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Consider the melhod (27) where A0 (A L0 A ) Assune ihat Tor w:
s BT we have Ap®(ad=u el A u! ey =h et ) — et )],
i1, ..on and Ay are given by (200 Then the asstnplion (5) is equivalent
wilh

D, J(PY2 00 0D, (1) 4D, (P10, i—1 .0 Ped,

Remark 6. The resulis oblained 1o Uhis paper can be extended o weakly
conpled svstems of differentiat-functional equations,
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INFINTIELY MANY SOLUTIONS FOR'A SINGULAR SEMILINEAR
STURMCLIOUVILLE PRIOBLRA o

BY

LIVAT | NIEOLARESCL

. "'. Tutroduction. This paper is devoted to the studv of the following
vpe ol boundary-valie problem ' :

1
?;')(F(-")“')' () -0, 2=, 1), L0,

1
(D .0y -0,

au (Ly -ha{l) -0,

g - H 1
where we allow Fimelions — and I o have o singularity in r=0. Using an
| | . ¢ . Using ¢
ideaof A, Casir xur : i i i
e of ([“11.55. | 0‘.'\: Kure pa [I]. [2] and imposing certain  conditions
| .'(' o and L we prove the existence of infinitely ‘many selulions to (1)
s paper partiatly extends the previous work of A, Castro-A, Kur cpa
|]|')\\hum they considered a similar problem for which gx)y=a"1, neN
g . . . EAS T ’
n? ._.‘1.(:1"). 1. Their p fJ}J_Iqltl was mottvated by the search of radially symme-
tric solutions for a semilinear elliptic problem in a bail o
1 Our result is aimed Lo deal with P.DUIS, too but includes some decene-
rale eliiptie semilinear problems as -well, :
" Fhe paper is divided into two seclions. Tn section 1 we slale and prove
't main resul namety Theorem 1. Seetion 2 is devoted Lo applieations.
I. The Main Result. We consider the problem

1

UfﬁﬂWY+MﬂK®=Q xe(0, 1), L>0

(1.1}
1,{0)=0,
atty(L)Fbu(L) =0, a*:-b=4£0.
Conecerning (1.1) we make the following assumptions.
(1.2) p= (10, L], p(0)=0, p'20 on (0, L),

1.3 Le 0,1, inf {i(x)[xe0, 1)1 —2-0,

1~ Matematica
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(1.4) B <2 such that k(@)=0(x 8 as a0,
(1.3) otk is increasing on {0, L),
(1.6) j: R—=R is locally Lipschitz, increasing and 1(0) =0,
(1.7) lin ) ==arfo0,

ln]-—»w i

A

(1.8) 3.e(0, 1) such that lim I-‘(Mi)_o?(c[-ﬁ—)r’_u) == .00, ¥e =0,

dorm Lf (d)

where F(u) = S[(s)ds.
0

Theorem 1. I{ conditions (1.2)—(1.8) are fulfilled then problem (1.1)
has infinitely many solutions.

Remark. Theorem 1 has a distinct feature, Namely, the assumptions
aboul the behavojour of f near —oo are very weak allowing nonlinearities
of the type —eu™ as U— —oC,

Proof. Note that (1.1) can be rewrilten as
(1.9) 0 4+ w k@) =0, W ©O)=au'(L)+bu{l)=0.

P

Ve shall use a shooling method. Namely we firstly interprel (1.9} as
an initial valve problem

(1.10) w4 & k@) () =0,
P

(1.11) w(0)=d, w'(0)=0.

We denote the solution of (1.10), (1.11)
‘Then using a device due to A. Castro-
existence of infinitely many d such that

aw (L, d)+-bu(L, d)y=0.

with u(z, d).
A. Kurepa we shall prove the

On to the proof.
Let us first observe that the solution of (1.10) —(1.11) are also solutions
of the following integral equation

t H

(1.12) w(x)—=d — S-d-LS o(s)R(s)f(u(s))ds.
p(0)
] 1]
The right-hand side integral operator defines a contraction mapping
of a small ball of C[0, ¢].
Indeed let €, 30 be small enough and define

bl
tga § =

f N
IHE(.[O, S] I I“(:v) _'dl_< 8_. V.!El” <‘]‘t
LR h
]‘)1'“0[(' lh(' 'II)U\'I. 1 A% e« j
: . H x |".|('”|'il] (][)(‘I"llt”' l]\' '[' I'
H I A ol every !
o . 1 ;z,a we Ilﬂ\ ]

s,

(1.13) S[H p(s)h(s)

(N

(Tw)(x)—(Tw)()| <

Ty

Hlu(s)p—f(v(s)) ds.
[ o

Sinee fis locally Lipschi ¢ eXi
! cally Lipschitz there exists L; >0 sueh th

p-di<d we infer al whenever |”—d{.

