
. . e
(29) Cprg- B ofleq

is the ordinary Cartan Lorsion fensor and €, —=57C, .. Soo the metiic and o
sionless connection coefficients (7 are construeted eaplicitely froimn & and Cray
where the funclions (4, are entirely independenl of 77 in general. The asse
cinfed gange-covaviani curvalure tensor '

{20) IS == 0y — 0,07, — O - O,
will distinguish from the Cartan’s classical ansaty-
Q 13 1) a 0
- S o0 g
(27) Fm2 8 = =, O

The definition (20) is a guuge-covariant lensor, thal is, poscsses Lhe lensgp
law of {ranslormation under (1), while (27) is not.
An alfractive particvlar choiee of O, is
G

{28) Cag=0al,,
n

where ais a constant and fryp=q, —I .0, with [ =y [ The substilulion of
(28) in {$) and (21) vields
(29) Fpe=(l —u);m =-ald,
and
(50)

respeeiively. The inverse of (29) will read

a
Cog=(—)C g0l n

{t
(g7 —al P17

(31) grl=

—a
entailing

0 ‘ 0
(32) Cplym= Uy tal™\y . )
and then

0 8] { 0 0

3) A L TR S PR L P AR

The theory of indicatrix may be developed for (he presenl approach
by following the patterns of the usual theory. Indeed. let us introduce the
projection factors ¢ and « of the indicalrix f{x, y)—1 by the same way 8
was used in See, 1.2, of |1}, The calenlations just simitar Lo those performe
m Sec. L2 of [1] will give the refaiion

(-',\UC:'I_Z — COVLARZANT BNTHENSION

I A e o . ¥ - - : .
[ 1] F0S b = (R = Jaefoa =5~ Yoaoe) Uptigityasd.,
Wy ot i 0 . i i i
whers gly=q t7itis {he induced Riemannian metric tensor of

the indienirix
dfference  tion 3
. 122y of [1}is only thal the tensor (20), instead O(jfl};:z
mpression (27) enlers the leli-hand side of Gy
In Ahe partienlae cose (28), any Finsterion meiric Tunclion which i
sidihe [LOW ] in sense of Lhe classical definition (7) of the Fiuslerian n'vtr:‘]st
censot wiil he So-itke also Inosense of ihe gange-covariani deliniiion (‘J‘)I 'j'g:,(:
peeriion cusues immediately from (33), ‘ )
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