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ON THE RATE OF CONVERGENCE IN
THE GLIVENKO - CANTELLI THEOREM

BY
N. RAHMANIA

1. Introduction. Let X be a random variable valued in a non empty
measurable subset £ of R®, p € N*. We denote by F its distribution function and
f its density function. Let (X,)p be a sequence of realizations of X.

We estimate F' by the empirical distribution of the sample X1, X3, ..., X,:

L]
Fo(z) = n"z Ix.<z], Vz€EE

i=1
where RF is arranged in regular order by the relation:
(Uj)i=1p S (Vj)j=1p iff forevery j=1,...,p, Ui <V;.

Several authors have studied the estimator F, under mixing assumptions but in
the context of univariate variables (see e.g. Berkes and Philipp (2], Deo [8), Philipp
15]).
[ ])Most recently, Sarda and Vieu [20], using analytic techniques and applying
Collomb’s inequality [6], derived rate of convergence of F,, on a compact set of R?
when the sequence (X,) satisfies the ¢ - mixing condition (see e.g. Billingsley [3]).
However, this mixing condition is rather restrictive notably in the nonpara-
metric analysis of time series; for instance a stationary Gaussian process is p —
mixing if and only if it is m -dependent i.e.

IJmeN, Yn>m, ¢,=0

(see Ibragimov and Linnik, theorem 17.3.2. [12]).

It is therefore reasonable to consider less restrictive mixing conditions; for a
review of the several measures of dependence and the corresponding mixing con-
ditions, we mention the articles of Takahata [21], Bradley [5] and the thesis of
Doukhan [9] which give more complete discussions.

In what follows we focus our attention on the absolute regularity and the o -
mixing condition which are less restrictive than the above condition.
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These two dependence structures are more suitable in the analysis of time
series and prediction problems. In connection with the present paper it seems
useful to mention some available works. Using the o — mixing concept Robinson
[17], Truong and Stome [22], (23], Roussas [19] and Rahmania [16) have shown some
consistency results in nonparametric regression estimation. Berbee (1], Ibragimov
and Solev [11], Mokkadem [13] and Pham [14] have obtained interesting properties
of same absolutely regular processes.

The main aim of this paper is to establish rates of convergence of F, on a
compact set of R’ when the obsevations are & — mixing or absolutely regular.

2. Results. For a < b, let M® denote the o-algebra of events generated by
Xay -2 Xs.

The following set of assumption will be needed.

(H1) (a) (zn)p is absolutely regular (or weak Bernoulli), see Volkonskii and
Rozanov [24], if :

(2.1) B(n) = sup E{ sup |P(A/M: )~ P(A)]}10asn—o0

AEMT,
(b) (zn)p is o — mixing, see Rosenblatt [18], if:

(2.2) afn) = sn;p sup. |[P(ANB)—~ P(B)| |0 as n— oo

-]
BEM T

Since a{n) € B(n} the first concept is stronger.
(H2) In the absolute regularity case, we denote by (ma) v 2 sequence of positive
integers such that m, < n, lim m, =00 and verifying with (§(n)) py the condition

n—0d

(2.3) Y nt+PB(ma) < 00

ny>l

for some A > 3.
The condition (2.3) is fulfilled, for example in the following cases:
1) The process (Xa)yis m dependent ie. Im€ N, f{(n) =0 for n > m.

ii) The process (Xn)p 1 geometrically § — mixing (ie. Ja, p, 0 < a < 0,
n _ 242X
0<p<l, B(n)<apt, ¥n€ N)andm, _clogn,c>——5ﬁ.
iii)mnzn,0<a<l,and,B(n)_<_vn"",0<v<oo,0<6<oowith
ab>24+Xp.
(A3) In the a — mixing case we require that there exists an increasing sequence of
positive integers (k) py satisfying with a(n)py the condition:

(2.4) JA <oo, YnEN, n-falka))™ k7' < Aandl<ka <.

Rahmania [16] gives some examples of sequences (k) jy which satisfies (2.4).
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{H4) We assume that the density function f is such that:

(2.5) Iy<oo, V2€E, flz)<v

and let C be a compact subset of R,

Thf.:)rem 1. 1[);Iznder the condition (H1b), (H3) and (H4) and if the sequence
6, = {(n"'kylogn) ' satisfies lim 6, = 0, then we have:
n—oo )

2.6 . ) - F '
(2.6) g, :gg]Fn(r, — F{z)| = 0(1), with probability one

Theorem 2.Und i (
nder the conditions (H1a), (H2) and (H4) we have for0 < a < 1

7 a—-1f2 \T2L i
(2.7) n :ggan(r) — F(z)l = 0{1), with probability one

3. Proofs. The proofs involve maini i i
P ¥ an extension of the Bernstein inequalit
ingencr:;)?sl;g s;qu;x?ces[ 2(;' e.g. Bosq and Lecoutre [4]) and to absolute ?e;;;ai
e Yoschira }, and analytic techniques used b i
and Collomb and Hardle [7]; we need the followir?g lemmas. Vo s e 0
Le-mma L.Let (&), v be a sequence of real random variables satisfying
(Vie N) E(&)=0; &l <d; El&l’ <D,
where d and D are constants. We assume (&i),e N« — mixing; then:

