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GAUGE THEORY ON A VECTOR BUNDILE (1
Local gauge invariance and Lagrangians for gauge ficlds

BY

AUREL BEJANCU

I. Introduetion.  This is (he second paper in a serics we devole {o {he
gauge Lheory on a vector bundle, We recall Lhat (he [irst paper was concerped
with relativistic. Finsler geometry and the global gauge invariance of Lagran.
gians on-a veelor bundle, see [2].

It is Lhe purpose of Lhe present paper to study the local gange invariance
and Lagrangians for gauge fields., More precisely, in §1 we iniroduce two kinds
of gauge lields and by (1.18) and (1.19) define the horizontal and vertical gauge
covariant derivatives, Then we prove that the local gauge invarianl Lagran-
gian Ly(x, 0) is obtained from the global gauge invarianl Lagrangian £y(x, "

100 04 th) ) ()
bv replacing g-‘—r and - from Ly(x, v) by D, Q' and respeclively D04,
: -

Nextin §2 we define by (2.38), (2.59) and (2. 10) the horizontal, mixed and res-
pectively vertical strength fields and obtain the corresponding Lagrangians
(258). (2.59) and respectively (2.60). It is noteworthy that all strength
fields are Finsler tensor fields on a vector bundle and Lagrangians for gauge
fields are invariant 1o both the relativistic {ransforinations on Lhe vector bundle
and the local gauge action of {he Lie group involved in the theory.

We have 1o note that the terminology and notations from {2] are used

i the present paper, sometimes withont any notice, However, we recall that

we have fhe following range for indices
ke

a By a0, 1, 2,356 4, byoo=1, 0 mg A4, B, C..=1,..p:
a, b, c...=1,., n

The next two papers are going to be published in Bul. Inst. Politehnic
Jasi, fom. NXXNV, {1989y,

1. Loeal gauge invariance of Lagrangians on a vector hundie. Let M
be the Minkowski 4-dimensional space and E be the veclor bundle over M
¥ith n-dimensional fibers. We recall from [2] that relativistic transforma-
lions un 12 are given by

(L) { #r=Lgad+ A"
V= Aj(x)’
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where in Lhe ficst line we pul. the inhomogencous Lorentz fransformalions
on M,

Next, we consider p sealar fields ¢-'¢ro vy on E oand an n-dimensiong]
Lic group (0 which Tas a p-dimensional representation. Suppose the aclioy
of (i on physical fields Q-'(a. vy is locally. thal is, the constants % from [2
are now replaced by dilferentiable functions "(x, ¥}, More preciseiy, the loeg)
action of (7 on '¢r. #) is given by
(1.2) Y, m)Esm(r, o)l X1 QO 0).
where {X,} is a basis for the Lic algebrea of 60 Wae assuwme on I7 Lhere exists g
non-linear conneetion [ I5=(Ni(x. v)) and by vsing (2.2) from [2] and (1.9
from the presenl paper obtain

=
=

:Q'

¢, 1)

SO 801 | B e 507
1.3 Sx e D b NGO e [N T and
( )) I_S.l?“ 8.11! 8;1‘“ [ r!]B\ [ Jn 8‘1.1
cO eQt | a9t . L E0r
(1.4) (\,A '—i."ﬁ'“?lkn]f;QI'+e"|.\l,;‘j(_"_-.
cot Ju cr' ) Py

We recall that in [2] we have studied the Lagrangian

A oyl
(1.9) Lo(x, vy=L(Q(x, v}, —?Q - 20 s sl eV g, V).
dx* ov .

‘I'his Lagrangian is supposed o be invarianl with respeet to the global e
tion of (i on Q(r. p). But, in gencral, £, (x. #) is nol invariant with respect
{0 the transformations (1.3) and (1.4). Inovder to get a local gauge invariant
Lagrangian we consider the gauge ficlds 15(x, {:) and Vi(, @) and suppose the
new Lagrangian Lg(x, 1) is a scalar field on J2 given by :

31 ’ ' 301 (-'()‘ 7 -1 . !
(1.&)  £o(x, 0)=L'(Q"'(x,v), 8‘ , = Iy, YT w), s ), gy, 8)
* ant !

where £ is a differentiable funciion.
Morcover, we suppose Ha(x, ») and Vi(r, #) arc the components ol n-horizon-
tal and respectively n verlical Tinsler differential "1 — forns on [fo, ic., we

have

(1.7} Ho(x, v)=L2I(e, o). and respectively
(1.8) Vi, ny=A)VE (T, B

We now suppose the local action of G on gauge fields is given by ih
following inhomogeneous transformaiions
Az (v, )

