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Theorem 4. If {he cluster sel C(f, 2} of « conlinuous mapping [ B— X
is degenerated af ¢ poinl Z=¢ B, where 3= 1{1,. Iy, then, there exisls an ne
=N such thal all the corresponding seclional cluster sels are degenerated, and
Cryna(fs Ey=1{& 3V 11, (hrough &owith A, = 11,0 D# .

Proof. Clearly, since C(f. )= {7} then, all the Finit e-dimensional sce-
tions i1, of B throngh 2 will have degenevaled cluster seis. e, O (L 4)=

£ as a consequence of the evident inclusien velalion O, &)< Cif, &)

t= 3 - i .
and sinee Gy, (L =@ VA.# T BALAYAGLES AND MOBPHISMS IN 1-CONES
Now, leb us consider the sel E&. - {ysan Dy dfli(m. a'] -z )bound Jet BY
ps prove Lhe following FUGIEN POPA

Lemma. If [ D= N is a conlinueus mupping. cedl und (S s a
cone with the verlex %, then. C(f. Hy=JiveX; felky.. Ve -0}

. 0 - o 5 e t ot . Y ( gf = el _'h:'_' - ’ 1 = b
» Proof. Let us show first thai Cdf. Q)= '€ Ny &L, Ve O Tt Introduction. The balavages were, toghelher with the H-inlegarals, one
P N “he definits 3 . I . LI s
g =0 c;) ,]I hen, (n: aecennt of l_: definition ;f lh; cluster sel, There is a of the fundamental madels Tor the notion of & morphism of [f-cones
; e fr le(Csuch that flr)—2" as x,— 2. Dol the = Takine as siarting poinl 1 o . 3 il
SEAUGTICE 3y f( 511“ 1 l'h 1|l f(r,f) s ry—z B I then, ; 0. ther r('.\l?lb Taking as starting poinl Lhe beantiful characterisation of the image
a subsequence {v, ol v, ) so ihat jy ) =&l =< (h=1,2 .0} hence yx, ic of @ balayage in standard H-cones. due lo N, Boboc {unpublished) gi\'}-n
e . - . . e petr . - 9 . Teoas 7 1s N o TR . - . .
< I, and, sinee ar, —Z il foliows thai E=EE, andihen, ¥e e Xiie Iur l( ¢]1s th, 1{. li;m note presenls Lnearly™ a characlerisation for (he lnages
3 = e L] n wlavaoes AR d e - ) . . fod v
= e tlii\ ‘Egﬁ(.s‘ in l ey lllld]qh(.i.l]l_.-._-..(:l I cones : see th, 1015 and 16,
¢ s : J ) ) —— ex: eI . e main slep s the 3, in which use is made of the simple remark thai
ale TS TRy A - oW o Fle = - o - ' s ' alaye . I¥ P *
But, also lll‘,_(:i_i_ij\(lhl s troe, indeed. lel TejraeN; celj vs V201 bi““-t f(JI.dll‘} l:‘lltj)-t:-z‘ _‘" (L ”-(“l-_( S, B(S) s st a H-cone, we have ano-
Then, ¥z 0. Zek% . implying the exist enee of a sequence {a, jCnl) such ther morphisin S— f3(S). which has'many inlcresting properties, These pro-
hai x,—% and {.1.“}(:1,:(;:'3‘ hence ey —%ll<e(n=1. % ..). .\I;(I_nm'\'. let .]w.'ilw's RN also serve as exenples for the general ease of H-maps and ad-
us consider a strictly decveasing sequence {z, ). g-oft and YoeXN, et us joinl meorphisms.
denote by {'t..:; a sequence such Lhal =, and Iet us vonsider a scqueilce - llw.nqlmns, nnlzn!n:ns. and resulls about H-cones, sed withoul re-
fy, b with g,=at» chosen so thai gy, — 2 and [|f(y,) — <=, - Hence erence, are in accordance with [3].

o Lei S I])‘. @ H-cone s= S is called universally bounded (see also [2]) if,
or any ‘u‘*e S () < hec. s& S s called nearly continuous if, for any decrea-
sing F= 8% we have: ’

f(y)—% and then 2 C(f, &), as desived.
Arguing as in Lhe preceding theorem, we have aisu
Theorem 5. If the cluster set CAf. &) of @ continuvus mapping f: B—X
al a point 28l is degeneraled for ceeh cone (= 1) with verfex 2. Le. CAf. &)=
— {2} Ve D, then, {here exisls an n €N such lhol the correspoanding seclional
cluster sets Cepun,nalf- &y=1¢'}.

I wanl 1o thank my cobleague 1. Precupanu for his evifical remarks.

