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FRAM =] KdM.

A AN
Making use of the Gauss-LBonnel theorem we have

f[\'([.lIJ,-'Sﬁkqd.\':'_z and [KdM— fhds - 2r.
q

FA)
Comparing oll three relations we det S{,J’-;ﬂ'-‘ 0,

Theorem 6. A line of shadow on an ovaloid M of constant width divids
M omto two regions with equal areas if and only if the fofal mean curvalure
af these regions are cqual, )

Prosf. Tt CeLS(M). We denole by S(1) and S(z(.1)) t’l{c surface
area of the regions A and o(A), respectively. From the proof of Theorem j
it follows that [KdM =2z The formulas (13). (17) and (19) imply the relation

4

S(4) —S(p(A) = {(1 — K] K(@))dM = 20§ Hd Ml Kl M =
A { N

=R HAM =12 (2 [T N THdAD)- M HAM -
A A bY) A =

(=

§ Hd ).
[4)

It ends the proof.

We recall a definition of consiant brighiness.

Definition 2, An opaloid A is said to be of constwd brightness if the areq
of orthogonal projection of M onio the plane does nol depend on the choice of
the plaie.

G. MMerglotz [1] kus proved the following theorem .
is of constanl brightness if and only if
(22) 1K1 K(z)

Theorem 7. The surface arca S of an avaloid M of constanl brightness
salisfying (22) ts given by the formula

An ovaloid

o= const.

(23 S=2xc
K B g s
Proof. We have \ KdM=d= :\.ndg L dM=S {Theorem  2). From
J K(7)

M b

(22) we get

(24

The inlegration of both sides of (24) leads us Lo the formula (23).

Kol KIK(3).
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VISEUDO RIEMANNIAN STRUCTURLE ON FilE COTANGENT BUNDLL
ny

Vo OPROGIT cod N0 PAPAGHTILC

In [2] 1he first aathor has stadied the properlies of a corlain psenda-
Bicmannian struciure on the langeni bundle of a Lagrange space, using i
nonlinear connection defined by The Fuler-Lagrange ccuations, In I3] the
anthors have considered [ e same problemw in the case of {he coltangenl hundle
ol & Lagrange space by using Che image of ihe above nonlinear conneetion by
the Legendre teansfermalion. Bemark thal [he obtained pseudo-Riemannian
grocture 1s very muceh similar {o the Riemwann extension considered in 4]
fsee also [3] pp. 298, [6]).

Inthe present paper we study Lhe propertics of a similar pseado-Ricman-
man metric & en ke cdangen: bundle 73 of a manifold M by wsing an
arhilrary sviamelric nonlinear connection on Lhis bundle. We find Lhe Levi
{ivita conneciion v of 1 his psendo-licmannian metrie. It follows that 1he

verltical distribution on the cotangent beondle is preserved by (he parallel
transport deflined by V. while the deviation from the parallel transport of
the horizontal distribution is strongly relaied to the nonhotonomy of Lhis
distribution. We study some problems related 1o the curvature of Lhe connec-
tion V: Bianchi idenotities, 1he condilions under which ¥ is [lal or confor-
mally flat and Lhe conditions under which (7%}, 6) is a locally syvmmetric
pseudo-Riemannian space. In all {hese cases we lind that the connection
wefficients of the nonlinear conneclion on 73 are expressed as polynomials
of degree at most Ewo in the cotangential coordinates and we gei the conditions
which are fulfilled by the coefficients,

The manifolds, Lensor Tields and conneclions we consider in this paper
are assumed to be smooth (e, €=). We use the well known summation con-
_tention, The range for the indicos « b, hodojo b1 being always {1, ., n}.
M) denoles the sel of the smoolh vector fields defined on M,

L The nonlinear conneeiion on 773, Let M be an n-dimensional mani-
fold and denote by =: M= its co! angenl bundie, Then T*AM is a 2n-
dimensional manifold and sone speciad local charis on T°M. induced from
Iocal charts on 3 may be used. Nomelvo iF (U, 2f), i=1, ..., n s a locai chart
M 3 then the local charl (FWUY, (. pHy = (=10 g, py s i=1, ..., 1 s
duced on 173 where ¢f=a'ox and p, arve the veclor space coordinales of an
tlement from = 1) wilh respeel te the focal natural frame (dat, ... da")
f. M defined by the locad charl (L. @) The fangent bundle 7T7%M of
"3 has an inlegrable vector subbundle VI M =Ier =, called the vertical
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I V.