1) —f(0)] < Lsu —)
We infer from (1.13) tha

(PU)() (T < g (S “

Lel us estimate the integral i
N s ate gral in (1.14), According 2
<2, Ves[00 ) and therefore Lhe albn\)'u i S

I_I- 1 4) P("I)["(s)
———-—d\JH': . .
el '

/

: ] ) we gel that
infegral s, majorised by

= o

S di S k(syds.

4 1)
Since k(s)=0(s""), we gel lhat
t
()= S F)ds=0(f £0),

and sine 2w 3 ' 4
e 3<2 we see that K10, L]. Now let =~0 be so small stich that

£

S Ryt — —

2L
14 g

Therefore according (1.14) we got

(BB

l

17 r 1
(Twy(x) —~(To)(x)|< :J-,|u plYrs(D, o),

o equivalently

113y

0 1
[|Tet=Tv|e < ={lu—v..
2

The relati 5y "
¢ relation (1,15)° says that 7T is a contradiction and T(B.5)=B.; .

~ Using Banach's contraction inci e i 1
micity fos e (1_10)—(1.111), principle we infer local existence and
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A nalural prohlem arises concerning Lhe glabal exisience for problemn
(1.10) —(1.11). "This is precisely our next o siep.
Let us consider 1he energy
(1.16) Fr, dy=--u'(z, dy*-EL{n)] (a(x. d)).
*r

We shadl reason by reductio ad absurdum. So e ns suppese There
exisls o solution w(x, d) of (L10)—(1.17) which i net defined on Lhe wholg
interval [0, 1)

jience there exists ¥ =(0 L) and
v il

a Eequence SN e (LA A Y vh that

Ty

b S B

i di=(u' (o, Yo

Using the mean value theoyem we can choose the seiquenece v,
(1'{a,, d))*—o0 as n—o.
Therefore

(1.7

so Lhal evep

i B, A) =60,
x, ';

LN

Cleaviy

Er(e,dy=-u' ' L)’ --K (a3 (u) L () — - (W=l (=
o
< () 12, d).
Therefore
(118) E(e. dy= V()| E{x. d)

ulr, dy is defined on asmall interval [0, ). Lot 4y 0. Sinee L= g L] we
get from (1.18)
(1.1 E'(x, = CE(x, d), Vae[ae 2) for some €50,
Integrating (1.19) on [xg 2] we gel

E(x, dy= F(r,, djexp Clr—a,).

which contradicts (1.17).
Thus global existence is established.

The nexi step in the proof is (he deriving of some cnergy esiimate

1hai we shall use fater,
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T

Lot e 1y b ojve . . R
( b given by (). We inter 1 har Vel = Lhere

most e ;1'0;_;1'"{(1)._*{()_ L]
(2

122y

cxisls at
au(r, dy<d, Yar={ow,), (b, iy =7l

teds decrewsing )
tecreasing on ()

We Tii5e ot el .
S\. Tivat estinmlg FoldY assiming ils exislenee
Shnce [y fnereasing ; .
Ashg s s decreas
f{r{s)) cruasing on [0, a0 and {lerelope

@

!
—(—JS gl pls

[

S 1
i, o)

[ {(th
— - Fopdi oo,
! [ (J.’.’
tegraling on {0, 1] we gof

R !
N i -
(L= 2d< e ot OIS
M= e )S ) {)S f()(s)d _-fl_f[).% (“5 I(s)ds= Clidyrg =
) 0

u U

knd fherefore 3¢
[.23) Aald) 2 C(d ()" 12
el o O and .F\::[U, Lo e ro(d) then

[T}

0 such That

L, 2 HOEGdyz 2Gd) (hy (1.3)).

