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VHOUT CLUSTER STITS 1N INFINTTE-DEMENSTON AL SPACES
BY

PETRU CATTANMAN

The Lheory of cioster sats, erealed in 1895 by . Painleve (6] is a very
mpattand tooin the stady of the boundary bebaviour of {he anadylic and
peudo-analyviic (quasicenformal) funetions of g complex variable (¢f, {he mo-
waraplo el IS0 Noshiro (14955) [D) and of FLTI. Collingwood and ALY Lohwater
() [3]. This coneepl was generalized in Lhe n-dimensionai cose (¢f. 2.1
thereh [2]0 1L Nakki 4} and M. Vueorinen 17 Tn the
mnsider cluster seis in infint e-dimensionsl spaces,
| Lel. X Dbe a melric space De N a domain and {:D—=X 2 coniinuous
papping. f1is said (o have a sequendial limit 2= N ay =40 (where 20 means
the Boundary of Dy iF there exisis 2 sequence {va e D siweh Uhai ¥,— 5 and
e )=z Lel + he un endent of D freav Zoiies 0 [0, 1= N s sieh Uhat ~—
o i (=L f has an asymptolic calue 2& N Uhere exists an endeut < of D
from Z such that fl(O]—x a5 t—i. A sequence of pelnts {r, e D converges
A« cone o the boundary point % if there exists o censtanl a<=1{1, o) such

hat v, — < ad(x,, ED) (=1, 2, ) [ said 1o Diave an angular imil v e X
i, for cach sequence PayS D converging in a coneto £ [(v.)— 2 fhasa

preseat paper, we

imit == N al £ through a sel’ I3, if fia Dy {21 and f()—=f as ¥—% and ze k.
Aset €80 2Yis said 1o be ihe eluster sel of a Coniinuens wapping fil—
=X At el il is the sel of alt sequential limits of f oat 2,
Now el us give several other characlerizations of the cluster sels.
Tiveorem V. A sel (X1, 2) is a cluster sef at 22D of a continvous map-
ing [+ D—X iff «l least one of the fellocwing conditivns olds :
Looqr, 'E:)znf('(_';ﬁ-ﬁ)‘. where the nlersection is falen over all the ueigh-
urkaads {7 of Z.

b of, E_)=rQ],q 1

It

LN D). where B(Zry is the bl of cenfer & and

UL CL D= eX il Ve where Ef—{yeD; dif(y), ') <

Proop. Sinee il s casy io see thal conditions I and II represent equi-
len: characterizalions for the chister seis. we renovnce 1o give a proof
thens, Tn order to see thal also {he < hird condition is such an cquivalent
Aracierizaiion, lel us observe (hai.

 (veXN; fefF v; >0t ={v'eXN B nn ES 2 Gvr >0, v =0}

={r'sX; 3y, =bn B(g, ), where d|f(y,.,), ¥']=¢, ¥r=0, Ye =0 =
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Ay
—

1D ﬂnl'l D B(E ]
¥

(x e N; f[Dn BEE. )0 By 2} @ Ve 0. Vr

where 3¢ means Wthere exisis™
From ihe definition of a eluster set, it follows 1hat C(f. & f() YeE=ah.

A domain oo [ is called rormal for the mapping [ DN f(o6G) =

¢f(t). Here (ocJ) means 1hat G=D.

By the same argument as in 1he finite-dimensional case, we obtain

Theorem 2. If [: DX is a homeomorphism. C(f. &)= éf(D).

\We observe thal in the case of a compact spuace, (). By @, while in
a non-compact space (as forinstance a Hilberi or a Ranach space). the clusler
sel may be empty since in such a spree. the sels fE7N 1) are. in general, ng
wore compacl, so that nf(Ugn D) coutd be the emply sel. Iowever, in all
the cases, ithe cluster sets are closed. llence, it foltows thal in a compact
space, the cluster sels ave compaci. In order thal C{f. 2y @ 1L s sufficient
‘hat there exist a poinl E'e=f(Un D)y YU,

If a clnsier set comes 1o a peint, il s 8aic
it is called non-degenerafed. I C(f. &)= XN, the cluster el is called folal, of-
herwise subfofal. 1U may seem na’vral 1o use the term odegenerateds for the
empty clusler sef. but. we adopled the terminology carresponding 1o the
compactified complex space €, where C(f, &)= &

Leb us define a cluster sef C{f, E) of a continunous mapping [ D—X
relatively 1o a set E= ¢l by C(f, E)y~\JC(f, & Inihe particular case. E=ab,

iek

C(f, ey C(f).