[

QPHOLY, N,

distribotion on 730 N noslincar conneciion on 170 is detined by a distei-
bution /17 M, complenentary 1o V73 in T 1M (horizontab distribetion)

(N T M AT MaE AL

The sustem of Ve Jocal veedor Pelds (eiepn e op) is o Jocal frame in
VRN white io [P M v ey consider e Teeal drame (3f8q% L0884
where ;

() R O T N T

Fire Ny, s wre the connection coelficicnts of Lhe nonlitear connection defined

by HT W on 000 and Uhey delermine complelely the chosen nonlinear
conneclion on 13/
A change (U, wf- (0, ) ol loeal charis on 31 determines [he following

change rule for the cocflivients N

Kl iy A a n-'h
~. [G B SR =
g N LN — J), rre———
o R Y el ] o N
) et e i cxidyt

I Follows that The syopnetry property N, N s independent of The loca]
charl used to express il. \ nonfinear conneclion on 770 sach thal the connec.
Lion coefficients salisly the symmetry properly Npjee N is ealled a syninelric
nonlinear conneeion on 7, N syonunetric noalinear connection on TN
are The connecelijon coellicienls o an arbiirary
noulinear conuection on 13 then N — {(Ny; +N) are Lhe  conncelion
cocflicients of a symmetric nontinear connection on T30 From now on we
shadl assume (hal the noulivear comwction we use is symmelric.

The complete integrability {or the hotonomy) of the differential system
on 1M defitned by HI7A0 is cquivalenl to the vanishing of the torsion of
N1 A defined by IRy, where

(1) [8/8¢", a8’
We
(4"

Then Iy, - Ry
lingar conneclion we have

Q)

there alwayvs exists, IF N

By dfdp,
have
8'\.1.: 6'}':"

B

8;\’&__: Sl’li

2 =0
LR
where 3~ denoles the sum cousisling of thiee lerms defermined by the cy-
Rt o
clic permutations ol {1, j, &)L
An M-tensor field of type (& ) on 173 (someiines called a Linsler
tensor ficld) is defined by sels of loea) coordinate components 1~ ‘rassigned
Faiedy
Lo every induced local chart (= (U), (4, p)) such Lhat the Lransformation
rule is that of the local coordinaie componenis ol a tensor ficld of type (&, 1)

Uoand, doe Lo (he symmetry properiv of The chosen non-
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o Mg Tor an M-tensor of Ty pe (41) on 7 M delined by Tig p) we have
g da .

prepreri U

el owm oon M indures e

the following rule Tf,"('r/. " where  the focal coordingte

fransfermalion ¢ local  comrdinate
7;,—_;'—;' poen MO e g

ol
we may deline the notion of o Yinear M-connection on 770 as being defined
by the connection cocfiicients obeving the Uransformalion rale of {he connece-
tien eoefficients on M (see [1] for delails).

Remark, N tensor ficld on 3 can be thought of as an M-tensor field an
M in an ebvions way, Similarly o linear conneclion on M defines a linear
V-connection on 17031

The Jocal coordinale components 1,

ficld ol type (00 23) on 170, We have also

fransformation i stmibar

Ayt gt

wav

given by (1) define an M-{ensor

1] Velépi 818y ==b], ¢fép,. @, ON .

From the change rule (3 of the eonneclion coctficiends N coof the nonlinear
conpeetion an TEM we say get Uhe chanse rule Tor dri, and we conclude
hal they define w lincar M-conneelion on 17 2f, B

2. The psendo-Riemannian  metric on 73, Consider 1 he following
psendo-Bicwannian meiie & on A of Riemann exlension [y pe

Ll

) (1 =23pdyt
where
) Spro-dp -+ N, diy

I follows

{ (L g );n. ([8_ _‘1 (),
(pi Oy Syt Sy

G(‘i ‘i) - (;(i. ‘r'-]:a;
ép; 8¢ 3y’ op,

Le. the distribulions [7*M. VT3 on 1M are both isotropic with respeed
o €. Morcover, 6 delermines an isomorphism of VI*M and [ T7M. such
lhal' T may be considered in g cerlain sense as the dual vector bundle
of VT 31, 'The signalure of 6 s (n, n). The system of local 1-forms (3p;. dgb) ;
t=1. ... n, is the local dual frame of the local frame (&/ép. 8/8¢) 1 i—1, ... n,
on 1" adapied to the direel sum decomposition (1).