[t

WEosuppose vz wy(d). We mulliply cquation (L10) with g2

e oo
1.217)

it

(ot") g’ + g2k () (u)u’ =0,

observe thal since glx)=0(x) as 2—0 and M) =0(x¥ as a—0 thea

P =07 as 20,

.-\l ee M.~ WC sce 1 dl : i e N
. R : hdl. I ] as 3 arity il V
. Il : i L l[db 110 blllb’ll]t“”\ l{, T U. (]

24) may be

1 o
o LEWDT 4 [ ()] — (o) T (1) =0,

-

Lemma 2. [f | salisfy hypothesis (1.0)~(1.8) ien L _ _
5 o gar e » ‘ Clfegrate on 10, &} and we gel
(.20 im (e, dy—co uniformiy with respeet fo e [0, L] ge
dsas r
L x iy (i) o {d
Proof. By (1.12) Dt 7y oarnege uld) wld)
i 1 N F( ) | 1, ([) = S(‘J"]n) .l'(“)dS: S (r""f\')'F(U)d:L‘ + S (szf)‘F(ll)dﬂlz g(pﬂk)’F(“)dS
' () — ——S () [{m{s))ds. v . E .
¢ 'T) -"ill['c * v

=40 1 l1Ncrea o 1] C C e j]dtluﬂ bs alf.-‘:
oo ) g,
Ty 1 IGiOl Ley =5 P
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rfd) Fu
p"(r) B, dyz p'-‘I;F(u)‘ - g prhf(uyu'dx on [0, relz
.l

(v () () (.sli|1n'(: 'u' 2 0oon [0, 1)) =
1
g (xali(d) (by (1.3)) 2 ap(C{ifh) Q) (by (1.28))

: . 1
Letting 5 =iuf {———’ Jre (0, Lyl >0, we gel

() 1
(1.23) 1T, d)z ?’:9-:((: (_”—) 9‘) Q) == = AQ, d).
a { () G

Therefore Tor cach ze(0, L] we have the estimation

(1.26) 1T, dyz win {d. 2l d), EAQ, .
G

Sinee lim AQ, d)=0 by (1.8) we gel Lhe desired result.

d—=w

We now come lo the final slep of the proof.
We can use the shooting meihod via a phasc plane analysis,

Let us denote ra(x, dy=u(z, dy-|-(u'(x, d))?
By Lemma 2 we deduee

lim r2(r, dy=00 uniformly on each [z, I.] and morcover

o -»
ri(r. )£ d=>d,. ref0, L. d, large cnough. Hence for d —d, one can finda

comtinuons arguwent 02 [0, L1-R 0(x)=0(x, d) defined as
u'(x, dy== —r(r, d)sin o(x, 4. 00, d)=0.

P
given by r—e'” is a

(1.27)  u(r d)y=r(x, dycos 0(r, d),
P

‘This [ollows Trom the fact that the mapping B—3"
vering mapping [3].

The condition auy (L,
Ui L) — 0y - I, =7 where tg 0, is the
i the sf-plane.

We shall prove in the scguel that

lim B, d)= .

d »m

1o saying tha

dyd-bu(l., d)-=0 is equivalent
{(s, f){at +bs=0}

slope of the line

(1.28)

Hence in view of the coniinuily of 0, we get infinite
such thal
O(L., d,) = 0p-F-ku7s k,eN.

and therefore the theorem witl be proved.
(1.28) will be oblained by studying &
that

w orieos 0 —rsin 007, u'’' = —r1'sin 0—rcos 06"

(L.33)
Iy many values d,

"1 ODE satisfied by 0. We s

7 INFINTTELY .
NEFINTTELY MANY SOLUTIONS FOR AN ELLIPTIC PRODLEM

1
=

tlence

w'sin 0-Lu''cos Q= — )’ P ]
Fucos Q= —r0, —rsin® 04u'"cos O = —r
L]

(1.29) .
B ==sin®B- (u""[r)cos 0, 0" =:sin? O +(p"/p -Fkf(u)) L—U-r’-(-}
R

We can draw a first qualitative information from (1.29)

Remark 3. There is It>=0 s i
. JXINE such that il r(r, ) =R re|x, T
and [)l(f.r, d)::kr:,’z, then O(x, d)>kr/2 for every xe|x, L] Inbet>0
| .u,. >0 we denole m{u,) : =min {{(i)/ullu| =u,} T
v (1.7) we have lim mu,) == -0, v

Jz(f;f) L xe[LM, L)L,

In order to show (1.28) we sl
‘ ' » sho 28y we shall prove that given JeN tl i
ﬂ::nh1I|1I:“"rr${\2\-tdln implies O(L. d)= J=. This thing will be nchi::\'cdmi;*i 1sr;1’n‘.>0
el .issé(”‘_f:’fno(:!‘-]-‘(:‘l}lnn [L,I‘ll, L] :s large provided that d is larg)e gnm‘llﬂnhg
Now le w2/ small enough and r, =0 1 lio-
wing inequalities should be [ulfﬁlcd S(aF0 HTRe Enotg noithatithe bolle:

Lel h=max

(1.30) cos? §— ‘;];sin 28>-1/2,
(1.31) v(ry, 8;2 ki,

where #{re, 8)==am{r,cos 8)sin® §
(.32) 3LIAT)= 88 +2(r —23)/u(r,, 8).