(1.9) S UIx, vy =e"(x, »)[L (e, )4 ——, and
o.L?

az?(x, )

cut

(1.10) S(Vir, o=z, D)DpJIVi(r, v+

where [L,]* and [D,]? are siillunknown coefficients,

a9

o . )
Ui Tocal gavge invarineee of the

Pagrangian (LG6) ix ex prossed as foHlows -
§ 0 b :
e DR Bt oY
a0 STV o BRE
LN o st &
(1.11) Lant e
R I T I L iy
ERoN
where we have put
(1.12) 80N e (e, NG ),
(B0 BOE RaT
(l']_,) a” (r_ '_J _-_-"(!. “)I AR L (g , N= .
5 2 (., N, - - Nojan)
5a. A7 st | d".l"’[ elpt) . aund
. ("(}/1 ',[)i.‘ ha (]
(I.lfl) 3 )_ e?(r. N L C AR
o] = r NG A N

By using (1,19}, (1.14) and (1.12) = (114} in (3.11) and taking accouni of

dllj.‘:;\ rariness ”l z ( v, f) W ”))i HIRH | l H I 5 0q Valeg 13 i } ; Wing
' . e . . .I ] 1 i i
: vl ic ( ) [N TEIA N ]\ il [.]1 CGLIGW o

(':E(ZI -£} 3
RS S PTILNE 4 B . o
Q! Pl e[ [NJa
| ¢ - E— (&4
) ( . ﬂ_) — = cusl,
(i.l.)) ol [}

R A 1o LA 4 b
g [ Nald ok LR A S D1V,
('.(\\. ) A, Bl ('l’,?
S
L6 oL oL
{1.10) —A-an—[:\“];,}- (7L (—]-— 0, aud
af°v ciiy
(8.1;")
(017 X O
e [XaJ50°+ Tl
al s eV
et
From (1.16) : b . y LS04 o
(L 6) and (107) o Toltuws (N -, (”—_- and the gange fictds 12 and

4 - | d au’
¢ terinto the new Lagrangian only by means of

iy

D'z,

A

x

Sa%

1.18)

v) (. v) — (e, X205, »), and

i ¢ . ',
]),-Q- (.1, .U) s (&\ii (‘{-, U)—' V;’(.l‘, U)[Xn]ﬁQ”(;r-. U).
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(h} () ) o |
We call DO, oy and 1,0 (e, #) the horizonfal and respectively verfical
gauge covariant derivatives of the physical fields 0 (x, »). By Lhe above study
we can express 1he Lagrangian we ook Tor as Toellows
()

[s . .
(L20y Lola o) L7@Q e m) DO )0 DU e) et ) gt o),

where £ is a differentiable funclion, . . . »
We are now studving (1.15) in arder 1o geb differentiable lunclion £7,
Firsl, by diveet calcnlations we oblain

v}
] gL ¢L DA const.
1.2 e =2 - | iy -
( ) ot Q! I])a,Q“ consl,
,) aoer! . Y
__%}Q__ INa131G O | Nald Vi,
(')(I.)GQB) 0( (, )
o) aL 8.0
pas Y2y ) '
(¢ ] (D07
Sxe
(1.2 a2 aL
) TEOA | B304 -
d ('(‘{—_) U =consl. DY
cutjjdar
- pr ”
(1.24) oL - _(h?"e_ [ X, 130", and
Ma angY
(1.25) ”“Q = w—%'g——— fXNL1405
(7\'!- C’}(D.Ql)

Then by using (1.18), (119 and (1.21y — (1.25) in (1.13) we get

‘) ar C’)-—B” B )
(1,20) N0 —oE N0
(;Q E(DaQA)
8L U Y.

[Xe]2DiQ " fINe XoJg ~ Lol X 1) Q04+

R )
(D0 #(D,0")
+ - (a_)e UNo X JE—IDLBIX JE 00 Vi =0,
(DO

where [X,. X,] is the Lie bracket from the Lie algebra of (. _ .
We further denoke by €% Lhe struciure constants ol the Lic grovp &
i. e, we have
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(1.27) [N X [eetmanes

In order Lo simpdify (1.26) we lake

(1.28) o dn= 100 = . and by onsing (1,273 obiain
A A S A L Al A1)

TR RS e T PP PO
o HD0M U |

. Now, il is~i|n|mri anl (o uote l_lunl by (L28) the locul gauge Lransforma
tions of gange Tields 115(x, v) und V(x. #) become

a

{r, v,

3 e

(1.31) BUL) == e ppC" L, #)

and  respectively,
{(1.31) AV

e e s .