Denote by Voihe Levi Civita conncetion of the psendo-Ricmannian
elric - on 7M. We shall use the following nolations

Vi=Vaur, Vi=Vseq'

o the covariant devivatives of ¥ wilh respeel Lo elép and 3/ 3¢ Then Lhe
“mvmg resuli s proved by a straighlforward computation :
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Proposition 1. The local coordinate cxpression of 'V iy
on 5 ~ g ) B
Vielomn, ¥, L w2 g,
o ap; ope Ay
i)
) a PR , 2
Vo = D ol =
dp' Sip* oy

Rremark. The vertical distribution V70 is preserved by 1he paralle]
transport defined by ¥V oon 1M dvom Lhe Tast Tormula (4) we see that {he
cocflicients It expressing the nonholonomy of £ 7437 give also Lhe devialion
from the parallel transport of 70 by V oon 7M.

Remark. "Ihe covariant diffeventiation with respect 1o the colangentia]
coordinales p on 170 does coincide with the usval pariial differeniiation,

By projecting the connection Von VI*Mand I1'T°M we get the Schoulen
connection Vodefined by V and the diveet sum decomposition (1), The loeg]
coordinate expression of V is

(10) VLm0, Ve, L §E 0, T E el
o, ip, EPy 3q’ 3q' 8y

It Tollows onee again that MM may be viewed as the dual veetor hundle
of VT M. Moreover, the covarianl derivative defined by the Schoulen co-
nnection § may be interpreted as being determined by the linear Al-connee-
tion defined by (6). Then. in the case of the M-ensor field on T3 defined
by R we may gel a new M-tensor field on T*M delined by V,R.;, where

81!’;;:
3q*
In a similar way we may gel from any M-tensor field on 751 a new M-tensor
field on T*M by using V.,

2, The curvature tensor field, The curvalure tensor field & of 1he co-
mection Vs defined by the formula K(N, VVZ=VyV, 2 -V, V7 — V104
Xo Y, Ze X M), From Lhis definilion we get by a straightforward compus-

V o Rprp= ~ DL Ry —DE Ry — 0L Ry,

(1

tation, £

Proposition 2. The local coordinale expression of K is given by

IS _ﬁ, i A(i _ﬁ_)-s_ 0, j{(_.‘i_, °)L=
api cpileps &proépy Sf[k épy 8¢ Jép,

i - ‘ . 9
_I{Ek‘_(__ I\'(i 8 )...E)_.. 5 1\':;“»;-’ I\'(L 8 ) 8 =

ST O YD PR épn \épi 3¢’ Jog*

(12)

. S 5 3 N 5 . a
Sq* ipy 3q° 3q')3q* aq" apa

————— -
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wdiere

(Jq)} h

.
- I AR
S .

) I\‘}‘j;[j=—.6ill)j;,‘,-}"_v_;[i‘

ks

Epy apLepy
(15 S S -
K= _"f; . _"‘_}«:[)"!,(b,{._. L L H_'
Sq‘ 3([1 ’ P,

. i -l 3 B . . . e
It Iolln)\\.s lhal’ K. Rig. Ny define Metensor fields on 7" ),

Remarl., "The psendo-Riemannian space (T°M, €) cannot have nonva-
nshing constand seetional curvature,

Theorem 3. The connection V is flat if and only if the symmeltrie nonli-
near conneefion defined by N, is given by

.I I‘) "\'l'.-=]l‘_'

where

i
Iy

a) !hf coefficients 1y, 1'% are independeni of p,
b) T, are the connection coefficients of a {lat linear connection V on M

ad Ly ure the local coordinate components of « synunelrie tensor field of type
0, 2) en M, salis[ying
{1 ViVl o=Vl 1) =V (Voo —V 1 ) =0,

