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s SOME CHARACTERIZATION OF INNER PRODUCT SPACES
BY

SEVER SILVESTRU DRAGOMINR

Lot N odenole a normed space over the real field IR, In this paper we
shall give some characierizations of inner producl spacecs by using (or per-
psingy the properties of norm derivatives, Similar resielts can be stated for
eoan plex spaces. '

Set (for w yoin XNy (e ) =t -ty =@ ), note that the last

1o

expression is nondecreasing with £, For the sake of completeness, we list the
properties ol the Tunctional < that will be used in the sequel.
(i) (o, redoy) -] dus(eo ) for e IR, p=0;
(i) (v, wy=n<(a, 1) for & p=0:
(i) —=(, = g)=lim{[e-Fyll—ll2D/i< (e =] yl;
Pl —
(iv} v: N XN is upper semicontinuons ;
(v) (e 0y=0. =(0. )=yl Tor every x, gy in X.
The space is smooth i and only i one of the following conditions holds :
(v —=(a, —py==(r ) for all v, g in Xo x#£0;
i GO (o, gD = (e o) foroali v, oy, =X, asell
Now, we state a well-known result ihar we shall use in the sequel.
Lemma 1 ([3], Theorem 6.4). The normed space X is an inner product
space if and only if

1) (o yy==(y, ¥} for «l pairs z, y in X, {of|=jyl=1.
For other  characterizalions of inner producet spaces see [5—8] where
farther references are given.
i. The following result is a conscquence of if.ennma [
Theorem 1. The normed linear space X is an inner producl space if and
nly if there exists @ mapping T XN— R such thal the joiluwing condilions
old
fim T /{=0 for all y in X

F

{0

3) a2 24 2<(x, Dyl T for ol 20y in X,

Proof, T (X3 (,)) is an inner product space, then 10y (o), ne X
tisfics 1he assumptions (2) and (3).
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Converselv. suppose that there exists a apping 7' such thal {2) and
(%) hold, Then for every ! we have :

()

R

-yl = 2x(fy, o) gl -+ T(y) for all v, g X

0 then (4) becames

a2y )y F Ty A

If we assume that f

{o-=1yl

whal implies

(0) =, )< (e By for all oy in N

It | yli=1. then (7)) gives <(x, y)
obtain Lhe desired resell,

Corollary. A normed linear spece X is an inner product space if and
only i} there cxists @ constant k=1 such that

(g, ¥} and from Lemma 1 we

(t) Xyl |2l 2ey, )yl A gl jor all x, oy in N
2. Now, we shall give the following definition.
Detinition 1. The mapping (,)e: NXX—= R given by
(7) (r. gy ==y Ol fer adl 2,y in X

will be called semi-inner producet in the sexse of Tapia or T-semi-inner produd,
jor short (1], p. 392).
For some usial properties of T-semi-inner  producis we send Lo [2-3]
and to 1] pp. 392- 400 wheve further references are given. |
Delinition 2. The T-semi-inner product is said fo be derivable on X if
the jollowiny limil

{8 (4. Oyyp: -'Hllljll(y, x4 — (g o]t
tos

evists Jor wll a. y in X.
It is easv to see thalif (|, )s s derivable. then (, )z 18 conlinuous, 1. e.

N (g, ¥)p =lim{y, x2ty)y for all x, g in X,
-0

The following proposilion is a consequence of Giles® theorem {4].
Propesition 1. 4 normed lincar space is smooth if and only if (,)r8
confinuous.,

Now, we shall give some usual properties of T-semi-inner product §

derivative,
Preposition
T-semi-inner produel, Then the pollowing stalements hold
@ (0 rr=|yll* jor all y=X;
(1) (g, Ope=|ly|* fJor all y=X;
(i) (ags D) g =2 Dpr for all «=WR and x, y=X
(V) (5. 22)pp==(y. Xy tor all 2=IR> {0} and 2, yEN:
(V) L2y ayeez (g, OF for all x, yE X,

2. Let X be a $mooth linear space endowed with a derivable |

1
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Pm'a]_ The properties (i) —(iv} arc obviously from
(. )z \_\e only prove the relation (V). .
It is easy 1o see that '

the definition of

(4 Yy —(y 2)pz (y. 2ye(flx+ty

for all 2, y=X, 1£0. Then we obiain ;

2| xf

{
[ 190 (g 20 )itz (g, ) (le+ty
for all =0,

[} (i)
what implies

(4 Dpg 2 (g D)2 Tor all 2. ye X, T#0,
and the proposition is proven.

