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§ 0 dntroaduction. The development of optimization theory ealls for
an extension of the concepl of semt-conlineity la vector-valued funclions
(sec [D]0 [6]). In This nole. we inlroduce a new nolion (see Definilion 1.6),
which plays @ prominenlt parl in the nel characlerization of quasi-lower
senti=continuly (see Proposition 1.9) and in establishing a cenneection bet-
weenr Jower semicontinuons funciions and quasi-lower semi-continuous fune-
tions (see Corollary 1.11), In the ceennd parl of this noie, we point oul exlen-
siens Tor two theorems given by Berge [2]. theorems concerning the semi-
continuity of the value funclion and the solution mullifunction when the
objective function is valued in ordered topotogical spaces (see Propositions
2.1, 2.5).

§ 1. Quasi-inferior limit set. In what Ffollows. N=(X, 7y) denotes a
topological space and Y —=(Y, =;) denoles a preordered lopological space
(i.e., a topologieal space endowed with a reflexive and transilive relation),

Lel us first reeall

Definition LI Lel Z< Y. The decreasing hll and the tnereasing  hall
of Z are

dZ)={yeY[/I:eZ y<:l. i(Z)={yeY/I:eZ z< ¥}

Definition 1.2, [5]. A mupping [+ X=Y is said fo be:

D Aower semi-continuous (Ls.e)) al v XN if. jor any neighborhood V of
() in Y. There exists @ neighnorhood U of @ in X with f(U)y=i(V).
' H) quasi-lower semi-confinuous (q.ls.e) of reX if. for coery b such
- lhal f(xye Y —d(b), there exists a n etghborhood U of x in X such that f(a) €Y —
- —d(b) for erery ael,
: Proposition 1.3, [D). If the order in Y is semi-closed, (i.c. the sels iy} and
Wy) are closed seets for every ye Y) then every Ls.c. mapping al @ is also q.1.5.c.
Al

L

. Definition 1.4, {4). Given afilter basis B in Y, the inferior Himil sel 1.(B)
s the sel of those y= Y such tha, for any neighborhood U of yin Y, there cxists
BeB with Bi(U). (f N is a nel we use 1.(N) for L(By) where By is the
ller basis generaled by N

Propostion 1.5, A funclion f: N Y isLs.e. al @ iff. for every nel N : I
~X converging fo x, we have f(x)ys L(f(N)).
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\\ mn ( ¢ n i nalion anaol I