Proof. From the condition Kiy=0for V (o be flal we gel the expression
(Lh of Ny where 1'%, £, are independeut of p. Then I, are the connection
coclficients of a linear connection ¥ on M and from the condition K, ,—0
we get that Vis flat. Next, from the condition Koyp=0 we get (15),

Remark, 18 N;; are given by (14) we have % =1, thus the Schouten
tonnection Vois induced from the connection V on AL thought of as an M-
emnection on 737
. temark. The system (13) of (homogencons) partial differential eana-
tions is verified identically in the following cases : 1) £,,=0, ii) V.4, —0, i.c.
the Lensor field defined by fijis paraliel with respecl to V, iil) V1, - V4, -0,
Le. {; define a Codazzi tensor field with respect to V. '

Now we may prove by a straightforward computation

_ Proposition 4. The first Bianchi identity K(N. Y)Z + K(Y, Z)X =-

TR(Z. N)Y =01 XY, ZaN(T"AM) is delermined by the following local eoor-
tinafe relations .

{16) K — K

Kik, Yy

(5,7 k)

oo - =

Kho==0, Y Khi=- Y weRu =0
{£.7:4) E |

Remarl, From (he expression (13) of K, we have Kuni——Kpu—=

==K, ;i IT we lake inlo accounl {he last idendity (16) we gel just like in

€ classical Riemannian geometry the following symmelry properly

{17)

= -
K wpi; =N ijhke

1]1lls the JM-tensor field K ,yq; is very much similar (o (he Riemann-Christof -
€ tlensor field from Riemannian geomet ry,
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Using a straightforward computation we have
Praposition !
of I wilh respeet to ¥V oare given by

s avd g
(_QJ‘K‘;( —. —(——)—‘—n:(v'h‘)( —. —{-—-]iﬂ’-

ipeoaptap, cpe ipglagt
(V'K) _‘)_. 8_ _i_ : r_]\_ﬂ,‘ ._(‘)__
epp Ay Jop, EpyEpy,
3 A (RE, @
(18 (VY . 8_ v Wiy o
dyt Syilép, ip, dpy

Hpn

("\‘-ﬂ]\') L) . i)i__‘_]‘i_s _____ —_—
dpi Sl f3¢Y ap, 3¢t ape ipy
@, BV S _Rby 8 Ky 8
Byt Syl )Ae* ap, Syt dp,  ip.
and
SN 4y oo € J\ 3
(v.f\)[.( : .—),—'—- (v;h)(..—- T“('_)_(I= 0.
ipi Epiipy dpe o épy )8
. i ay @ e &)
F )| —, —|— —=— G K-
(v, )(3[); Sq")i)p,,. Vil P
~ 3 3y 2 — : d
K)|—, — (=G, KPRy WOE— 1 Ky e
(VJ )(81‘[‘ 3(]" aP;; ( Vilviii Tia®h i 1ia :) 3'”"
a Y . 3 _ .
G IO —— | e K (- K Ry KO
(19) (v, )(&Pi 3!]’)3(]" Vi hs"li' (=K 1
o0 - & 3Y) 8 _
— R, @) 2 — (. K,
rratin i (Vi )(Sq‘ Bq’)Sq" (V1 K5

, 3 — =
— Ry Kk R K S_'h"“(VII(.'f.HJ Rk i Ny —
q

a
— Ry K+ Ry K )—.
dfry

Consider the second Bianchiidentily (f’xl{)(]’. 2 (VK7 X

H(VLRUX, V=03 X, Y, ZeX(T"M) satisfied by K. Then

Proposition 6. The second Bianchi idenlity safisfied by K is defermi

by the following local coordinale relafions:

A =oymik o7} opel T
¢ W, Gl ¢ Ky Al (]\,ff,,.j . ,:
Y . —_— e = ey IR = -
e - A A RN N i

S The toeal conrdinale cepressions of the covariunt derinalipg - . P - =
M ap; i Py oy

K iy
' — S ;
=Vl =V K By, K Ik .'J.I-—]'n’;-..f\""ﬁ—
(2[}) (‘“1 L] i
IR TLVD MU VIR [ AR ET)
(E.50}

3 A Bna Wb R Kb B Wi 1 =0,

(0.8}

4. Loeally symnetrie pseado-Riemannian space (7M1 We shall
use the formulas (18), (19) to find 1he conditions under which 1he psendo-
Ricmannian space (7417, (i) is a locadly svimmetrie space. Le. YK -0, We
musl have .