R e .
. lrop‘u.smqn 3o Let X be a smooth normed linear s
derivable T-semi-inner product and «. ylwao given elements in

(1) Py BRSUR. o, () x40y

is derivable of two orders on W and the second derivative is nonneg
In addition,

(i)

pace endowed with g
X. Then the mapping

b1

alive on ¥&

Per o) 200 219y and 2] (D =2y, T+ pr Jor all (XX,
Proof. Tet {,=¥. Then we have

ii K ,—.y’ Zargklo)] f e =i e B 2 5 .
(T2 o) = 2y ()] 1) Hndix Loy byl — o Loyl o (1 — 1) =

=20y, a4, for all yE X,
and similarly

(g, ()~ U] () =2y, 2+ g e

for all @, ye X.
‘The second derivaliv i i
alive of », : d
L e o mcon T T :.s.qon.t.iegatn e
E proposition and the prool is finished.
Now, we shall give the following characteriz
pmdu.(-( spaces in the class of smooth normed line:
a derivable 7T-semi-inner proditet,
. L . .
Theorem 2. Let X be a smooth normed linear space as alose, Then fhe
Wllewing statements are equivalent
(i) X is an inner product space ;
i) T ' : IR ' i i {
(i) The mapping ., ,: MR, ., (D=(y, {x);; is conlinuous in
al x, y in X;
(i) For every z, y

from the property (v)

ation theorem of inner
ospaces endowed with

0 for

in X there exists a sequence o, IR, {0}, «,—0

: ek that tim(y, %28 pp=(Yy, Opr .

fivy @

(ivy For every =, gy in X we have

(9 Lyrr==| gl
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Proaf. ()=(ii). 1Us obvious observing Uhal

(y, ©)pp=|yl* Tor all =z yeX.

{ii)==(ii1). TU's obvious.
(iii)y==(iv). Lel x ye X and 2, —0 (a,#0). Sinee (y. ©)pr =y, A ) rrs
we ohiwin (Y, ¥igp - lim(y, 2, T)yr (g, Wyrr=[l4|*

(iv)==(1). By Taylor’s formula for 2,,, we have
2y, x)l + Yl

for all =X, what implies the parallelogram identily :
2 glE | — gl =20 2+ sy for all x yEN,
i.e., X is an inner product space.
The proo{ is finished.
Finally, we shall give some examples of smooth normed linear $paces
endowed with derivable T-semi-inner products.
Ezamples. Let ({2, ol, ) be a measure space consisting of a sel €, 4
s-algebra of of subsels of () and a countably additive and positive meuasure y
on of with vaiues in Ry fool. If we denote Lo(u)y= L2, ef, ) and p>],

then it is well-known that (see for example [1], o 312):

'i1“(|\1‘+fyllp—ll-’l‘-llp)/l=|'|Ill;‘.’”1f!|'-r(~*‘)'.” 1sgn x(s)du(s)

=20

;:l'-.‘ [yl'-! = __I-EI:.'.

for all x, y=L?(u), x#0.

Suppose pz2 and put p=2k4-2, k=0. Then we have:

(4 2z =limllz +1yllﬁ—llﬂ‘ll?,)/2f:|I-Tll;“r§I”‘*‘(S)y(-*')ffsl(h‘)-
fon

for all &, y= L), a#0 and (g, O ,=0 if y=L7u)

A simple calculus gives: _

(4 Dpr = (2D ey () duls) —2h| it R (fatF e () y($) ()
8] 9]

for all x, yeL*(w), x#£0 and (y, O)rr, =|ylF if y<L7G).

here exists smooth normed

Remark, 'The above example shows that 1
are not

linear spaces endowed wilh a derivable T-semi-inner producl which
inner product spaces, See for example [7(u) with p=2
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