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OVALOIDS OF CONSTAN| WIDTH AND CONSTANT
BRIGIITNESS
BY

WALDEMAR CHISLAK il ANDRZES MIERNOW ST

Lel M be an ovaloid in the A-dimensional Evclidean space with a conti-
peous and positive curvalure K, We suppose M is an oriented serface with {he
miward normal veelor field N, Lot p:.M— M be a mapping defined as follows
i1 N(p) )= —N{1) for each w1

Then we have

Lemia 1. The mappisig @ is « diffeomorphicm.

Proof. 1L is casy to see {hal ¢ =1 %olol, where I denoles the Gauss
mapping from M onto the unit sphere and f denoles the symmelry of Lthe unit
sphere with respeci Lo its center,

For ze M, let (0. u?) denote the local coordinate system at. x and (wi,
r} Lhe local coordinate system al 2#(2). Then locally we have Nio'(u1, u»),

7uls w))=--N@. ), where W= (1!, u®). Differentiating this equality
sith respecl to u* we get
|
£ 9INa(9) = — N,
. N EN ao°
A No(@)= Z=o00, 3=
cu* ow® s
Zhe éx
T E . Ti(9) = —o7.
i IR
No=Bx, Nel2)=L3(7)2:(9)

PP as(e) = —Bx,
ry(p)= —5?.72(?)-’:}3‘9»

Ti2)03(9) =33, P95 =53,
Let us consider the vector field

P=X—rxop,
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Pulting

() Pu—=eplen”

wit fave

" e e R AR
Il

{1y 5= S Apa75lsta M.

Then The deterimnant del (1) s andependent o the choice of (he locg)

encrdinaie svstems and
et (17 (LRIl 50(0 b B3l 70 — Ll o) p i i) ot =
R O HO RS O Lo C SR
L Gy ) - el [ ai (I8 () — T =
L de'la)e’) ket o del Wo). (pTHiat —1igaliot) =

U ie (B9 -det T(=) - del T==1-Htr (15" 1(=)%") -1 KK (),

where
(n Lo (I3 W) ==I5(2)), 1) =U(p)
A G €
Thos we have
(1) dot (P8 =1-1te (157100 ) H KR ().
Irutling
(5 Hea® Voo Tz (i (p)=<r:(g), X, (5>,
where denoies the euelidean sealar preduet we get. from (6) :

a2l (2 gz o 2) =615 o0

Waowing that 15 —b o and (o) =h_ ()™ (2), where b=(b_,) (h(z)= (boa(o)l)
is the mairis of the second fundamential form of M with respect to u® (with

respect o w® composed with o), we gel
(11 Blrg, — 25505 2) b1 ().
Fhe vefaijon (1) implies (hat
del® o' del® b(p)/det gy =del® bidetl g

g liteg), 407 =(92a(3)).

Soiee 2 is an orienletion presersing diffeomorphisn, wo

wlere

(13) del o' =K det g/(K(2)] del g{=))
Thearem 2. The fellowing integral formuela holds
» l- .
(16) \ S PATTS
} Kig)
A

twhere S devales the surface area of M and dM s the nolume form of-M.
Proof. 1t follows from (13) that

.s;s d- S USRS
K(2)

i M

Definition 1.4 pair (v, 200 will be callcd a w-pair if ¢
2y A il ond

eofors 1oy and N(¥XY are paradiel, ! J M the

Lel us suppose that I is a conves body of 4 constant width 4, In this
st el point of M belongs 10 4 mepair, [2]0 In our notations & .. nN ‘
il == - P Nt ap No> - <Py Br, = o, Iy =070 Sinee det (72 0, so
const, it <<p. &, >==0 for e=1, 2. bul this exactly means thal any point
= W Dbelongs Lo g T ’ :
_ Theorem 3. 7f M is « convex body of constant width h, then
17 Kl = K{K(z) 201 —1.

Proof. We know that p=—hN uund Py~ BNy = hlfr,. Using (V) we gel

1) Mot ol = e,

ful [r{/5)=2H, sn [|~([?T’, I(?)y' =2(hl 1) and from (12) we et (17).

Theorem 4. For a convex body M of constant width h the following rela-
jons frold

1) [ 1AM =2zh, (20) T fh, Seznaie:

Proof. From (17) we del.

IN
e\ KdM=\ —— a;M+260\ nddr—\ aar
S S () ¥ S ( !

M M M M
aking inlo accourtt Theorem 2 we can sce that Uhe formula (19) holds. The
uality (18} implies .
PaFalVE =, — &5,
(5" l(2)9 ) =20 i —2- .,
bl cives the First inequality (20). Morcover, we have

0 << f(AH —1)d M =22 he — 8§,
Af

Let us consider a family LS(M) of all regular lines
loid 31, see [3].

