Ancsb Unive L T Clugn o
Malomztied, 36 {1990)

ON OPIAL LIRE DISCRTRTR INFOUNLITIS
FER Y

HoG0 PACHPATTIE

Lo lntroduction, Diserete analogues ol Opial's inequadity  J6] ang
s deneratizalions are established by Wong (9], Lee [A] and Beesqek
[F] {see, also |7, 8)). The discrele analogue of the Opial's mequality proved by
Woong (see, |50 Theorem 17, p. 161]) can be stated as [ollows,

Let {u,l be o neidecreasing sequence of nennegalive real numbers and Jof
o Thenl for p=1, we hove

3 (n--1y» =
(1} 2_} utu, -, = s .Zl (1;— 1, Yats

In fael, the inequalily (1) is a diserele aunalogue of the variani of Opiats
meguality given by Flua jn 31 Tn 43, Lee has given a discrele analoguc
al the vaviant of o further seneralization of Opialsinequality given by Yang
m |10} (see, also [, Tn 1967, Calver t 2] f'ound some inleresling genera-
fizadions of the Opial's imequaiity and it appears that the discerete versions of
{abverl's gencralizations of Opial's inequality have been overlooked in [ e
iterature. I'his is apparently due in part, hecause Lhe diserele versions of
such inequalities are more difficull. Lo establish and require rather somewhat
dillerent aualysis in their proofs. Our objective here is (o establish some pew
Opial fike diserele inequalities which are closely relaled 10 the discreie ana-
logues of the Calvert’s generalizations of Qpial's incquality, The analvsis used
for proving the inequalities in his paperis elementary and our resylfs provide
new cslimates on {hese {¥pes of discrete inequalitics,

2o Ntatement of resalls, In LItis section, we slale our resulls to be proved
M this paper. The difference eperator Voused in onr subsequent. discussion is
fefined by Vi, Hi—ifor f= N, where Nis the sei of nalural nirmbers,
fa—1
Ve sfall use, the usval conveniion thal ™ b0 for n, e N,
R
We Thisl establish the following inequality whieh is closely retated Lo 1he
ISercie anatogue of Lhe inequatiiy given by Calverl in [2, Theorem 3,
heorem L. 1ot fa,] and X forieN he sequences of real numbers, 1f
=<', =}, [len

" n--1
i | ST Pop f2 1o IR
& Ndl¥ed o iVu s~ % (Va0 ¢ [Wae]

=1



[

13, G. PACHPATTE

°q —

Demark. 1. IL iy interesting Lo note that in the special ease when o=,
inequalily (2) reduces to

(3) i L\ Vg < ity

—i ‘EI [V,

which in turn is a diserete anadogue of the Opial’s inequality givenin {5, Theo-
cem 2 on p. 154], When o 1 ihe constant i Weng's inequalily (1) coincides
with the constant oblained in inequality {3).

Or next 1wo Lheorems deals with The mequalities which are closely rela-
ted 1o the discrele analogues of the inegqualities established by Calvert in |2
Theorems 1 and 2].

Theorem 2. Lel {n} for &N be
a continuous funclion defined for all w, in the range of {1y

.

1, ..., . Suppose that |f(u)|<fGu]) for all u; and

a sequence of real numbers. Lel HOBRT
and for all real u,

of the form ;= X Gty |
k=21

that {(D)<{Gp for Osazy. Lel I'(5)= 3’]{.1:):!.1', s—0. If u,=0, then
0

Q)] )i V) _4;1-‘(’)‘3| ‘e 51: [[(il‘. Vi, !y ‘E‘ IV, D]V
1 §nl il k=1 k=1

1

1 h
—s*, and the inequality

Remark 2. 1 we lake [(z) =z, Lhen we gel F(s)—=
(4) reduces Lo the Tollowing inequalily
n
&
Tlere we nole thal the conslant appearing in (5 is larger than the constant

obtained in incquality (3). The main reason for il is Lhe wastage involved in
proving the much more general resull given in Theorem 2,

n
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Theorem 3. Lef {u,) and [ be as in Theorem 2. Le G(s)=

If u,=0 then
|V

Remark 3. We nole Lhat. by making a suilable specializalion of Lhe ines

quality (8), it is easy lo observe that {he constant. appearing therein is also

nol sharp. Because there is a significant waslage in the general case of thi:|I

proof of Theorem 3. Ny
3. Proofs of theorems §—3. From the hypotheses of Theorem 1, it B8

ecasy Lo observe that the following identities hold.
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Using (7}, (8) and the clementary inec

we observe !hat, poality ab< (a* -5/2 (for a, b reals)

Vo ]V ]1< 3 10y ; ='
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n41 = n-1
r
+ = 3 Vo=
0 . . -
This ([:)mplelo.s the proof of Theorem 1
‘rom the hypotheses of Theor "

50 leorem 2, we see
Hence we obhserve thatl . e seeth

:_Zl V]2 + | Vo).

{h >-Ia u V| = i $ i
= j( W ‘_.l”(kid]VHk)Vﬂl-lgi‘;_‘l’(k\ |V”.l.‘D|V”.'|.
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Now from the definition of I and the propertics of the funcelion [ we obtain
i o l]

PN (A

- ! i—1 k1 )
FOE Vu ) —I( % . R
10) I IVutsl) =1 2 [Virg])- ‘_;]f Ha)dez {( S Vu, )| Vu| =

k=1

1574

L i=i i
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From (10) we observe hal = . .
f( EE (Vu, )| Vus|< F }_2 RSy N J
. = 1V il (HiVu,.D I(k}..l,VuL) "”(EIW”H)*

i—1
- i(En [V, )] V.