- < nreorder relalion. o o M
tied “|))..lj‘1§1;(|i|211|(;“] 6. Giiven o filler basis B in Y. He gquase m.[.ur,u:"\‘.::n;fjfex%
CURY s thesclof y< Y sueh Hhad qor any bl y=Y - d(b). theee e =
o 'l:'fl.u'\qulefih:n]wrtm il sel G(8) can e defined anadugously.
< the defintlions follows ’ ’ ol
:':-::l::nilinn LTO0 i ye COBY and y' sy, (hen " l}’,.,(./») oy )
({7 )lu;hf'rw Fu ois the filter generated by filter basts 5
plelih ’ - R Y.
ii]n if i, B, then C(BH=CD) Cis demioelosed
Ny L(BY= GOy whenever the preorder on Y is den STl -
: 0 il SAE N =Y is aonel in Y,
Now we will make a usual construciion [4] - 10N :‘1' lk.“lil:li( o
0 froduee (e space [ - fu [l oblained by il(|(|ll]§.: P p.: " '.;;[1
o ('d“‘ ]Hl ?I(l: (}iﬂ;'l'('l topology. .\ basis of :1('igl:r)rlulnmls of 1015 }{;L:, -iw‘J';"rl—\g
Nldq“u “lf'el-/ “>it Now we recall that any filter h:}sa‘j g _L.L..I](..!(.l. l| &
Wth:' [;I ! Y {\ﬂ(:t o—l(y. D e D,y B amd Ny }\ l.';(‘!:g‘(l.m ion
net Ay dp— b Wh ) cardered by (. Dz (g C) i =
the Tir rajection, Iy being ]nun(ltlu‘ N RA ! e
! ll“l1{11::1-112)“f:'1‘.lu\\'5 il Nis a ?wi. we use C(N) Tor C(8y) where 75, is the
filter basis generated by N, A
: haracleriza. ion re
Cis oeasy to see thal the fulln\\.ml_,( R e
:' t]r\)t:s.i:i‘nll 1.8 Let B be a filter basis in Y. Then yeggi}) J[{Iy) iE”a
lue m:r'[mn fake lo exlend Ny af w in sucl o way that the exiended mapping
ralt b .
no lp— Y iv g lsel al e o . , -
o ]i[i) 3’l)('i TQ. 'q!—> Y he a nel. Then gy CIN)Y iff y=((P)Y for any 1P a subnet
‘ : H i 1ren ook e en b B . .i.S_,
K A\"l'lu‘ notion we intreduced helped us 1o give a C'Ih“d(vll(lI{.{d".lr‘?[;[t:-liy(;lui()]fs
nappings in Lhe same manner as [he already existing nels charac .
s s C¥ : ‘
" i ool semi-e s mapping. -
canlinuons o semi-continuots wapping. - . ‘ N
fon Proposiiion LY. The mapping fv: N—=Y uw q.!...s.z.. friéz.(f——grt\_r)f)f fo 4
net N 1> X which converges to d(N—x). one hus f(x) i '”].}(r}. /0
‘ e al @ N—u endail that for every b owi !
roop. T bs.eo al @ owl ] ! e ‘ LA ot
rl(b)llh(‘.{'e uiisls il such that fI(N(I D= Y—d(B) and thai means fla)(
R al fis nol q.ls.e. at
B ; s reduetio bsurdune thal fis nol q.ls.
wnversely, suppose by reductio ad a g R . : .
", -(‘(I’l[:x':-gvxvisls hl i\'ilh fx) & d(b) such thal, for every v‘-}""‘f:hhf}' IES(.“][__,
3-’ ;; | (\Mg xp €V owith p(x) Sd (). Thal allows us to 'bufl d L m'n‘,iq' -
- \'H :h(-r" I b(b) ordered by inclusion and wilth N(V)=a,. ;
No where T=@(:
(‘—(:"\1‘1"-?“3 to 2 and fla)d CIN)). which is a conty l(|l'(,lltl)ll e
‘(\'c will estahlish a relalion beiween L= e mapping and q.Ls.c. mapj
f : ith reliminary result.
We begin with a prelimimary res ' .z
I':opu-»'ilinn 130, Lol N:I=Y be a nel. Iy yeL(N) and y=C0U())
lflf]r FJEE(I\V)' H H (R4 . . a1 E f_i l 1
Prooj. According to definilion 1.2 it [c_)liows {hal [ﬂ.l‘ ”(eri(lf\‘) anr l(hjl)s
there v\i‘;l’;‘ \"E@(ui such that b=¥ —i(V) and beeause y<L(
Vi ists @ site al. N(I)= ¥V as claimed.
THhere exists i T such that N/, - . ) N
‘ Corollary 1YL, If f: XY is Ls.c. af ¢ and if [()eC@G())
fis qlsc al x.
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The proof is abvioys using the net characlerization for q.Ls.e.
mappings and the previous lemma,

Tn what follows, we prove that Corollary 111 ig st renger (h
fion 1.3, Tn order 1o attan {his purpose, we prove [irst
resull .