A cluster set Cy(f, %) of f al £ and with respect 10 a sel 2= 1), where
Fe Dy {5} is the set of the sequeniial limils covresponding fo all | ho sequences
{r,\c I Clearly, Cg(f, &)= C(fe 2). Tnparticular, if v= D is an e¢ndent of D
from I and E- v, we obiain the cluster sel £.(f, £y of f al & with respeel to the
arc ». I F=C (where (s a cone coniained in I and with fhe vertex &)
we get ihe cluster set CKf, £) of f ¢l 2 with respect to the cone (1 (Usually, in
he definilion of a cone, 1he concepr of angle is involved, resiraining us at |
mos 1o HMilber! znaces, but, this may be avoided as we did in Lhe delinition
of i he eonvergonee in a cone.) Combining the defini‘ions from above, we may
of the Torm C,(f, I) and CAf. 1) ¥E= D and. in particular, §

| 10 be degenerated. otherwise,

have clusior 5008
£ and CAf)
We recall
poini £ ¢ 1 (here exist arbitrany smatl neighbow
Uon ) is conneeted.
" Theorem 3. If
cally connected o Z= 8D and f - D= N is cepliniucus, (ke
or « poinl. |
Prog;. 10 U: 38 a neighbourhoud such ihat Lan i is canneeted, thel
on account ol Le contimniy of f. f(U:n 1) wiki be connec.cd ton and f(Un Dl
will be a con'innum. Let us show ihai C(f, & =nf(t-n D) will be a con'innul |
or a point. Fy, B
are cosed znd Fyn =@, Henee Fy, F, will bo compact and d(F /
But then, the soi Fy={xv; d(x, Fy=c} will sepavate the sels 14, and I if

hat a domain 1) Ns saia to he locally connected al @ houndary |

N is @ melric compact @retise connecled spucee, 1y is lo
C(f. 21 is ¢ conlinuum

Loeds [ of 2 such that -

Sippost, Lo prove it s ialse, that C(f, 2)=F,uf.. where 1
F) >0

.
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I A0 F And now, Jet us consider a minimizing sequence D (U, et
e : ) _ L r41 "
of nerghbonrhonds G- Toe C(f, Z)des suel that C(f. 2)= (L '_I“_D) and 11
: JARS . 1

l"'!‘lts|n‘1njm‘«_§ e “"“nﬂ(.;--'-“}!- Clearle, Fonfil 0 s & sinee X
.-‘u(lv.[(l ,,.ﬂ_“) ‘;n'(: arcwise counecied, <0 R ftln Dyvne N Eil](.] 1. sen: .
7y from £70 But Uhen, sinee Xois assunied to be compact, S