(AF)() = inl u(s),
weEF

Let S. T be Ji-cones. We reeall f4] thal o morphism from S (o T is a
map o S—71, ‘\\Im-h is additive, increasing and continuous (i.e. for anyv
inereasing 1o S o(VF)=Vo(F). We denote: D{o)={s€ S| z(s)= T} is
said Lo be sewifinite if D(z) is dense in S (e, ¥se s IFc 1)1()0) il][‘l'i‘.‘ls?ll“l
sueh Uhal s \/F). k o

IFS, T are H-cones of functions on the sels X, Y, then o Y—=X is
called H--map i Tor any hounded s= 8. sew =T, Clearly, any H-m'ap indices
2 morphism. ) " “
) fhe scnnﬁmiv_ |_11(:r']1I1|s|_11 :. from T Lo 5% is called an adjoinl of o il :
Zd;L_! 'st.r =u(ps). Vu= T, s€5 We remark thal not every morphism has au

joint, ]
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A Morphism Assoctaled with « Balagage. To anv Lbalavage B3 on a -

one 5, can be associated a morphism 12 5— B(S), which has manv inleres-

] . ting pr T .
Teceived 29, TI1L. 1289 University of Tl 08 propertics. Reeciprocally. to an ordered convex subcone 8'c 8. salisfving
Repised 5, XII. 1989 Instifule of Mathematics e Lo

50 i ki . i
lasi. Roménia me properlics, can be associaled a funclion 1.
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Proposition 1. Lel S be a Hecone, 133 5—=S be a balagage on 5. 1y B(S)
iv an wrdered. conver subeone i S, specipically solid amd steh that @ F= B(S)
increasing and dominaled in S==\/I" = B(S)

(i1} Lef 22 B(S)—S be the patural inclusion. There erists o nigre furies

fron ’J}: S B(Sy such thal @ coli=1. Moreoper Doz g i

Froop. (i) Clearty B(S) is a convex sibeone in S0 W Be=d b Thens
[TTER E N B P BBsY= B, -1y show Uhat £, Bf. Hence B(S)1s speel-
ficallv solid in S, Let FeB(S) be inereasing and dominaled in S, Then:
vie I Bl<\/B({I7). hence: viel: Bt= BOY B, Tl pe S be such that
Bie Bp, Yie 7, Then o W B(I)= Do, henee BV B s Be which shows Lhat
VE— BIVE)Y= B(S).

(i) 7 s simply the co-restriction of 13

The nest result is a vniversalily property. We keep the same notations
as in prop. 1.
o Lot T hea H-cone s u: S—T, 02 T—Nhe jinite morphisins,

Proposition
sueh that = u is surjective and vou = B,
A
Then, there exists a u nique isomorphism 5 : § o osuch thal : 2 ou— B

and zogp -0

Prooy. Let us define 5 ST by o=uoz. Then g is a morphism and

u(s).
We define &(f) = B(s). This definition is correct: if s'& § is such thal [=u(s’),
then @ #(us) - n(us’)y hence Bs=RBs" and Bs=Bs' also. Since Bs=D(S) it

A

A
satisflies goli—u. For each fe T, Jel s=S be an clemen! such that {

follows that % is a well defined map from T to §. By definiiion : gou=2B.
Morcover : 2((1) = <(B35) =By =p(us) =u{l) and 1 p{ws)=v(u(es))=B(=s) =
— 2(B(zs)) = &(s). Also, the following relations hold : bop={ottos = Bog=ly5
and 1 (pod)() =o(Bs)=ufs) =L wieT. Tt remains to show thal ¢ is a mor-
phism. If fi=u(s) and L=u(s.). then f,-Fi==u(s;--%,) hence: Lt 1) =
=H(.s'l-}«.s-z)=;(.f,‘.-|-'f4(!,_). 1f f,=f, then u(fy<n(l). b follows that w(us)g
< p(usy). henee Bs < Bs, and 4 resulls increasing. Fially, if F= S is increa-
sing and f=\/F, then, from t=u(s) and p(us)="/(¢ ui ) we gel @ Bs v B(F)

and S0 =Y b(F). )

Next we consider a mese general situation. feb S be a H-cone. and
§'= 8 an ordered convex subeone, specifically solid and such that r=¥
increasing and dominaled 1n S=\lre S '

e: §'— 8 will denote Lhe inclusion and I1: S8 will he the map de

fined by
Bs=\jte §'le()<s}

Prap. 1 shows thal such a siluation oceurs when § =B(85) with B
balavage on S. However. only a partial converse is irue. The next result
represents the first step toward a characlerisalion of balavages by means
of their nnage. '

be inepenc . .
| mncreasing and dominated. If we denole

BALAYAGES IN H-CONES
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—

Theosrem 3. (1) &' s

3 ST Is an H-cone (wilh respect f

Ilie - ( . | 4 {o the g 1

anud ”"{{f{)'.]l”{ [NH.!U:HI'(H‘? i B s a balayage on S, f!n-n I3 ‘-{;rix-”::d;rj”.d MRS
¢ shall distinguish the various operations in 8 b -;. a o