Theorem 5. Lel C=1.S(M). We have

of shadow on an

1) 9;1\-,,ds =0,
ere L, denoles the geodesic eurvgiure of C.

Proof. A line € (Ji}'ides M onto two regions. If one of them we denole
4, then the second is o(A). From 1he formula (13) we get
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TRdA | Kd M.
a 1)
Making use of the Gauss-Bonnel theorem we have

[KdAN - g, ds

[4)

27,

(NdATL fhods =27 and
! s ?S :

Comparing all three relalions we et 56"*::“‘-"' i,

Theorem 6. A line of shadow on an ovaloid M of constant widlh divide
M onlo lwo regions with cqual arcas if and only if the lofal mean curvalure
af these regions are cqual, o
Proof. Tt Ce€LS(AM). We denote by S(1) and S(p(4) L.hP sutface
area of the regions A and o(A), respectively. From the proof of lhcoren}{,
it follows that [KdM =2z The formulas (15), (17) and (19) imply the relation
4

Praypan

S(A) —S((A) = {(1 — K] K(a))dM=20{ Hd M —h*] Kd M =
A 1 5

Bip]

e

B[ A M — [ UMY — M HdM -
A A A

(=

=20 Hd M —h [ HdM).
A (4

It ends the proof.
We recall a definition of constant brighi ness, . :
Definition 2. An ovaloid M is said to be of constant brightness if lhr{ area

of orthogonal projection of A onio the plane does nol depend on the choice of

the plane. ' .
G. NMevrglotz [1] hus proved the Tollowing theorem . An oveloid

is of constanl brightness if and only if

1K1/ K(z)

Theorem 7. The surface arca S of an avaloid M of constanl brightness
safisfying (22) is given by the formula

€= const.

(23 S=irc,
Proof. We have \ KdM - Iz :-ndg Y odM=S (Theorem 2). From
J K(9)
(22) we get o ali
(24 Ke=1-K/K().

The inlegration of both sides of (21) leads us Lo the formula (23).
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AVPEEUDORIEMANNIAN STRUCTURE ON THEF COTANGENT PUNDLLE
ny

Vo OPHOIU il X0 PADAGHITUG

In [2] The first anthor has stadisd the properties of a cerlain pseudo-
Liemanuian structure on the langeni bundle of g Lagrange space, using a
nonlincar connection defined by the Fuolev-Tagrange cquations, In 137 the
anthors have considered Uie same problem in Lhe case of i he cotangent hundle
of & Lagrange space by using the image of ihe above nonlinear connection by
the Legendee LransTermation, PBemark Thal The oblained pseudo-Riemannian
gructure is very mueh similar 1o the Riemann extension considered in [4]
see also [3] pp. 258, J6]).

In the present paper we study Lhe properties of a similai pscudo-Rieman-
niae metric &on the e tangen bundle 75V of a manifold M by using an
arbilrary symmelric nonlinear connection on Lhis bondle. We find the Levi
{ivita connection V' of [his psendo-icmannizn wetvie, Tt Tollows thal {he
verfical distribution on lhe cotangent beondle is preserved by U parallel
transporl defined by V. while [hie deviation from the parallel transport of
the horizontal distribution is slrongly related lo the nonholonomy of Lhis
distribution. We study some problems related 10 the curvature of Lhe connec-

tion V: Bianchi identities, 1he condilions under which V is flat or confor-
matly flab and the conditions under which (7730 6) is a locally symmetric
pseudo-Riemannian space. In all these eases we lind that the connection
tocfficients of the nonlipear conneclion on 77 M are expressed us polvnomiais
of degree at most Lwo in the cotangential coordinates and we gei the conditions
whieh are Tulfilled by the coefficients,

The manifolds. lensor fields avd connections we consider in {his paper
are assunmed to be smooth (e €C2h We use Che well known summation con-
vention, the range for Uhe indices @ b,oeo hoicj, 11 betng always 41, ., n
(M) denofes the sel of the smanlh vector fields defined on M,
| L. The nonlinear conneciien on 793, Let M he an n-dimensional mani-
lold and denote by #=: 73—/ its colangenl bundle. Then T*M s a 2n-
dimenstonal manifold and some spectl local charis on TP, induced from
focal charts on M may be used. N; melve i0 U, xf). f=1, ..., nois a local chart
m M then the local chart (= 4, (. P (=L g, pi s i=1, .., 1, s
nduced on 17 M where ¢~ vl and p, are Lhe veclor space coordinates of an
tlement from = () wilh respeet te the local natural frame {(da, ... da")
M T°3 defined Ly The locat chart (. 2). The tangent hundle 770 of
"M has an infegrable vecelor subbundle VI"M=Ier r,, called the vertical

1
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