Fa G 2 =10 |0 0 )|

M=

ﬂ!lf":.nf(l'..r Dy)# &
]%nl,. on the olher side, COf 2l (F0FInF =@ This conlradiel
mlp!lus that C(f. 21 is connected, so thal, since (.'([" 5)35 also (;Iowd iln;“ e
it is a conlinvnm ar a poind. as desired, . o s
_ Remark. 1T 1he preceding theorem still liolds in non-compact spaees
whieh 1 fln nol {hek). then, it woaeld be necessary {o find anol h('r‘;n'qw;l}l]ld'ulb
beeanse, in 1he preceding proof in order to obtain a contradietion, im )l\('.'n r
the connecledness of €(f. 2%, we used precisely Lhe facl Uhat the il;l (‘l"s](‘ ‘l!“h
of a (IE':('r('.zlsing sequence of closed sels is nol cmpty. . B
l'ln_all)', if N ois o Hilbert space wiih a given basis, we wanl Lo point
aul the imporiznce of Lhe cluster sels Cy(f, "’) in {he ;'11'Ii.('1 lar "‘-i-ll)m
B{x,, R)eN and H=1t,n D, (where 1] is ';111 n-(llmt-lmI X al N ,
s R S nd = DRGNS u 18 dimensiona pldm‘.) Le, the
dust tls with respecl to finile-dimensional seciions of the domain ol de-
gll:'lll'lltl}l}.t lllhc imporiance of these kind ol cluster sels is justified also by Ih.e
v maLea oxteiion 1o Lhe Tt acdipemionsl Case an{Hon, s Do he Hite,
_ ! . s al case and then, mav be the finile-
c]n?n-nsml.!al seciion method 1s Lhe anly one allowing us Lo use them in the
sfinile-dimensional case Loo. Thus. e.g.. il Lhe inlerseetion l'[‘r- Dot D \\'it]ll'
an n-dimenstonal plane 1T, containing a point Z& &D consis!s of several ('on3
necied ‘C(i'lnpm](‘.]ll-s, Lhen, clearly, only tie ('mn-pnneuls having £ as boundary
;(Tmnt h‘nc.:m effective part in the delinition of iy n,,(/'.‘ E)_ {Cs, (. £),
“—l_l\;](lf;(\%;. . )l,_u ]1.:;11‘.‘ vfn'r('-.s]mnd.. in general, several (at most a o countable
! : inile (’l..!llt..llb.llllhll‘ cluster sets (each of them corresponding lo a
i_s)mpn-!]l(ln-l .f).',, of !)_,,II,,. \\'!l‘.h ¢ as a houndary poeinl). We observe That it
possible 1hal. i IF, contain no compenent A, with 2 as a boundary peim
:,m.d llus‘ Tor cach I, ilvough Z, 1T /s is a |1(-.ic‘hlmnrhm')(l uf :F—("D‘in'\l and
sis an isolaled boundury point, (hen, U:—S3'c ) and Uz i‘-s said l:; h:" (
I}l‘;lj:;ll])(ljlll['h()()([ of 2. while if ali ‘he bals \\'ilijh center £ u_)n!'un i p()inl':;l.'
r}”mi {:—;, -l-l;[n.m ‘l,lu-. .‘,'I”,I”II’_‘”“"""'* of ],‘(Z'_.Mr)n D containing Z as a boundary
L“]I ) ‘0[(. I(;l (;)I relative {urylf_hmwhrmt.’x of 2. 1o a stonilar wav, 1he the compo-
houﬂwads (-Pf;‘ni )Q,}(I[;'i?!)i‘;;l;‘)g \5{;‘ i‘lh i‘. boondary poinl are called secfional neigh-
whials b o it & 8 ¢ p )Iinl.()ll.l l].ml‘ \\.l-‘, (:mimcl.vr only the sections for
LR L1, pen n-dimensional sel. with £ as a boundary poinl for
#l feast one of ils components, - o |
. (;\(::nl::ri]:[:l}];i ]\)_r(il)icim is 1 }w.(l‘o nnection bel ween the cluster sel Cif 2
L e 1]1;~ H(.m(“ ]Illw €Ol esponding sectional ones. An importani
o (-()m}h'm,u; i RRE .(rcl clcgml(.'mlud cluster sels ((f. 2)=Z'. because,
I"]T['] ntinnons | I'H,l”Jn [’._l)—n\ wilh the property that Cif, £) is degene-
aled Vo=d) may be continuously continued to )
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Theorem 5, If the eluster sel (. 2) of a conlinuous mapping [ B— X
s degeneraled af a point 2=21, where I3 Biae. R). then, fhere exisis an ne
€N sueh that ol the corresponding sectional cluster sels are degeneraled, and
Cit,ne(f, 8y {21V, through 2 with A, = 11,0 34 @ - .

Proof. Clearly, sinee C(f0 2y 15710 theno 2!t the Tinile (llllnvlwmlnl‘::l'c—
tions 4], of I3 Through 2 will have degeneraled clusier soeis, e, (;'.u (f.. 2)=

{2 as a consequence of the ovidenl anchision relalion Cu(f. £) = C(f. &)

and since Cy (f = F VAL# (.

Now, lol us consider the sel Jo57, .
us prove Lhe Tollowing

Lemma. If D= N is a conlinaous mapping. 2o and (<D is a
cone wilh the vertex £, then, C(f. )iz eX; e 55'.5-_\:/3)-0}.

Proof. Lel us show first il C(f e {reN; ey, Ve Tel
& & CAf, £); then, on aeceunt of iLe definition of the cluster sel, there is a
sequence {r,j<C such thal flx)—% as r,—Z, Bil then, Yz 0, {here exists

. e ( ‘ eiee fro 1

a subse quence {x,, 1 of {a,! so that [j(a,,) -2 (k=1, 2 ), hence {r,.)e

tpslnty; dil(n. 2] =} and et

I, and, sinee =2 il follows {that =13

g

eI, Ya=0).