(ii) = is a bimonotone morphis
) 811 : i
the spectfic orders, I) 1. ey I”“:“ :‘ 2{[.” l:;Ji“h.f'(;“K/r‘Z-' [;!SU « morphtsm for
(i) 13 is «addilive and inereasing. ¥i= S ;}(\/;.‘)-.\I/'f;(]') 7
D{R(s—1{ T Y« BT Jie ’ Vs les
( (s—10) [ (Bs—Bl)y . BWH=DB\BL Let =S by specipically jner
sing and dominated in 8. Then @ B(~A7) - ;;’(F henee 13 is ] ‘””.]m“
iy ; Y, henee B8 dis w specifie mnp-
iv) Boe=1y : col} is ]
(Pr?” O-” 15 1 coB3 is an idempolent contraction (i.e. a psendo-balayage)
¥ ¥ oy g S H'H {
. , 1e Tael that 8 is specifically solid implies the Riesy (I(l'(‘fl’n-
posilion p:;:peri v and the additivity of I3, By construction : ¥ie & }}( ’I) -
. erty and i ; s o & l)=l,
nee (eol3)*=col3. For any F= 8§ and s we have : s(/\’l);(l-'))< (f)‘ )<
e <(By)<s,

hl:ll [N ‘(V’;)’(I‘))( VI“ ,l‘l “1 S 1 b 1; 1 l ¢ eonve -
- - . ) 5 i HE ]71'(1\'(’.' 1h€ll I D ! < T
t[“:l]]‘ VoLls ()l)\'l(l!la‘. I\()\V. rl’)‘[q {Hl)“ rarv \.:-:(/S‘\' :}/\h l\(’ )- h fiverse i] -
o 1 W ave

& /\'L‘_=S —]—Alf('/\ =(F)) =}f[ e(s) +A (1)) ?ﬂ i
= &= -Ic — ’ N -
lel {,, [, Then: INe(SHI) ) =A"(s+1)

henee belongs (o 5" {1,V e(l,) is specilically dominated by ={ty J-1,),

Il vesulls that : e{t,)\e(/ k
‘ ) - bad U L | g ‘_') E(! \/ [:: J
Let s, 18, Since A= R(s - {—s\/1), we get : 1 )

BV = BR(+(—sA\O) = R'(Bs -+ Bt~ Bsp By— B\ B,

Let Fe ifics i i
S S Dbe specifically increasing and dominaled. For

such that s(f)<+F, ey

) we l:zlx'e :s;—(r (ts) =thyEF =1 Since Ihse§', vseF, we
gel - <y B(F), hence ; H(vAI-‘)_*: Y’}}(F). The other facts are obvious
X Remuarks. In general, B is not a morphism, Towever, il is cle Ll
i(:’)":n(l)rphi'sm-)ﬁ(VI'":‘_ S inereasing and dominated: BOVF " ’; ) 5 mL;
a balayage on S). Wil ARG

I S is naturally solid in § 1
T -;;m;{]”‘) ;()I](l in S, then 13 is morphism. More gencrally B
$ 3 smoalt : VEC § naturally solid, increasi A e
phis: ally s »Inereasing an i o s S
TRV A F g and dominated and such
Pr B i .
roof. II B is a morphism, {hen :

‘ oo T, Fn S’-—AB(F) hence \/B()=\/F
snee AF eS8 — B(S). Conversely, lel us pro \{ L

ve the conlinuily of 8. Let Fe §

Fo={s<S|HSF such that s<ip BVE)

”l(‘l'l Fi i i . -
1 1S solid in S andl V[‘ 1 H(VJ') = -.;r. Ub'ill:_,” the hv p(ll heses, we ¢ el
» = .

BVE)=VEF,=V(Fun )= VB(E)
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Also. Tor FE & inereasing and dominaled, and such that \/F is n-conli-
~
nucus, or s3I has the property e A R(s—H=—0 thew BOYE) -\ BUE) (ol
fES

[3], th. 2,210, by, Particularly, if S is associaled with a Dirichlet space, then
A
13 is alwavs a v orphism,

Evemple, et 87 be The conves cone of positive harmonic functions
S Being the cone of posilive superharmonic functions on a harmonic space,

o
Then 8§ satisfies Lhe above conditions, ITowever, 1 ds only a specific mor-
phism. but nok a natural one.
The Adjoint op the Morphism Associaled with « Balagege, We give next
A

conditions for the existence of the adjoinls for the morphisms £ and f2, 1o-

gelher with their properties.

We consider [he same situation as in $1, naely S is o tHecone, S'= 8§
is an ordercd convex subceone,

Proposition 4, 1) Fach o the jollowing condifions :

(i) The universally bounded elements jorm a dense part in S°,

(il) There exisls « weak unit in S’ implies that & cxists and is semi-
jinife.