Proposition 112, Let y=V., Then Y= CDy) if for every be\'__,'(w
there exist no nets N: 1=y will N—y and b= N(D), for every i<y, ’

Proof. Let first suppose | hal JEC(D(y)). By reduclio ad absurdym,
we assume Hid there exisi b=Y—i(y) and N>y with b= N(D), lor any jiej,
Then, for this b, there exisls aneighborhood Vof yin Y such that bey iy
and for this V there exisis i & 7 suel) that N(I;)= V. This entails 1 hai beigy),
Contradiction,

Conversely, we will use the same method of reduclio ad absurdypy,
We assume That USY—=C(D(y). i.c. there exisls b=Y—i(y) such that,
Jor every V, neighborhood of ¥ there exists .=V wilh bei(y). Now we
build the following nel . I=a(y) preordered with inclusion and N(Vy=y,..
This net converges to g and b= N(@) for every iey. Contradiction,

Corollary 1.1, 7 d(y) is elosed in ¥ lopolugy or cvery y= Y then ye=
=C(V) jor every yey.

Prooy. By reduclio ad absurdum We presue that there exists yey
with YEY—C(D(y)). Using 'he former proposition Lhal is equivalenl 1o :
there exist be Y- iy} and N: /=Y wilh N—y and b> N(i) for every je ]
In other words, N() =d(b), for ever vi=l Because N—zx and d(b) is closed,
it follows that xed®). Conlradiction.

I is obvious now 1hat Proposition 1.3 follows from our results : Coro-
flary 1.11 ang Corollary 1.13.

fzample. We shall sce now what we mean by y= C(@(y) for y belon-
ging to a pretiy parlicular ordered normed veciorial space, i.e., R" (wilh
euclidean norm and usyal order). This space has a semi-closed order and,
following Temima 1.4, one has (hal 4= C(D() for every ye= R®™ ‘We can
obtain this resull directly : Lel y— (¥ - Yo = R" and b- by, ..., B)= R —
=i(y). In other words, 1lere exists e {1, ... n} such thal bi<y,. Let us
write y,—b,—=ec. Il V _{:cER"/Ijm—y||<s/25 this is the neighborhood we

(V)

and lLs.e,

an Praposi-
a clmruclm'izuli-n:

have looked for because beR*—i(v).
§2. Generalizations of Berge’s theorems, In what follows, X=(X, Tx)
md ¥Y=(¥, v) are 1wo topological spaces and Z=(Z, ©4 <) is an ordered
topological space (endowed with 2 reflexive, {ranzitive ang antisymmelrical
refation).
Let first recall some definitions,

Definition 2.1, Let F: XV pe o multifunclion. F is said to be :

B upper semi-continuous (ws.e) al x=X i}, for each open subset G
of V' containing F(z), there exists o neighborhood U op x in X with Flay=G
for each a s .

i} lower semi-continuous {Ls.c) af zeX j, jor each open subsel G of
Y with Gp F(x)# &, there exists q neighborhood U o) 2 in X with (in F(a)# ¢,
for cach a1,

iit) closed af zeX, if, for each net N:I-X with Noux and for each
"l P:IsY such that P(O)=F(N(i)) and P—y, one has y<F(x).
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vy uniformly cempacl near reEXN if there is a neighborhood U of &
iv y e E :
sieh that the closure of the set LéJUI'(u) s compurt.
‘ * D T
ive the ing finitions.
Before proving our results let give the following Iwo de

Definition 2.2, Let A< 72 The topological infimum (we wrile inl',..l.)_ ;:f
the sel A is any element =& Z such that =< a for coery @ = . and, for every neigh-
harfiood  V n['.': in Z. there exists ap €A with ap e V. ‘ e i

Definition 2.3, 7 is said to be lower psendo-separaled if, fur_ any 1

s 5, €4 mmr." e/ with =, ~z. there exist a neighborhood U of 2, and a
menls 1, €7 = fa (here o3
{ 4 . slte V=@, .

worhood ¥ oof =, sueh that Tnid( ) - o
"Hgm;ypmar}' Tt ];u casv Lo see that B with fhe usual norm and  arder, s
a pseudo-separated ordercd [up-fylngiml .I-pum'.