On the other hand, by using (1.12) - (1.1 1), (118)0 (119, (1L.30) and

(F.31) we oblain for gauge covarian! derivalives 50! Iji{)' the same

gange
transformalions as for Q4 More precisely, we gel

)

{1.32) DN = 2" p)| N, JED,07 and
(v}

1,33 SO =", N |40 .08

( ( w ( i BN

Ninee the Lagrangian (1.5) is supposed to he imvariant with respect 1o {the glo-
bal action of & on Q-"(x. #) we conclude thal 1he Lagrangian

(1.34) Lo, my=LQx, 1), JI'I)&() FEA O ﬁi—(}"’(.\', ")),

where £is Lhe function in (1.3) is invarian! wilh respect 1o all local gauge tran-
sformations (1.2),(1.3) and (1.4). Hence we provedin this section [hat in order
to get a local gauge invariant Lagrangian Ly 0 Irom a global gauge in
. . . : 30! 80" .
vavianl Lagrangian £,(e. 0) we just replace —= and 2= [which do nol enter
i o’

B A e . i
inlo )by D,Q" and respectively D04,

Jx®

2. The Lagrangians for gauge fields on a veetor bundle. Tn (he present
section we ook for Lagrangiav sof gauge fields which are jnvariant wilh
respeet Lo Lhe local gange action of the Lie group G. First, by using (1.30) and
(1.31) we derive

LTI = sl 3 (3=
(2.1 8 2| = —. Clrar‘”n e N x 9 i
) Sz® S iR 3y st laan
! 3 vy Al , ye 3 (="
(2.2) o | P (J.:,",""E+a“('a,“68 - — —57)
du* Ja* du*  Ja¥\dr
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el e kg (I & A"
(2.3) L4 Rk | PSSR TS L LI R :
i’ cn' cn' cetidar

ot ] Fr o BT
ki LS B & fdi
(2 i) s B S ( J,"£ \ e "__ T = -
oo (ol o cel o
Sinee we have Do kinds of govde Niehlds we fook Tor bagrangnins of The

following form

SHY SV AL PN

— ., =, e e
dud st et or!

Fhus Lhe condilion of local gaunge invariainee of £ 0s oiven by

(2.5) I L (n:;. Ve

¢ 1. il ¢l S,
2.6 §(lay— SRS S (V) =% )
3 l:" ]
KLV STy (21 W R (i N
00 e T ) et
Jax en' i

invoriance of

We have 1o remark flab (2,00 expresses Lhe doeal gooue
helore wo go

L. on [he domain of a coardinales neighborhood of JL Vience,
Tirther we shonld prove Fhe invariaee of (2.6) with respecel to the relativistic
transformations (1.1). To this end, by using (1L.7) and (1.8) we first obiamn

(2.7) O papallls
Ja¥ BN
EAW & LBVHY, L
2.8 L -+ \ L iy = 1o
(2.8) o ( () M,) ;
L A
(2.9 alfy LX)
ot ont
oy \~
(2.1 _(__' h(l) 1;,(‘) e
ot ot
Then by using (2.7) — (210). (1.7) and (1.8) we casy infer
&L il
(2.11) e iy
ails GHy
cl. ol al. &4
(—l I_.) ({,_ ¢ = ‘1: .1) _}_ ____5‘___'_ .( ~51
8 ‘.f a‘ i (: i [ERS
on®
(E208) LN LY 15
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_‘-‘_-—-‘_-_‘_h-—
(211 ol il .y
- = r :f.?.
5(8\-.} {,(a\; (ryl
A gan
(15) el L
(5] o
¢ | —= > _r
! P
(2. 40) ol .

k! L. 14 »
¢ (_}_;. e 1"". HEDR E))
e N\

IV I8 -
Chy the olher h; andk, }J\ H.‘:l!]‘i ]”;llll (] 4’) (I n) angd () I) ( ]O) we
) gel