) ’I—M‘ N oIy
0 oo @ oo, Gy Mg

P, dapy an,

(21
Vil — 1 K- 1y I =0,

W) vk, )

{vi) Vil = Rypa Kb 10, K3 By K e PRy 5o KL — 0,
Firstly, Trowm the condition (21) (i) we get by using (1)
YK,

where £, T4, K4 are independent of P Moveover fo==1;, KA KU . Kk
deline 15115;01' ficlds on M {hought of as M-tensor Tields on 7537, The coeffi-
dents 1%, define a torston free linear conneclion V on M. Then, from (6)

we have The following formula relating the linear connections V, V:

(22) Ny=t,~ T%p,

H(2) P = T1%, 4 K¥ep .

From the condition (21) (iv) we gel by mnsing (23) :

¥ 1]

{(24) V% —0,

9 abe L qeb gl el gl gl “be Trl
(29) L= KAR{i+ Ky \ff;—]\ﬂfl\#—]\?f Kli=0.

:ldhcn. the condition (21) (i} is aulomatically salisfied dne to the following
Uentities oblained from (21), (25): Vil —V, K=, Lde_jpae_q 1y
Tollows

9 ) S -
(20) K= Ry =1 K -H1, K,
hepe T Gl N i . Ik . . H
\;;u{c. Ay are [l_n. local covrdinale enmponents of the enrvalure 1ensor lield
. of the connection V on A defined by the coeflicients 1. From the eondi-
tion (2N () we gel

L=V K, (N, Vi YR A-(V o, =V, LR =0

Y=Vl ~Vidi—p .'J\’ﬁij-
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‘ uly 'R AL =l = i il = ~ith =0 “h -1 >

28y Ly =RyKL =Ky GRE I G R —= W W R W = K K =0
Using (13) and (26) we may compule the explicite expression of Ky and we
get that the condivion 21 (i) is auleomatically satislied due 1o the [ollowing
identities dednced from (27). (28)y: L, —Li, =0, Lib,;—Li&,=0. Then we
have

(2 Nyp=-—1 il +[,-1th.'. ViV uli; Vil YV (Vi =V 0.

Finallv, from (21) (vi) we gel the Tollowing conditions

(3m ViR = (Vi =Vl b)) KG = (Vili =Vl iS55+

W)
- (Vibta =Vl 1)K} 36 = (Vil 1a =V ol 1) Ki 31
KipalKih - Kipne KiE A K iy 8 — K ppia K9 = — K K]

31
@l + Ry K K K R K e
Thus we have proved

Theorem 7. The pseudo- Riemannian space (1*M, ) is focally symmelrie
if and only if the symmelric nonlinear conneetion on 1M is given by (22) where
tiw Tk, KM are independent of p and satis[y (he condilions (24). (25), (27),
(28). (30.) (31) wifh fhe {ensor [ields Ki; K e given by (26). (29).

We should remark that the condilions (28), (30). (31) may be transfor-
med further 1o give explicite relalions salislicd by the tensor ficlds {;;, K¥
and the eurvalure lensor field R ol the connection V on A1 Ii.g. the condition
(28) is eqguivalent lo

Forl 100 b “hit g Aih by 1l h *J 2l =ha
I\H.-I']l.l"_u Ifkijlﬁu?——]f’;th(}[:.— ]\;jhl\fl;"_]{l;iﬁl\ }'}-|~]\k;,,1\h =

l) r
(287 +2 , (KU Kl — K R ) ==t
LS .’:c( yvip vk it J-‘)

and from (27) we gel
(271) Vt;rf:‘:u‘ (Vlll.fl-i-vi[lfl—vh‘,“)‘[({'ﬂ (Vlf_.k l_vjll'fl_ Vhil'.]}l{.:;:

'wo olher relations are oblained frown (30), (31) by using lhe expressions
25y, (29) of Kf,; and K,

Of course. the conditions relating f,;, T4, K in Theorem 7 are quite
strong and it is natural to ask whether there are nontrivial geomelric struc-
tures on M defining the lensor Tields {;; K% and the connection I, in order
these conditions be fulfilled. In [acl, we shall show hal there are situatio
in which the answer is aflirmalive,