\ ve can state our first result, ) _ ) .
i\‘:‘:‘}(l:i:illll 24 Let 1"t N=Y be a multivalued funrhnnf z{u!h ‘nnnrra;md
palues, | s‘lc. afl @ and lef f: N XY =Z be an w.s.c. mappliig unllal,- ] a; ﬂtm‘:_
the mapping m: X—Z, gwen by m(y=iuf, {f(x, y) ‘yelap s u |
~m is single palued. ' ' .
urh”m}s;o;f T.el n.t](u)ez and YV be an open neighborhood of m(a).vnir(ct.z lr;sﬂa
i mlon'irnl.inﬁmum and that is why there cxists ?H‘- I f‘ .‘:ll-l."h l](\f\!‘ nri'uthhm-
ﬂhlhm']:m(l of f(a. b). But {is us.coand for this Ehvu' exisl 1" a ”“:.,TEU
hood of « and W, a neighborhood of b, such that f{x, p)=d(V) for any ¢
e W, ‘ ) . '
e yb e‘}’an W oand 1" Ls.e. entail that there exisls U7 a .I]tlgh])()lh‘n(‘).(l[ r1;ng
¢h that Tap W @ for every = U7, Now it is clear that Tor every x= U
sue at I%: 3
‘e have m(x)sd(V). . o .
. l'rupos(:il)i(m (.’_": Suppose that Z is lower psendo-sepurated. tl.r! ]n.ifz;:]lly
be « multivalued mapping with non void values, {'hmml al . ls.c.a ﬂ';"; o
compact near a and lef [' NXYZ be o confinuons mapping on g
0 L : ! -
m: X—Z is defined fhen M :N—=Y, given by:

M(x)={y< Ta ~f(x, P m(2}},
is s, al a

Proof. By reductio ad absurdum, we suppose l}ialu.\l l.hgllf:tn(lll.f.’gl("-.e{:'tér(t
i.e. there exists a closed subset F© of Y such }hal FnMla =40 d Jor evoy
I;e}‘ghborhoo(l V of athere exists ap =V \\'ill_l 0 Ma‘l#?@i_x\o\; -\\ apea
nets &,: I—»X and A&,: /—Y with A'T-_.’(r(a) anfl ]\ ,.(')‘;u.b;n,o1 12) el
where greFnMap. U is clear llmi. ‘\:‘_.’“ and N, m: a (‘.qr o H i
~unverg"es to b (Lhal is so because 1" is unlforl}ll}_' compact net }‘ . B
;l a and that allows us to say that bela: it is m]w Hli‘}ln];(a‘n:)(;)—)f(-a )
SR i winuous, one has H n(xy )=/ o)
P&l}l\i’e 1{51:‘:10 !{‘h)el:n%(qul )(lfdl::il ar! !Z :::i] the lower psou(ln-sepm'ablhly of 7, we
Now, using Soe
abmm('thell:il?:m"at(im’f‘?lt(:;:}mse that 7 is lower pseudo-separated ang! Y lsatT:
Tet T -“)J;()—»}"be-.a 'mulliualued mapping with non void utduesi ;‘(znh{:gglgy_*:
u‘nifon:nly compact near a, with T'a a closed subsel of Y and lef [: XX

—D, i ] is U.S-f- ri
i { Y3 A &5 A IN (I n l’l then ,\I &) :
be a continuous funciton on {aj w e, If me: X efine 4

al «a.

SEMI-CONTINUITY DRODERPIES

15

Proof. Berge shows in [2) that if 1" is u.s.c.
then I'is closed il o. The proot of our corollary
position above.

Propesition 2.7, Suppose that 7 is Iower pse
be a multivalued mapping with non void niglires,
[: X% YZ be a conlinvous
then M is closed af w.

Proof. Supposing that N : 7o N converges lo ¢ and N
Ny =M N canverges 1o b, it follow: that bela (because | jg clused
aba). From m(N(HY=f(N(). N (1) it arises thal moN converges 1o f(a, b).

It we assume I.lm[- f(a, b)=ni(a). using (he psendo-separability of Z and the
upper-senreonlinuily of m, we obtain a2 contradiction.
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