2) Iy : the universally bounded elements jorm a dense parl in 8" and s e §'
wniversally bounded = z(s) = S universally bounded, then <7 exisls and is jinile,

1

3 If B s @ morphism, then ¢ exisls and iy pinile.

Prooy. 1) (i) If weS* is universally bounded, then °(p)= 58" (ii) Let
ne S be a weak onil, The sel @ fue S uf=(u))=<ec b is dense in §7; and for
any such y:e(u)ES8,

2) For any g €5° woz is a ll-inlegral on S, Indeed, il {5 is univer-
sally bounded. then ()8 is also wniversaily bounded. hence *(u)(f) <co
on a dense parl of N, .

3) Let again p&€8*. Now yez is a H-inlegral on S, since jor each (€S
there exists-an increasing jamily ' S such that p(s)-<oo, ¥s&lF and t=\/F.
It jollows that B(F) is increasing in S', {= Bl=\/B(F) and p(Bs)<oo, Vs F.

Remark., 1f 2 exisls, 1hen g°(u) represents the restriction of the H-
integral w 1o S,

The next result is connected to the property of ¢ to be a H-map.

Propoesition 3. ) =* exisls and is semi-jinile, [hen :

Y, veD(): A= (WA (V)

Prooj. Let us denole x=z"(w)A(v)&S™ For any [=D(z) we have
L€ D("(uAY)) and : (A =(uAv)(el). Tence, by [3]. there exists sy, §, €8
such that : e(f) =s;4-5, and (A=) =u(s)+v(s.). Tt Tollows thal s, 5,€5"
hence @ w(s) = v(s.)= a(s )+ als)==a(s) ; " (uAV)Z (WA (v). The converse
inequality is obvious,

Remarl:. 1f ¢ exists and is surjective, then, for any weak unit w€ 8,
e'(p) is a weak unit. llence, if $* and 8™ are represenled as H-cones of fune-
tions on the sets X35, NX'Lyy then g becomes a fl-map.

~
In order to discuss the existence of B*, we must suppose of course that

A
I3 is a morphisin, Ilence, for the lasi parl of this paragraph, we suppose that

|

4] DALAYAGES IN H-CONFS kit
e — =

S s Hecone, 1:S—S s o balayage, S B(S). c: S8 and . g
yag o R T 1 S5=8,

The same proat as in map. L) gives ns
I LT * -
lmpo::lmn G. Suppose thal one of the yoltowing hypotheses iy falfilled

gy o Wigs N * ' ’ el

!!) '1 aeunieersally bounded elements jorm a dense puarl in § (
(0} There exisls « weak unil in S, )
Then B exists and s semi-finile,

y. e = . 5 =

Progosition 7. If 12 existe and is semd-finiie, then

p ; :

a) 17l oanjecdive and has a specijically solid image in S*.

L) €' exisls and is surieclioe, .

). e N = . . 3 - -
. Proof. The exislenee of g% is already proved. IProm : flog==1 s WO o
¥t . er 2t e warr T H . S
o3 lo henee 2% s surjective and 13 resulls injeciive, el v =.—l)(I}")
.

B {(9)=n,4u,. 2y =v

A
henee : uy = B'(e'(u,)) and

W =S ba osueh that Tl Tollows ihal 2%}

henee 7 ; ]
1¢ 3 Y2 (g - =70 1
nee B )) | B (e (o)) — B(v) —u, -+ [T
o
£(5%) vesubis specifically solid in &

A partial eonverse aisn holds :

L™ HH N ' - . -

Proposition 8, Suppose that = exisls and is surjeclive. Then I exists

I a H S R
_— i;lnlo]. Lei ve S5 we show thal vel? is a I-inegral, Since z* is sur-
ceiive, There exists ne b sech fhat v—z'( ow I e 8. Si
] ,. X ! teh that v—2z'(u). Now Iy e S*, Sinee: B (u(s))=
—pf G r = } ) em =’ Y i

n(Bsjp{(z0B)($)) = 2 () (Bs)— w(Bs). YseS. the prool is ended.
1 . ~

Remark. Lel us suppose thal @ 88 and 22 : S— 8 have finite ad-
H LTS ¥ » M 3 ; H .
joinis. Let us denoie: fBzch It is a balayage. hence B* §'— 8 exists
and is also @ balayage. Tel us denole: §7- B°(S") and i: §"—= 8" 1he cano-
nival inclusion. Aplying he universality property from prop, 2 1o the si-

tualien S replaced by 8 7T replaced hy 7 n—c"; = fi'

=

We ae v lal ey oy TR H X
get 1he exislence of a canonical womarphism helween 5§ and 8%,

hrough this isomorphism, ¢ corresponds (o I and B toi
aview of the characlerisation from ilie next paragraph, we consider
N . . e ) ’
next some connections of = and /3

with the universallv hounde :
h: B JEt) d an arlv
conlinnons elements, ’ ( nearly