\\Ve dist]inguish two situations
A zx=Lid, Oz, &ys(In/2)—38, (Jr/
From (1.29) we get( [ V28,

0, dyz sin? o4 Q=¥ _Rluu]
i r: r:
=05 3 — '—I,sin 20]= cos® SW-Izsin 28
2 2 '
By {1.30) we sce that in case A
, 1
0 (x, )z —.
4
B. r=LiA, Ox, dys[(J=/2)+8, (J+2)=/2—38]

0'(x, H=k fw) cos O —hf2rs
r

e [

cos? 8 — L > 2
" i v(re, 3)—hj2r2.
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By (1.31) we see that in case B3
(L34) O' (v, )& o(r,. 8}f2.
From (1.33) and (1.34) one infers 1hat 0Cx, d) ds increasing on {104, L] We
also see that 0 goes throngh 1he interval [J=/2—=8, Ja/2-48) of length 23
in o time less than 83 awd an interval of Lype [(F=/234-8. (f-3-2)=/2 8] of
Tength = 28 in o fime dess than 2(z—28)/p(r.. 8).
Henee O varies Ja an interval of Tength = o a0 Jlines Jess Than 864
S-2m - 28) v(ra. 8).
Our desire is Lo make Lhe variation oU O greater than Jw while v = L1 L,
lience in a Jlime L—Lfd=31/4. "This is what inequality (1.52) ains al.
Therefore as soon as (1L.30)—(1.32) are” salislied then

0L, d)—O(LJ4, d)z T

By remark 3 we sce that (1.28) is proved and hence onr theorem. toe.
‘ EDh

2, _\;'ql_lii'.:.nii;ils'.--\\"c shall’ present Lwo apphcations of our result. The

first one js & degenerate clliptie semilinear problem while the sccond oue is

an one dimensional” Sturm-Liouville problem arising-in genelics. _
AL Consider the Tollowing boundary value preblem in the ball I (e
=IY, N>,

@1

—div(E{xDVu(a))= P{2Df(), r=RY
adu]dv--bu=0, 50 on = R
We look for dassical solutions teo (2.1). Mere f(()==0, [ is tocally Lipschilzian
and increasing.

T we  restrict our search to radially svimelvic solutions then (21)
reduces 1o a Sturm-Licuville proeblem of type (1.1).

- g dr d rpd
Denote re=|x], x=(2y «.o2y)" Then — =i — oo 1,
a.x; dx;er- 1 Or

Denole differentiation with respect to r by ,'=. Ilence

I3

I
— U
;
K k(1)
('“T"" ](“(”)_'"T) -

“
‘.’l_,'

V=

d

¢y

-
—div(E (Vi) =—Y,
i=1

¥

! [(h(r) + ()

=1 r

;!
)u' -+ :!t(r‘)u"] =
= [P h{R)u" - (NA() - Ry | =

S [I;(r)u” +(NR(r) +Lr)'—_——l(ﬂ) u'] ==

r

= — kU — [(N — 1)5"-;@ + lc'(r)]u’

9 —

fraag. 1 corresponds Lo The usnal laplacian opuritor - A
pipers [, 2] of AL Castro-A, Nurepa,

—— 203

and s Lregied in Lhe

A straightforward compulation shows 1l

()

Ly’ [(\ 1) r_ i "-"(I')JH'--- -—--\i_-_l'/.'(l)i AT
pe

Henve problem (203 reduces (o

(e

“!"‘Y?JH.(I')I“‘""H'j Pinfan reqo, 1),
w0y ),

@’ (1) bu( 1y —n,

or, eguivadently 1o

S B =@ | =2 ), ve o 1
Ky

WO = (RY j-hu( 1) =1

This 15 o problem of fvpe (L1 with () ==r¥ 1(r). Conditions (LY (L

becinne

@24

(2.10)