Now substituling i=1

mng up we oblain ton hoth sides of the mequality (11) and sum-
(12) ':](23 IVu NV, | < I . KRN e
P el INEAES E.i‘lw”’-")";_?i H(k>__~||wkl)-—l(}_};]|v”,..|)]|v",.|,

R e 3 [ .
inlep'l.iun_q k by iin the first term on the righ
! (:3) we obtained the f
of Theorem 2.
From the hypothes T
potheses of Theorem 3. we see t
ence we observe that e

) > Va2 i
) ,_Z, I(I_lf)i_—lgl |V1’i{/!’(A§1 V=

tside in (12) and using (his
Lerm o ght. 2) ¢ sing Lhis bound
desived inequality in (4). This completes the prool

at the identity (7) holds.

#

>,

fe=1

iV”iW(_il V).

at the identily (7) holds
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Fram the delinition of 7 and the properlies ol [ we obtain
1
M ovey
pel
i i—1 f=1
GOY WV ) =60 Vi) S ——dirs |Vu;[/[(2. V)
£ prey AR (C) A=l
(b0 i
Yol
Lt

=¥, V)

From (14) we have

i i i—1 i
\Pulff( S Va2 GE V) - GV )= DICE V)
frr=1 FAERE | k.= ) =

Vo O 1V E | S [1CK, (V).

(15) ',
-—LH(PEIWHA,I)] V.

Now substitnling i==1..., n on both sides of the inequality (15) and

stpwing up we oblain .
i 1 n n i1 1

08 SVl iz 6 19m) — X IS 9 =18 9m])]vad
i= =1 =1 i=1 k=1 =

leplacing L by in the Tirst term on the right side in (16) and using {h
bound in (I3) we obtain the required inequality in (G). This completes th
prool of Theorem 3, )
Remarl: 4, The discreie analogues of Opial’s inequality or its variants
are eslablished in [, A4, 7—9] by using different lechniques. As noled earlio
in Nemarks 2 and 3, the sleps in Lhe prosf of Theoren 2 there is o wastage at
(4 and (10) and in particular in specializing Theorem 2 as mentioned in Remark
2 is there a further wastage while using a Schwaz inequality in ovrder (o ol
fain a nel constant in inequality (5). Similarly, we can sce thal, there isa
wastage at (13) and (14). in the general case of Lhe prool ol Theorew 3.
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THE GAUVGE-COVARIANT ENTENSION

Ypg=20 D 1
OF FINSLERIAN METRIC TENSOR
BY

G,ALASANOY

Fhe nseal Finslerian metric lensor
PONEELTY e 0vari; X HE ; H i i i
i 1‘ ;i:) ;l( n_nl (.An.\.m.!ni. tinded _lllc gaude transformalions (1), for they are
hsed on the condition €, 0 which is not gauge-covariant. To remedy this
we rlndl\u -lhv noele that the Miron's regutarity condition Cy,=0 is gﬂllge-cov';,
!:m:,] \}']II.CI.I sug%vsts us to propose the explicity gauge-covariant and 11'[ra‘c
e denmitron () of the mel'rie tensor, Nearesl jmmnli eat i in .

: ! : sor, Nearest implications of [he initi

ae considered, I ¢ definition

In the previous publicalions [1 5] ihe gauge transformalions

(7} and henee all the usual Finsler

(]) y’l; - yq(.l"—, U' ‘.'J)

were introduced 1o extend the Finsterian mel hods
ipplications in the modern Lheorelical physies. In
Jeuenis of points of the base manifold, and y' are
veelors with respeet Lo {he loeal napural ‘
*N. The eonditions rank (ey?léym
degree homogeneity, I '

2

and to bring them near real
(1), % mean the local com-
: the comnponents of tangent
[rame; 1, §, LA/ A c=1, 2,
)N together with the positive first-

Yz, ky)=kpt, y). 10
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Jestricted automorphisms of the tar
dshich act as the identity on 1o

ations mean the loeal representation of
] enl bundle, that is, the aulomorphisms
i ! ) hase manifold. Tn other verds, (1) renresent
;l;g:mry, nml]m.u:n'. 1 g‘lem:rul, one-_tp—one nmappiugs of Langent (ln)mdie Lm(;:l:;
'“OTH bundle subjecl to Lke condition that the wappings do net shifl {he
gﬁ::i%( rlffl:.m;:;?ol‘l.‘n‘.‘. It can also be said that (1) represent Lhe one-
b Wul‘ha;-)[l-ﬁ:;m h[p{l('l?ﬁ ()‘ni.ﬁ 1anger.1t'.'spaccs provided that fie mapping depend
e l(-(;-.ijl inz::'lrlz . ,Imui'h’.s ’u’a a suﬁzc:enllq snmo’ih way. “Phe last circumstance
l'min()'i()e’:\,- ! 1.} (i ‘(; ‘_Ippi\ to (1) 1']1'c cpithel “gauge’ mr aceordance with the
e Ol0gY ttf]) .t‘.( in l. 1e_Lhrcorel'1cal physics (see, for examptle, [6--8]),

© 4" are veetors under [le general loeal coordinale transformalions '

J

lo-one map-

ri==2'(T %),

= Mitematics