- .
Proposition 9. el uy suppose hat the nniversally bounded  elements

tadense part of S. Then : B* exisls and is o finite morphism iff : ys= 8

3 A
miversally lounded, Bse S is unipersally bounded,
T this case, the universelly bounded elenents jorm a dense part in S
Proof. Lel =8 be universallv xd, T ! .
- S I[ N untversally lmtn}it.(l. Fhen, for anv we S we have
e mee 208y =: ; : s oresu i
;  hencee 2 rx,(bl--g.(lf.\){% and I¥s resuits universally bounded. Con-

verselv, if w ine B ST r (
N :I l\ it we cllohm. B S~ Ite by i Blu(s) = u(Bs), then B'u is finite
ddense pard, henee s & H-inlegral, Finally, [or each =8 we can find an
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Cncreasing family 7SS of universally bounded elements, swel Clae WYF =(M. _ .I) {h_prn f"l'l‘.\'lj.\' a S[){‘('lf,flc balayaye B3 on S such‘ thal I}(S):S’,
i ot from BOEF) s nniversally bonnded, : 2 \ {8 .x'.pr-(::',fhr-ul!.r; solid and for any specifically increasing and domina-
Naw : B! f3{=fy and each element p{i) b \ fed 'S8, VIes

- ] : i z{s) s ersally
Propusition 10, ] =8 0y universally bounded, then z{s) is unn Y

bounded in & e
Proof. Yor any uS5. we have ¢ (w)=uoz=ul/ €8, henee:

Proof. 1=21s easy and 2=1 results [1om th, 3 (iii). The next theorem
characterises the halayvages among a class ol morphisims.

Tlicoverm U4 Let 5. N be IH-cones, ]} : 5= 8" be o« finite morphism. Then

ufze) =2 (8] (s W) zon. the follotoing are equivalent :
v A -~ A
) ol 2 i enriertine . e\ - 5 I
it 1. f f;' exisls {(as o semi-fintle morphisnn then s s= 8§ ‘1) ’1‘: iN .\U{Jt.(!rm. and for any ,[_‘S' BN )' ./\_B(} )
Proposition. 1./ () is ,;””.,U s S 2) There exists « balayage B on S and a canonical identification ¢ : §'—
15 hearfy conlintions =zis) s : A ) EES Rl T N S T . . .. . . .
i !’r{mf Lel '€ 8* be a deereasing family. For cach we I we huve B(S) such that B=ioczol, where i : I3{(5)—S is the canonical inclusion,

Proof. 1==2 \We begin by delining ¢ =8 by : vie§ e(y=A{s =S|

f\l TR A*e*‘. S" A . L
BN (I)]s B2 (i< $3s={}. The hypotheses show that the definition is valid and ?_)’os=1,\-.

tinca 1o’ — (so;f)"'=f?*)- We gel next : AJ’i""[/\\'e""'(f“)]S/\f" ilenee ¢ is injective and il we denole B 5= 8, h‘=so[§,l hen : Boll=(c oAB)o

Sinee s soBr=1st: A'e (M= (AF). The converse inequalily is ub- f(coB)y=zofl=NR. By dcfinition, for any s€8: Bs=(zoB)(s)<s. It sullices
\'inuﬁl Iu‘t. sé\ be nearly cantinuwous. Using the equadity proved above: 1o show that e is a morphisin of H-cones.

MNes) =2 (AT R =10t 2 () (s)=inf pley) Let [, &N il sy s, €5 are such ihal Rsy=l, k=1, 2{hen B(s,+s,)=
I:'/\I )1:..3) = (,"'U () IA (1) )] WEF LEF 41 hence: g(64-L)g8,4-5.. We get =(f, 1)< 5(11)_'_5(!2). From Riesz’
! hal n the H-cone S. We eall I3 nearly continuousif:  Jdecomposition properiv. there exisis u, #,<8 such {hat : L ittt

T.el I3 be a balayage o 8. A

vI'e § decreasing @ A B = B{AF).

i ; and = e, k=1, 2 1 resulis thal : Bu, <l k—1, 2 and fobl, =T, -
Proposition 12, Lel I3 be ¢ balayage such thal B is nearly confinuons

| i . LBuy b+, Hence Bug=1l,. k=12 and uy=e(l)). k=1, 2, Let now {,, /, =
A 2 = _ : . Bs is nearly conlinuous in ) . ) ~ N

and B" exists. Then: s€ b. ”“{I”fr";i(:::zﬁ”:Il:‘;nt?;fﬁ form « dense parl in S, | €5 besuch thai lls'!:. Lei us denole u=e(f)A=(l.). We have : Bu=1?(§(11)/\
S'. Particularly, if the nearly conft B AN =OLAL=1. We get @ e(t)< (DA (). hence e(li)<e(l,). Lel finally