DT t)]l’ ¢ i
(17 s( ) s-(’”)mu
Sat Jau
(2 14) 3(3‘: (e SV
) O () 2
ol i1
(2.14) 5 (’—_f*) L2.(2)3 [i”_"%)
o o
" o 6V
(J. )(l) & (f_) - ll(.') ‘lh('f) ? (d‘ )
gl dy"
(2.21) Iy — 185 (1T
L Ay 123 (11). and
(2.2 3 AT
BV ) (v

Firther, taking aecount of (2.7) — (2.22) we obinin
Ry g g L ("” Ly 0T g (300
(I ; bHa ) T A R Y (::— ’
Sa? f ‘ (_—J) v
: S+

K !: D (é Ilq') L el
J1ANE b e o,
‘ ((_‘1) G ; (6”7) (STFJ)

'En‘ Pl
('(C')_\{ ‘o’ Aavy o)
vt o Pt
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Thus due 1o (2.23) .('_)_:‘_)_(-‘,) we -}m\‘-p }]m i Tfu-i];n]u'e nf]‘!hn condition {2.0) (2.32) el ar, .
with respect to the relativistie ll:msfn'_“lﬂlwflh ( ) B NG )
‘Then by using (1.40) and (1.11) of |2} we oblain p SO ; —
2t . dz¢ ol
O &J 1S~ (2.3%) o 4
AT R P (i o C{oIrn T gy T end
Sk St - (}(8 )
307 o 1@
(2.27) 1 ale oL ) B [3e" |
k= ST sl salsae) and (2.34) al dal
. o ’ e a2 B s
9 Y P B 3 Ax dvt: + Fi ‘;s 0.
daf Ja* 91— i f B
v’ avt
el d (38=" ¢l 3 faety
fEHGY coi B ¢ AR PR Frow (232) — (234) it follows thal the four derivalives 8”“_. e Vi
. E'-’: das A% Sa% T apt T e
{2.28) ol ol PR . INT D E)I._ and ‘—U,— enler info the Lagrangian we louk for, ouly by mceans of Afe. B2,
NEIR e \—) ('Ju"(Bﬂ'“) int vl (3"%')' and K given by
— ¢ — —_
( ('Jvi) (S.I:a Sax (2.35) A _SH; B BUS
Py - 1 ' - 81:3 37.:“ '
SH 3V LI eV e h
o . ST £ryra " a x i 3 o 3 1 from )
We now replace 3°(I75), 8°(Vy). 3 (8.1:3)‘ b (83'“)’ ((,Ipl. Py, (230) i oI vy N
. i o a B et I 5 2 e Y
(1.30), (1.31), (1) — (2.4) and then by using (227} (%..ZS) and thear- | doi §y® I vly
bitrariness of funclions z%(x, v} we oblain that L, is invariant 1o the Tocal o )
gauge action of G if and onlv il the funelion £, from (2.5} is a solution of (2.37) K‘.‘-=1_V" ___3_1__.
- v i T .
equations av dot

. (ér . . oL oL B3I
Vi —_— Vit — s
G oy “+av<; it E (b_l_l_a) aak
5P
" () ) )
S . sV oL oIy | AL vy
B (-;—S_E St g A\ ov D(Ejﬂ) an?
dx= ovt an?
D aL oL )
2.30 — T TTRIn ("“bt”c S ST 'ubc =0
(2.30) an (A I b\';)
das sa7
oL | 3L ALy e
Pne ) s ColHe A TIavVh (L Vi+
v %) P (‘)__)
ant ant
(2.31) ’ B
5 ) ¢ N
(J:T_ R+ d INa

1
a4
i 23 SIH P (SV‘;) '
Sx® 3a®

Now, by using Lhe ahove functions, the sirnclure const
fields and the non — linear connection NI -
following differentiable functions

2.38)

; ants of G, the gauge
(Ng(x, 0)) on I we deline 1he

Rap =A% — G IITE - R,V
INS

(2.39) PH=Bg = OO Ve E0 g

ot
(240) Sy=Ky— G ViV,
Inorder to gel the hehavionr of 2 ' i

‘ o avionr ol Koo 10 S0 - with respeet to the relalivistic
transformations (1.1) we first note 1 hat (211.-.7) — (2.10) ilfl]]l\'

¢ THFY An
Aaa—LaLa_- ';w,

0 i dAl
135 == L;Aﬂ(:l‘.) h’g,— o :
ox®

Vi, and

K==A%Y ANy,

Tgl::!; Laking account of (116} and (1.24) from 2]

and off (1.7}, (1.8) and (2.41) —
&43) from the present paper we obtain thal Ry, g Clens

P7 and 8§ are Finsler tensor
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i G espectively (0 D with respeet Lo the lower in.
fields of (vpe (¢ o). (¢ 1) and usp?tll\_(,l} (=) with . ]‘ L dhgilower e
dices. Moreover, 4, and 8% are anli-svmmetrie Finsler tensor fieids.