Loandilen, e {.z:' s X;is

But, also the converse istrue. Indeed. let e {r'eN; Lefl Yoo 0L
Then, Yz =0, % -"u'--s inmiplying the exisienes ol a sequence {o, e (D such
thal x,~Z and {r, e EF . henee [f(a,)—2] <z (n—=1. 2 ..). And now, let
us consider a sivictly decreasing seqnence {za b g,—4 and .Vn =N, leb us
denole by {a%] o sequence seeh that a—x, and et us (‘0]\.‘-‘[.L_|(.‘I‘ iosequence
{yay With g,=2am chosen so thai gy, - I and (y) — £l =-z, - Hence

=
-

f(ya)—2 and then 2= C (. ). as desired.

Arguing as in the preceding theorem, we have aiso

Theorem 5. If the eluster sef Cif. &) of « continuvus mapping f: Hy—n‘.
al « point L€ is degencraled fur cach cone Co [) with verlex 2, ie. CA(f. &)=

{2} YC= D then, There exists an = N sach that the corresponding sectional

cluster sels Cepu,nuff. &=1{&'}.
I wanl 1o thank my colicague T Precupany for bis orifical remarks,
REFERENCES

LGasaman Petlru — Quasiconformal mappings in read norined spaecs. ey, Roumaine
Math. Pures Appl. 24 (1979), 3378,
Churceh, P Cluslfer sefs of funclions on o n-ball, Canael. T Math, 15 (1063), 112 —]20.
Gollingwood, L. and Eohwater, A J., The theory of cluster sets. Tn Camnbridge
Tracts in Malh. and  Math. Phys. 56, Cambridge Univ, Press 1066, 211 p.

4. Nikki, Raimo — Boeundary bohaviour of quasiconformal mappings in spece, A, Acad.
Sci. Fenn, Ser. A 1 Math. {481 (1970}, 1 — 50. B

5. Noeshiro, 1., — €Cluster sels. Springer-Verlag Deriin-Gatlingen - Heidelberyg 1960, 135) p.

G. Painlevé, I, — Legons sur la thiorie analyligne d~s éqraltons différentielles, professées i
Stockhalm 1895, Hermann, Paris, 1897. ) )

7.Vuoerinen Matti, - Conformal geometry and guasiregular mappings, Lect. I\utc§ in
Math, 1319, Springer-Verlag— Berlin-- [Teidelberg - New  York — London - Paris—
Tokyo 1988, 209 p.

Received 29, 11, 1959
Revised 5. X11I. 1989

University of  fugi
Instifule of Mathematics
lasi, Romidnia

‘e st Unive (AT T Cuza® fasi
Aatematica, 36 (1990

BALAYAGLES AND MOBRPHISMS N H-CONES
BY

UGN POMA

Introduction. T'he halavages were. toghether wilh the H-inlegrals, one
of the fundamental models for the nolion of a morphism of fl-cones,

Taking as slarting point Uhe beautiful characterisation of {he image
of a balayage in standard [/-cones, due to N, Boboe {snpublished). given
here as Ah. 17, this note presents .nearly™ a charaelerisalion for ibhe images
of balayages in the general selting of /f-cones : see (h. 14.15 and 16,

The main step is th, 3. in which use is made of the simple remark Lhat,
sinee for any balavage Bon a H-cone S, B(S) is still & {l-cone, we have ano.
(her morphism S—3(5), which has'many interesting properties, These pro-
perties may also scrve as exemples for the general case of H-maps and ad-
jainl morphisms,

The nolions, notalions and resulls aboud f-cones, used wilhoul re-
fcrence, are in accordance wilh [3],

Let S be a [f-cone s< S is called universally hounded (see also [2]) if,
[orany g €87, u(s)= 4. s 8 is called nearly continuous if, for any decrea-
sing F= 8§ we have :

(AF(s) =il (o).
v EeF

Let S0 1 be Il-cones. We reeall [4] that a morphism from Sio T is a
map @ S—=T. which is additive, inercasing and conlinuous (i.e, Tor any
inereasing = S 1 o(\F) - \Va(I), We denote : D={s€S| o)1} o is
said (o be semilinite if Diy) is dense in S'(ie. Yse§ Ik D{w) increasing,
stel thal s A,

IS, 1 are H-cones of Funelions on the sels N, Y, then o0 Y= X s

alled H-map il for any hounded s = 8, sepe T Clearly, any H-mwap induces

a morphism,

The semifinite morphism < from 47 (o 87 is called an adjoint. of o if :
s =ulps). Yus 1", s S We remark thal nol every morphism has an
adjoint,

A Morphisin Associated with « Balagage. 1o any balavage I3 on a [/-

Y
tone S, can be associated a morphism B S— B(S), which has many inleres-
ting propertics, Reciproeally, to an ordered convex subcone §'s S, salislving

A
Some propertics, can be associaled u funclion B.