[ 3 ense purl in 5. ‘ : : . (1 - : : ,
fengthesireary mnlu‘r'unus elrnm‘ai.x “,fnriﬂ} a\'?\(' 1’1'({111 the prool of prop. 11, Fe &' be an inereasing family, «(F) is an increasing family from S, hence
Proef. Let FeS7 be a decreasing Tamnity. |

A \ 2 e N lenoting u=>\/z(f), we gt Bu:IA?(\/s(l")) - \/'(l}oe)(l-‘) =\'F. Henee e()=u

we can write: AF=A'(Z o BNF)="(AB(L)), hence: ad =(<\e(F). The converse inequality is obvious.
A } Ao A T = 13 /\13“(1")) IFor a dual characterisalion of halayages, we need a defliniiion, Lei §
BN () =(Broe AR =B ( : be u f{-cone ; S'€S a subcone which is a H-cone with respect to the induced
. T . » nearly continuons, we have further : operalions and order. We say that S posseses the exlension property if
Sinee I is supposed Lo be meariy ¢o . . (E) There exists a solid, dense part A< S™, such that: Yued, Jpe

A A B o BN () =\ Broz o B (F)=AB"(F) €5% such Chat p|§'=y.

BUAN'F)=ABTBE) =/\ Theorem 15. Let §, 8 be H-cone, salisfying: S=S5", §=5"". Let ¢ : §'—

Let now s=S be nearly continuouns. Then: ~S8 be a [inite morphism. The following are equivalent :

1) = is injective ; =S5 nearly conlinuous =e(s)€ S is nearly continuous ;
the image =(S')y is specifically solid and has the extension property; ¢* has an
wijoint,

s

(NFYB) =B AT =ABEE)

Si BYF) is a decreasi amily from S§%, we have finally : | |
Singe B'(F) is a decreasing Tamily 2} There exisls a finile morphism B: S§— 8 which has an wdjoinl und

~ 2 A Fa)
(/\'F)(’\B.‘:)=inf B*(:J-)(S)=in£ w(Bs) Youch that : B3 1s a balayage on S; Boz=1g,
vel v . ool eriged Proof. 1=+2 I{<*)S S* and A< S are by hvpo!heses dense and solid,
Characterisation of Balagages. 'Yhe specific case can be easily characlerised benct, II-cones 5 &2 D(e”)—A becomes then a finite morphism. Moreover,
wsing th. 3. o m‘nvn g i 1:1_;{-,(:1‘:\':2 and has a s‘;rh}e(n!lcully solid image, then [3] shows 'l]l!l'l‘.:
‘Theorem 13. Lel S be a II-cone, S'=S be an ordered conve.r : ‘ml(g/\v)=s (WA (V). Yu, vES .*N::\:!. since € Eres::r\'es -1‘119.11;,?31‘1}' ]cninllln
Then the [ollowing are equivalent : us clements it follows thal £* commules with decreasing infima, hence

| 1~ Matematica
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BALAYAGES [N I-CONES e — e e
. . S e d ¢ : i = I'his gives the exis- .
with arbitrary infima. Now, th. 14 can be applied to =" l,_‘"." give l‘ ox 0 There exists « bal o _
{ence of a finile morphism 7 A D{g"). such Lhat @ gog™ 15 & halavage on : anage Boon S0 such thal B8
: W oetele 1 e Binile : i TR Procf, =9 Usino il o e ) '
D(e") and eten 1, By prop. 1.3) % exisls and is finite. Denoting B=1v / 2 Using ih. 30 it is enongh to show thal. for any FS§in
~ ' bbb = cren-

| . i ' 3 P
we have obtained I3: §7 8" with all the required propertics, ;“:ii‘:'"::fdoli!unmel(ll‘ et il S e
% o .. A SRV ELLEEN universally cantj s element's from 8 (henc
9=1 Bos 1. shows that £ is injective. Since B=tch is a balayage Wt 1 Lk £ T niimuous elements from 87 (hence also from 8). such
exists and is finite. Now =(8)=B(S) st S0 )..g:'r li Foreach 1€ 1 we have =3 (LAl
g weak unil, we gel o

be an inereasing
on 8.1t fotlows [rom prep. 1.3y that ¢° heaes, 4= being
is specifically solid. Sinee B* exists. from prop. 6 we gel the c:\iun.‘v.mn pro-
perty and the fact that ¢ preserves the nearly continuous (IIN'N"IIE'L". .

" The next theorem contains {he main resutl of the paper, giving suf-
ficient and .nearly”™ necessary conditions, in order that an ordered convey
subcone § of an H-cone S, be the image of a halayage.