A. Take £;,;=0, K!*w0. Then we have N;=—1%p, and (24), (B
(28) bhecome trivial. From (29) we gel K ,.=0 and the condition (30) b
comes trivial loo. From (20) we get K= RE; and (27), (31) become, T
speclively
(27’9 ViR,=0,

(1) — R o R - Rl B — R R - R R e =0

We may show that the condition (31) is fullilled due Lo {he relation (ViVy
—V VR (Y aVe =V V) B ;=0 obtained from (27"), next using the Ri€
dentity.

where Bis a conslant, Then the condilion (21) is Urivially verilied

the condition (28) {equivalent to (28)) we gel

l l } o A I' OSSO r ] l I{
. 6 h TSSE HEFIOANA l ) .l niani l‘ ] s l‘ l|| il
) n 1" COse (ise u SO l](]()' 1 [H 5 (Y '
I ey ) ) I Hin s pa(‘ H .

T’l; . ‘l‘l( mann exte nslGn Ill -“ wit h l hl' I“]l ar conneg lI(II] \ .‘n‘l (\\! h‘l("-)
[REAIAY ‘.I((I a ]\]1"\\ H' l'(‘.‘illll I'ﬂ”l lh" h(‘“l v (?f ['li(,“ ann ("I(‘.“S‘!ﬂ“‘-‘; '
l ll"‘"('nl “. I l“- ])-\'p”d”' Ilf(’[“ﬂ””f{f” -\l)(“ e ( I‘I:JI. (f) “:H'!h \ i'—.': ] -.;If

i el ff .S'UHJHH’U'H fl U”d l)”[ll Il ( “ ‘\I 4 PR s

Rt 5 LA J i l"”('(l![n' Sy
1 - o ] i ./J"I(.‘.

e} v
) Nig=ly;— 5,

. -3l :

e W5G=0. T (his ease we have &f . % K i

e K i [ . have @, in Wig=H, the condilinong (2

"‘")I{;r','b),i].;(' lll\l.l.|.-| he condition (27) hecoines (277) and (31) is {ransfo; % ?
. v BN s op e : . ' . o ‘ ’

{0 (317), I'he mn(‘hlmn (3E) is fulliled by the same argument used j i

pse A\ Finallv, from (2N, (30) we oel ) . e the

. o

_—Vf!iq-’?:’:hf_-_i“Vr!‘" !l]}‘,,_;l. VIV‘-(V"],:} V.’;!.f.uj) |

{;l ] "I'VIV}(VIII.“ = V,L-[I:i)z(v]l’lu & V“[.uh)f.’j;fj_i
TV =Vl ) I (Vi Vel iR — (Vi1 =Vl )1,
I [ollows Y

Theorem 9. The pseudo-Riemanni
L . e pse ¢ nntan space (T*AIGY with N
;;{P_’\) ;;,:?;?;ﬁ:l( ;y(r‘;?ir):a!;;r;’z[ !mul only if (M. V) is forally symmetric and i salis-
fie: - 1 (33). wtensor field 1, is parallel with res A
is locally symmetric then (7). (1) is !r.mlﬁ}r/ \ul;rn;ffl';r;r‘l Pt ¥ and (A, ¥)
C. Consider ' '

i gioen by

(31) KU = 0(3)3% -+ 5151

and aslraight-

forward computalion shows us (h: i 23} s |
P shows us that the condition {25 is Tullilled 1o0, I'rom

(35) by = —— (R R
’ 2(1(:;—1)(’{‘j+1{")'