P S CO T, ¢(0)=0, ¢'20 on (0, 1),

j) Mo
— <. R, iuf{%)/r & {0, 13m0,
A

L

AB. v S such 1hal PR —03%) 10,

;(T) =00 r—0 and =P
L:.\'—:]{(I')I’:(r) 15 ipcreasing on (0, ).
f: R is locally lipschilzian, increasing and [(0) =0

lim M

[ ETT . T

- _[_m

Tre (0, 1) such Lhat lim A0, dy= oo Ve,
o
. ) A . LN--2 1
where 302, ) F(d)(d/ [(d)i=2 E=(e(d/j(d)=v78),
Iy = S {(5)ds.

o

.l\ls a strightforward consequence of Theorem 1 we sl
roposition 1. If (2.4y—(2.10) are fulfilled then (2.1 has infinile I
fadially symmelric solutions. . Gel) s Ehfiuitely iy



LIVI{ . NICOLATRSCL 10

i . .

[et us investigale (2.10) in a special situalion when {(iy  behaves as
. : N e ; i sy v g tE 2
i as t—oo and E()  behaves as 10 as r-—20. Then  F(hd} hehaves as AN

Hd)

d as wt *oand therefore A, d) behaves as d where

EN (=0 | %)

=c4-14 S 2B
(o E+B) 1 N =91 ) k(=) _
25B—y
ol 1B =3y —2N) - 2N 4B}
: Ty .

The relation (2.10) becomes 00 or equivalenty

AN B a(@N+ 3y —p—1).
When ol — N then 2N 33y —B—4=0 and therefure
(2.12) CNFy4B/ENSS =B —1) =0,

and Uherefore (2.1) has infinitely many solulions for arbitrarily large a. 'l"his
is different from the usual case of Laplacian where =0 and our 1‘(:5}:115 dive
an answer only for exponenls =" N/(N—2) (see also Rabinowitz [6] Seel. 10),
We see that the batance between the rate of degeneracy of cllipticity
and the behavieur of f near oo plays an important 1'_01(-, in existence r;sults.
B. Our second applicalion arises in Uhe ficld of genelies. epidemiology
(File [4], Henry [3]) ' .
‘The problem we consider is the following

(e(l—a)) + P()f (1) =0,
' {0)=u'(1)=0.

Here P is C' on (0, 1) and symmetric with respect to -k We Tewrite
(2.13) as

(2.11)
2.11) implies

(2.13)

L el — ey +—2 gy 0, w0, 1),
(2.14) (1 —2) (2(1 -l)u)+m(l_$);(u) v
W (0)==u'(1) =0.
p(ﬂ.)_

Denote k(x)=————.
(1 —x)

AU a first sight (2.14) deos not lie in the frame of Theorem 1 since it

has 1wo singularities in -0 and ¥=1.
We consider the auxiliary problem

L (x(1 —)u') + (@) () =0, x=(0, 1/2),
(1l — x)
u'(=u'(1/2)=0.

(2.13)

e 2

o

6. I H. Rabinowilz

Reecived 7. IT. 1959
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Alter we prove 1he existence of soltions o {(2.15) we extend them by
symmedry aboul x-—1/2 and hence we obtain strong solutions o (2.14) )

{213 lic in the frame of Theorem 1. Hypotheses (1,2) —(1.8) become

o
{2.16) Pre(n, 12, inl’{u)—J.rE(H, 1/2)} 7 2 1),
X

(2.17) e b sneh that o(r)—O(r ¥) as a—,
(2.18) (1= ) P(a) is inercasing on (0, 1),
L1y [ R=Ris docally lipsehitzian, increasing and f(0)=10.
(2.20 ]im@= {00

-~
(2.21) e (0, 1) sueh that lim A, d)= -0,

o

where AQ, d)=1F(3, dyd][(dy)40 -,

We get the Tollowing resnli

Proposition 2. [f (216) —(2.21) wre fulfilled then (2.15) fras - dnfinitely
many strong solutions.

IL would be interesting to make the same discussion as the one at 1 he
end of example A, Let us suppose [ bebaves as o and Poas % when f—oe
and r— respeclively.

Condition (2.21) beeomes  where

=1 - 2l=6)  {a4-1)(1 —B)4-2(1 —q) _
-4 -8
. o0 HR) 3

=g

o equivalenily ;.
3—P=a(l-5).

When B< —1 we see thal f may have arbitrarily large polynomial growth.
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