Theorem 16, Let § he a H-cone such that S=S". Lel §S5 be an ordered

convex subcone having the following properlies : o ’
1) VF= S increasing and dominated, \/F. calenlated in N, belongs to §,

Ve 2, =1 such that - <t AL+ su

Now L€ BUAL) 42 Bus B4z B

B(VF)=V t,;< Bt 4-sBu< \/B(F) + ¢ hu

14

) v e elly wolid in S iince 70 is arbitrary, it follows that 3‘3(\/[’)(\/']3 ), The i

%) 8 hus the extension properly. ) o i :ml;} is f{b\i(m:s. - .20 converdy ine:

4) The sel of nearly conlinuous ('!w.m'n!.s' is dense 1n S 2=1 From {3, prop. 5.2.6, H. B(S) is a slandard 11

5) se 8 nearly conlinuons =els) is nearly conlinuous 11 S. b @ universally continuous element from $° ; l ‘ ("( Qi

6) One of the following properties holds : v family (£)e; from S, inereasing to re S"dn\(\vuifl;'st, e l‘i‘.eak\/lllfnit i
! =5 we have ; s= By {;. Now

o\ There erisls a weak unit in S . o e S is a weak unil in §
(ii)y The sel of universally bounded elements ts dense in S
(iii) The set of unipersally bounded elements 1y dense in 8 and @ $€§
{ ' Y is univers iin &
universally bounded =>z(3) (s universally boundec S . _ ik Uhat : s< B, 4 B, 1]
. d . " . - iy & [HHEE SSI el : . A " X )
‘I'hen, there exisls a balayage B on S, such that B(S) is canonically iden Remarks. 12 holds, with {he 11“ id s l;- universally continuous in S
. . 8 = G5 s same proof, if S 8 are re S
fified with 8™ T nes [1] and £€ 8" regulur =5 resular in p;ou A0S, 8" are regular stonian
) . ETRl . " l 1n » g . . = F<] [y Y.
Proo]. l‘he [;1001 pl:nffi?:l: I — A different proofl for T=2 can he ob!ained using th. 16, W
the same a8 10 w,ew.“;.“ v o lfecone and s: §'—=8 is a morphism pse that S=5". The conditions 1) and 2) from th, L 16, We must su-
1) and 2) guarantees ml-.‘s B freone -t-l. 1s;nce of & ool 1} 5 condilions 4), 5) and anv one of 6 o L. 16 are imposed also
of H-cones. 1Zach of the propertics h“(.l).-h (111.) assllr[(..s- e ’(1:\'15 ;-lénsinn ‘ro- It remains to verify Lhe ,c\_“‘{m : ) (ll). (11-) or (iil) are clearly fulfilled
semifinite morphism ; moremer. 6 (iii) implies € inite. . e ex ‘. pr‘ ken as (he set of umiversally boun l-‘(I 1 !I)H)pclll}. ‘ I'he part A< $™* can be
perty shows now that €' D(e)—A is a fimte, §m‘3ech\c morphism ;J S b u,,(ﬂ . ¥ bou ded elemenis. For such we 1. we define
cones. Finally 2), 4) and b) show that " (AF)y=A<(F), lor any Fe 8. Henet, asing. ‘The il in .“P{.Ua(f)_lf— N, f=st,
yoaha) » and the conclusion follows g. The additivity of 1 is atse e
th, 14 can be applied te " D(e )—»A and the conet: : Feicing 1o s, we o of i i also e
S 1 Y w aNr " X b S g ave: K
Comments. 1) and 2) hold when 57 1s {he image ol a bala)age.l The ie] w(s) “.'EI
g b (il aet that e preserves Lhe universally bounded elements i .
o p;m 01“’_(111) (”ml'flull"lh"::f 5 pfl(“h(e extension proﬁerlv 3) holds as soof the desired extension.
s for the images ol balayages. B vl d extong
I T 4 rlell giving the balayage £ on 5, such that B(S)

3

sinee: VLSS (=Bl B(V ((Am) < V' (BIA
=N

W)=V IA B(nmy<t. Sinee s is uni HEN ng
"E\_/\ {n.u)<t. Ninee s is universally continuous, there exists i. < f
xists f,

he following steps, which are essenlialy

=

- wois clearty well defined and in-
! asilv checked, For s= 5, and (s)ies
)l - s : i te
o e B ‘ f‘JH( D). Let now 7 denote the unique exten-
s S, [ en
~ Now, th, 16 can be applied
Somorphie to 8§, Bul ‘

7 ok ) Qs - " p g . y
as I3 has an adjeint. I B* is [finite, \hen A =S, Conditions 4) and 5) att =% tnd the oroof b again [rom the extension properly, it follows that
discussed in prop. 11 and 12 : We end witrf)];)‘:h;;rt;ig[cd. o

Balagages on Standard H-cones. For standard IT-cones, lhere exists d H-cone. containing resuils about balayages on a stan-

4 nice characterisation for the images of bulavages (Boboe, unpublished)