1
3{‘ k-. —-— — - {] 3 » 1
{36) R, A {8’,’-(;; Ry e —Sﬁ-(n R+ R — —

R 1.8,
1 [( i ) L3

Ji

vf'here Rij= Ry are the local coordinate expressios of the Bicel tensor
!'1e[d o( 1) obl'a_lincd from the curvatwre tensor field 1. Remark hat (:](l\l{:’;
'2c]1]?\!-(=;1?(1"{132iu“I}i .';}'n.unei:l.‘ic‘. I-t [oliows that the conneclion 'V omust be ;)l’rl—
.erif\_.l_[ i and £, is (letm‘u,unc.d !rrn.u the condition (25). Now we have {o
ST the conditions (27), (28), (305, (31). We shall use for convenienee {he

ollowing auxiliary ions :
Wing auxiliary notations : P, =———(—nh;; —

i
e Vi) Ay UT R AL

Then we have
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i — ; A 4]
(367 Ry ==2000, — 8P 35 (-1} Rig =00 Ky=1.
From he sew :1.(] Biapeki identity satislicd by 12 Tollows thal £ mus e ’II:HI ‘_"”“““““5 (27 (33\'_)‘ (I’r(!). (3 are Pedftled teivially, Tence
verify he velalion | hearea LA (Mogy s oa (psewdo)- Ricmannian space of dimension
s g i i the pseudo- Ricmannian speee (UM Gy with N given Iy (22) wliu’rr’
(47 =N . _I\,r;- wre given by (-l;’).v(-llJ it J";-'} are the Christoffel .\-qmbnls- of the 1.epi
e iy oo, {ithllfu connechon ¥ oof g, i locally sypmmelric if and only if (M. g) is confor-
) wally flad, ' -
%) e I\’,!).-. B3 '”H‘ "Oil“.!l‘_"l:ll Curvaliore tensor field of (7M. 6}, I his seetion
il ia i L ae shudy the conditions under which the pseudo-Riemuannian space (174, ()

isoconformalky o Inlroduce the tollowing Af-tensor fields on 773/
From (20), (20) we get by nsing (373 and the Rice identily for 2

;i My i ! |t} 1. l l\';": ! I.M'Y‘ ] ! ok I
3 =240 o R85, ¥ ¥l T | —— e L= = - R S A
(34) Kiiy=208D, — 670 k830D Y gy G- ) Mo P T 2( Vit ).
2 rovn v Shy e HESR .
ot Ko ie =D 0Dy D). Fram Lhe usual definition of the eonformal fensor feld of a {(pseudo-}Riema-
L pian space we ges by oo straighiforward cewprlation

Proposition 12, The local coordinale expression of the conformal curvalure
fsor feeld C of CF*MLG) is ginen by

N AR f ¢ Y o e : .
{ (_ . -':_)T"'_“‘ (.(‘— o= = (=K} FRELE L
ope apyjepy P Ayl apy

By using (38) we gel by o straightforward computation Uhat the conditions
(27) (28, 30y, (31) are fultiled. Tlenee we may stale

Yheovem 10, Consider the psendo- Ricmanmian spacee (T MGy awith
dim, Moo where Ngy s given by (22). KM ds given by (30 and 1 ds given by
(35). Then (T, GY is locdly synunelric if and only if (M. V) is projectively
flal.

Bemark, Under the assnmptions from Theorem 10, 30V has svinnetri,
Jiced tonsor feld we gobt K =00 N~ O and the conditions (27). (28), (30},
{01 beeome trivial, {

D. Assnme that (3, ¢) is a (pscudo)-Riemannian space and el the
loeal coordinate companents of the metrie ¢ he g, Consider |

[ 8 3 ¢ o
2 ) (= K B8 8 ) S (B —
(8(['. S{IJ)HPL. ( Li] FREF T B8 ath ’-h) ('}ph { (‘55,-‘, f)';]-.

™

- ' 3 ¢ a3 )
_h’:_[ﬁ_i_gﬂ-.[j‘:]__‘ ( ) (5 — R —3i1
- g ipiap s e

{4}

(11 Kk = (34 3% =348 — g 4 *h). i b BLE) —, (:(_‘__. L)—j-=(l\’j$'.—8,il.’f~~;s'.1,;')_i
. : . : - L (."I)r op; Sl 13yt ’ o T b
where 0 is a constanl and ¢** are defined by ¢*/q; =387 The condition (24) ' P k] o
is fulfilled if ¥V is the 1evi-Civiia connection of g Moreover, i follows by @
straightforward computation that (23) is tulfitled too. We find from (28)
by wsual compulations in Biemanian geomelry

- 2 W i il 8 3 y
+(—~I\j.'.‘h’}'b}.l‘j.‘:_ é;;!-i,,)*“:f—‘. { ( . § )
apy, Syt Sy )yt