- | ‘ ) :“: ) i | i v vy . ot . . %5
respeet Lo Ehe upper index o we shall prove in [Ire next papel l]m.l. all l;?lfbe
I~’i-n‘;lm' Lensar fields satisfv some homogoneous gauge Transformahions given

g he adjoinl cpresentaon of the Lic grotip G, ‘
by the adjeini repre ' .
' We nesl consider the Lagrangian £, as a differentiable Tanedion

(210 Lo L' (W P

N N L £y i 0
i ‘ v s (2448 is satislving equations (2.32), (2.33
Tt is casy Lo verifv [hai F given h}.(_.l. 1-!)‘!5”.‘3‘1“?:[')'1'!1\_‘.( I o (“l ()mgm. t(),
and (2 H) Voreover, +his Lagrangian sadisfies (231 and (201 .
; T X ) ) . g ax ) Yowe derive
jusiily the lasl asserlion by means of (2.55) — (2.40) we derive

rl =
St f:)

i oL, el
(2.47) IR m-_“(ﬂ‘( 1)
o Ll
da®
ST I oL ol
(2.46) o e (2.47) i Ay’
@ (BN o) P _____9) N
‘ S v’
oL il
DI £ ._'ﬁﬁ = -—T 5
o NEARNETES
au’
(2.19) 20 =02 I 1 FBL’ V‘..'}, and
R eI (Rt o)
S e oy sLY Nt At o
2.50) & bl g G0 o oI o Sy OV
BT Wy Ak () At

Taking acconut of (2.43) — (2.30) we casy oblain that L, given by (2.44)
%alit;fizs (2.30) and (2.31). Thus all Lagrangions given by (2.44) are satislying
2.30) — (2.34). B B -
: )\Ve (m'o. now concerned with equation (2.29). Firsl, by using (2.45) — (2.50)
in {2.29) we obiain

L’
{3( 1)

: ., SHE
(2(:,,%(:.,21};!11-}-(:;c R 20,5 )1 !

dak Jj|

! 4Ny Jve
ol \ e YdIje ra e FrAVR_(CF a g Te %1
@) A {%u" )(mf*cca VG GV G T2 VG
{1,
U o 1 (a o vaverce O o
+(:b¢c i L e C, CC,‘ r!‘j 3l (" dimm: .
¢t a(Sin o

R . e R ot WO
Denote by X, the expression in (2.51) which lies inside the fn:l iw
0" v H ' - identity [or struclure conslants
brackets {,}. Then by using the Jacoby identlity for strue

(2.52)

11
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of); . . i . _
S i (A G CraC ) I G, ity V)=
¢ as

(2.53)
G0
[ dl. e

b - T on.
"Ry

n @ similar way, the expression ¥, which les bel ween the Tast two brackets in
(2.01) becomes

|
Tom e = 87,
2(5%)

1

l""')'l)

Finally, by using (2.30), (2

39} and (2.52) the remaining expression I, in
1251} becomes

> L’ ‘ N bl Bl hd . ¢ e ‘J‘
R ( G Boib (€, Gy Gt O DIV Cyr, P32 )
s (J(JD;;) i dv’
(2.55)
={° éL’ jr

“rarny

Therefore, due to (2.53) — (2.55) we oblain for (2.51) the following nice form

256) (“b‘r{ ¢l Reg+ ol P dL; S?,-} —0
ofopae ‘ of e Qe !
O(Hara) a(Pgy) a(S7))

We now suppose G is a semi-simple Lic group. Thux the Killing form h=
lbw) given by

-
{257) ha =02 G5 .
s non-degenerale on the Lie algebra of G. We have to remark thal the class
i semi-simple Lie groups is of special interest in physics,

Next. we consider the pseudo-Riemannian metrics %.5(%, ¥) and g, (2, v)

onthe vector bundles I E and respeclively VI Then we define the following
differentiable functions :