Theorem 17. Lel S be a standard H-cone and S'€S. The [ollowing “”_ m:lu'orom ’18. Let S be a standard Il-cone o
L t])‘k{:fm: \ Lel B be a balayage on S,
1) § is an ordered convex subcone, specijically solid 5 IS s ,‘nrreaS”"I' L 1f X(Alg Ef"—’"a “'!m."l“rd o, then S e ol o) e
and dominated =\/F&5 3 8 is ¢ standard H-cone and any “f"“”mny e Bs). There A 1:]:1_3 b(l{llr(lh"d, ”m‘]' i et ) gaturaled with respecl
nuous element of S is a universally confinuous elemeni in S ¥ those bala agts s oS, et ean o B on .%H‘
. yages By on S, salisjying : BloB=BOB~I--B1. B

equivalent [ Junclions on the nearly sa-
1] 5

y saturaied space
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2y The nafural and jine fopologies ol B(I3) (wilh respect lo B{S)) coincide
respectivel iy, with the traces op the natural wid pine fopulogies o N, The cunonical
inclusion 1 : H{BY¥—X ix @ H-map. the assoctaled marphism ety 3 S—=B(S).
Hlence, the T-map 1 is: naturally and pinely confinuaus, nafurally and finely
open i the tmages apd i7" prescroes the polar and semi-polar sels. \
2y Let € be Green sel por (S, @) Then the inelusion b y—L2 induees

{he morphisn 2"t S*L Sy, Sinee bB) and b B dijper by« senti-polar
ol i Q. there exisls a Groen sel Q qor (B(S). B 27 (atyy and an inelusfon -
Moresver, (i Xy o N,— iR

and 61 Npe X Nownr— ¥ , being The Green funetions. we have: G'e(B* ) =G
Proop. 1) Let fe 39y thore et ce= 8 such thar [=Bs. The corre.
spondence {—slum 18 well  defined and realises an isomorphism het ween
5 ~ »

B(S) and Slyn- Let I3, he a balayage on B(S). 1F we pul f3, zol3, 0B
ihen 13, is a batavage on S and H,< 3. henee MBI b(13). Reciprocally, if

B, is a balayage on Hofi,es
defines a balayage on B(S) Now [3,=DUB shows thai b(13)is nearty saluri-
ted Tor B(S). 10 N is suppnst d 1o be semi-saturated (2], then et o be a -

A
measure on b(B) and v<posn B(SY. We hae: Brve 3. Since Buds) =
—u(Bs)=] Bsdu on b(I5) and s=Bs on b(13). B*u resules & f{-measure onX

Tlenee f3'v is also 2 flomeasure on N, But
b(B). since:

01 which induees bouth morphism Boand <.

§ savisiving the given conditions, then B,

(B vy=v and v 15 carried by

B w(s) = fsdy § Bsdu B0 13s)

yseS. Tt follows ihat v is 2 fl-measure on b(Bj,
N Dbe saturaled and de
1o ihe weak unil i
if we= X' then RBue

hence : §{s — Bs)du="{
thus proving has b(By is semi-saltraied. Let now
nofe by N1l suturated space for B(S5) with respecl
X' can be identilicd with #(#) in the foflowing way :
eh(l3) since Bs( B u)=s{17u). vsES.
A

2) Taking into account fhe above Ldentification, © induces D i is {inely
continuous, since (Bs s pniversally continuoess in B{S))=1s5 18 universaliy
continnous in 8), [ resuils natuealiv open on its image angd the rest riction
of t+he natural ropology to b( 1) resulis finer than the natural Lopology of
B{S). LeEng {3 i follows naturallv continuous. hence the coincidence of the
natural topologies. Analogously, I results finely vpen on its image. hence {he
eoincidence of the fine topolngies. Lol now Az b(13) he i
thin)se! in X with respeci to S Then: A'{neB(S)uzlon AY <N {slum BSY

sl Pepa

etV

a polar (resp. otaltp

=S, s=1 on A} (resp. if veb(B) and s=5 18 sich that Bs(x)<s(x) 1 he
A ue BS)uzs on AN Hlymlt e S, sstoon A, Now 1(A) s pold
(resp. tolally thin) sinee ATB(UF) A

~ "
3y The canoniealinclusion b1}y indices s he morphism B the oy

discussion proves that 13* can be identilied wilk <. Now [ prop.
proves 1he cecond asserdon. Finally, Wdendifving N =5 Xi¥ e S,
= B(SY, Ny - [3(S), then for any r€ B(Sy, ysB(S) we have :

Xps

5.8

11
g = = HBALAYAGES IN H-CONES R 5 .

e

GO v e TSP :
v e(yh =15 ()= Heyy=a{y)=1li s "

Penal. " lher i

et rere oxisis oo hilegH

. exis's oo bijoctive correspondene

pliss o S H(S) and < ‘ ol denee beween
—~ L d .7 I3 Pese N Fosgnooa o o N ! H

frep~ 7 ubtained in horphisizg o S—§ which satisfy @ -
ik asned 0 the sase wav oas for balav ‘ et
o alavapes,
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