. s i A . |
-_-_(I\EU-{-&];L”.““f)I-I.“.):—I - I\ RET -f-v- B

i) —1 : ! b
(42) L= -]'-(.'f.z= iy :""""‘“"—! UE } e o
3 0 3 s g
0 On-—2 20— Y 2) Fheorem 13, The psewdo-Riemannian space (T MGy with Gim, M-

. . - . N —-—
o . — . _wn[uf mally flat if and only if the chosen nondinear connection has the follo-
where r =R, 4" is the sealar curvavure and € is the Jocal coordinate expr ny crpression
sion of Lhe ustal tensor feld in (he definition of the Weyl enrvalure tens
field in Rigmmnnian geomeiry. By using again (28) we lind ]
(43 Pl B -y e — )

4

":\:"EJ:I ‘ I‘k

a7 il

. g o aJe o P . .
t’at lis ", are mdf!pmdcn! of p, Ty define a projeciteety {lat linear connection
Mowith sginmetric Ricei tensor field It and 1, satisftes the condition

this (M., ¢) must be conformally flat. For n =3, (7 has the property
1 V=% {0y,

f.e. it is a Coduzzi lensor field. Using (26), (12, (43). (40 (29) we find

. - i
VeVl )=V i) =V Vil o =V ) - — = (g Ry~
n-—1i

Al Ry = R =1 1)
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Proaf. The vondilions for (77X, €} to be conformally flal are

50) (i) SLh—3t1h— 351450k =q, i) KiE—3iLF—3t1i —0
B
( (isy Ky -t8 L =3, =0,  (iv) Kp=0.

Fram (30) i) we get by wsual contractions Li—0 jor n—2. Using (30) (i)
we get KiF=0. Then frinn (13) we gel {18). nexl

. i NOMETTHEORE NS OX COUAZZL TN S
O RV =V sy — o 1l iy sty
By
where R denoles the curvature tensor field of the linear conneelion NV oop
e . Sriey e o .- . . Fre SO IOV YOty
A delined by b coefTicienis 5 Using agiin (1) we o EREMIS KOYEOGIORGOS
(h:2) Kf - nt..
¥ A} H H - 1] 0 5 el Al 1 i
and frem (50) {iii) abluain _ if,' :'flllllllll.lf‘l_lh. A Coduzxi tensor 1. on o wamifold M with a connee-
; . ) tion Voo B delinirion, o smooth svmmelrie Lensor field on 3 of Lype (1, 1),
(23) Rijer — ML) 8L spelr Thad ALY (VLY Tor snv veelor iefds N ) o M The dass of -
then uiiolds admitting Codaza tensors s large (see (20 and references Pherein),
; Lol 0 Be o Dismannie s maniinh Witk metrie densor - apd Bicmaig-
(H4) == =1)IL,.  wan coniweeiion Vo bl fole oy pesilive dveiinite Codazed fensior on Mo

- . A he Tolloawie
.[[M we prove fhe Tollowing

Lemana L For ang vector fiefdsy N, )
sine Deteer
i

IL Tullows that the Tuear conneetion V is projeciively flal and has its Rieg
tensor field syinmeirie. From Lhe condition (OU) (iv) we get (19) by using

(13), (31), B3, (G4).

AW oon M oand oy wny inleger I

' HAVREYIIRY PN Pk 5 : - .

Remark. In the case £;;0, the condition (19) is anlomatically verified SRX V)L — LN, V) diz, VallVy L)L) W

and we get a known result in the theory of Riemann exiensions 1hal a pro ViVl )W), L (VL2 (V)W v 1y

jectively flat linear conneclion with symmelrie Ricel tensor field del ermine i ' - : P

a conformally flat Dicnann extension, Vel MFZ = — <0, 7, LRV L) W 1N, YL (VgL
VRN, VIR — RN V) LR W NNV DL Z), W
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. Proof. 1et V be a veeter lield wn a4, Using (Vel)) = ValLY)- Ly, Y

o

I

‘ RN, V)Z=VV\ 20—V V-V
e casiiv oldain

) RN LY S LR(N, Y)V-EV(V L) V) =V, (Vi) V -

FOV YTV (Y L)V V (Y, L)V
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