CACLE,CHCE 4CRCL. =0, we get 3

Ppear only

(258) Ly=— 1Ih,.b-r,°=3(.r-, OV, D) RL(x, o) Rz, o),

B , 1 - . .
(259) Ljy=— ;h,bn’s(a',_n)g“‘(_r, Y5 (e, )Pl (2, ), and

(260) Ly=— {- hag "2, )i, B)Sia, VS, 1),

First we easy can see that Ly, Ly and Ly are in fact invariant wilh respect

1o the relativistic [ ransflormations (1.1) Thus they define globally three scalar
fields on £, Then we elaim that

L. Lyr and Ly salisfy the condilion (2.6).
b fact, they are salisfying (2.30) —(2.34) since the derivatives of gauge fields
by means of Rys, 17, and Si. Therefore, the oplv condition we

i Matematich
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have to verify is (2.29). We do this only for Lj,. ‘The calcutations for 1, ang
1. are analogous to those ones which follow,
First, by (2.58) we have

{2.61) ‘—1—‘1— b, By, vy Ry (2. 1), and
(It
(2,65 Ly al.y _0
2,62 — =0, —— =0
a(Pgs) E055)

Then taking account of (2.52), (2.57) and (2.61) we oblain

aly e
al

-, R

Tt

2.63 Cfe ——
(2:63) LAy

We have Lo remark that in ease of semi-simple Lie groups the slructyr
constanls are totally anli-symmetrie, ie., we have

Y d (e oAy
('Il f('b l’l

Re,,

(2.61) Colom= =0 == G2,
Then by using (2.52) und (2.64) we gel

15
(2.63) G H e

Y A

Hence due Lo (2.62) and (2.65) we sce that L), satisfies (2.50) which js |
cquivalent with (2.20), Therefore. Ly is a Lagrangian Jor gauge fields 1F* ang
V¢ which is local gauge invariant with respect to the action of -. The same
assertion holds true for Ly, and L.

In case of an abelian Lie gronp (€% ~0) we see that (2.50) is identically
salisfied by any Lagrangian for gunge fields. Thus any Lagrangian given by
(2.11) is a toeal gauge invariant Lagrangian. However, in case of Lie group U(l)
which is involved in the eleciromagnelic field theory we define some Lagran.
gians as in (2.58) — (2.60).

drst, sinee U(1) is 1 — dimensional we denote by I, (2, o) and V{z, 1)
the horizontal and respeclively vertical gauge fields, Then (2.38), (2.39) and
(2.460) become

5 (E sH, 8Hy ..\
(_).(.I(D) I?Gfi = 81_-55 - 8.? "{ I{uﬁ‘ ir

2H, 3V, N . :
2.67 b =8 . 2 V,, and respectively
( ) T s | gt :

. dV, dV;

2.68 ) — =
R RFTTREPN ;

We now consider the following three Lagrangians for gauge fields:

(2.69) L;,—~f—1-n“5<.r, Dy5T(2, )Ry, )Ry (v, 1),

"2 Hejaneu A, -
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- . | I .

(2.70) Loy = , A O O A R T Y LR M (e o). and

- , 1 : . .

(2.71) L= y g mge s, (e 1S e ),

Clearly, flll these Lagrangians are loenl gavdge mvarianl [ aoraneinns
AsinLhe classieal gange Pheorv, the Finsler tensor felds given by (") 38)—
(2.10) are called the strength fields with respech to the gm r_:(" ﬁ(‘!(lh‘”:(nt“ I
and i, ) More precisely, faa. P and 8§ are ealled the qu'i:nnm!af}:}n'*(.l
and respectively vertical strengti fields. | he local action of on alre*l!“‘!'h i'it;lclq
in going to be studied in the thipd paper ol 1his series., B -
The Tull Lagrangian for {he physical fields Q2
grangian for gauge fields and a local gange invarian|
summing up the results we obt
have the following (hree

(2.72)

s the sum of a La-
. . Lagrangian, Therefore,
obtained in {he present paper we conelude thal we
full Lagrangiuns :

Lux, W)= Lifw. )1 L, o),

(2.73) Lype(x, vy=Lo(x, v) Ly, v) and

{(2.74) Ly, vy=Lo(x. 1y -L(x. n.

where Ly, v)is given by (1.34) and I, Lyv and Lo ure given by (2.58) —

(260) or by (2.64) - (271). Morcover, aceording to the elementary theory
of P.DLE. we see that any Lagrangian given in i i

(2.70) L, 0y=Lo(r, v) L (2, 0) | Ll o)1 e, n)

Lagrangian for maller fields Q(x. ».

, s o full
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