\-4 n "
o (Ve >0, (Yn > 4), (Vke {l,..., [5 . 1]}), (vn €10, (4kde)1]),

= k
P il > < = 2
[1§§ | > €] < 2exp [ ne+6n*e(D+ 842 ; agn + 2\/5((,&)2*/3"_2

([% — 1] denotes the greatest integer |
than 2 — is gi
e e ger less than 3 —~ 1). The complete proof is given

Lemma 2.Let (&) p be a strictly stationary absolutely regular sequence of

real random variables such that |§;] < M,
i d EE = 0; .
large, the following inequalities hclJIdl: < My and E§; = 0; then for n sufficiently

(32) P( -1/2 - ; = _(m_llgé') M
PV 2 €) < 2mexp{ =T (1 - ) + 4 B(m)

i=1

forl<e< (crg/Mc.)nl‘r2
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(33)

n 1/2
en
P(n-l;'zl?::l &| > €) < 2mexp {_W} +4nB(m), fore> (o /Mp)n'/?

where ¢% = Var & > 0 and m denotes any positive integer such that m < n.

For the proof, see Yoshihara [25].

Proof of theorem 1. Firstly, the proof consists in establishing, for any
sequence (€n) jy such that: 0 <€, < B < co and under the assumption (H1b) the
fellowing inequality

(3.4) sup P[|Fn(z) — F(z}| > £n] € €y exp(—cwsﬁk;l), Yn > no,
rzeE

where ¢;, ¢y are constants.
Define A; = n™ ' (1)x, <2 — F(z)) and note that:

Fa(z) - F(z) = Yoz, Ar.
For any i € N, we have:

EA=0; | <27y, EA}=n"2.F(z)(1-F(z)) < n2
Then, applying Lemma 1 with the choice: 7 = nc,,(SkeB)'l, we get:

35) PlIFa(z) - F(@) > ea] < cr exp {=nk t(en, ¥)

where: c; = 2exp (2v/6a(k)*/3"nk~1) and
t(en, k) = €2(8eB) " [1 - 3(4B) ™' (k™1 + 32k7'Gx)],
where a(k) = Zle o¢. There are two possibilities for the sequence (k,) .

First case: “ky —;)oo”; we get by (2.1).

(3.6) Inge N, VYn>no, k7' < B/3andk; @, < B/
So that:
(3.7 Ino €N, Vn>no, ten, k) > (16eB) e}

Applying (3.1) to k = k, and using (2.4), (3.6) and (3.7) we obtain the result
of theorem (1) with

C, = 2exp 2\/eA
and

Ca = (16eB)™"

Second case: “Iny = N, 3kg € N, ¥n>mn, k,=ks". (3.2) and (3.3)
remain valid changing k, in k;, where k; is an integer independent of n and greater
than ko. Applying (3.1) to k = ki, we obtain the inequality with:

1 = 2exp 2veA and ¢; = (16e B~ Nkoki '
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Now, the compactness of C entails that we can cover it, f i
, ,forany £ >0, b fi
number d; of balls of radius £/2 (£ and d may depend on n) ! e

dy
(3.8) cclsr

r=1

where Br = {(y;)j=1, » € RF, , max
J:

_ Il = 4 < €/2) 3, = (ad)jon, being
some point of C.
Denote, for any r = 1,. .., d;

ar = (ai)j=1,p with a'i = zi —_ £/2

and
b = (bl)j=1,p, with bl = 2/ 4+ 2/2

1t is clear that

a, € B,, b ¢ B, andV¥z € B,, a,<z<b,.

This entails for r = 1,...,d,:
Fla,) < sug F(z) < F(b,)
z€B,
and

(3.9) Fa{ar) < sup Fa(z) £ Fa(br)
z€B, .

All the norms on RP being equivalent, we obtain by the assumption (H4):

[F(u) — F(v)] € GJ[E?);}u" — v!|, for any « and v in R”

and for some finite constant G.
Applying the results (3.8) and (3.9), we get:

(3.10 Fa(z) -
) :ggl n(z) — F(z)] < r=nllaug]h:rr;rlaagfbrIFn(tr)—F(tr)l+G1?

Let €9 be a fixed positive number and choose

(3.11) £ = 46, where v < ¢4/2G

The inequality (3.10) gives:

;! sup |F, = -1
sup [Fn(z) ~ F(2)] < 67" max  max |Fa(te) ~ F(t,)| +¢€o/2
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To get the result (2.6), it suflices to note that

Plo7' max max |Fa(t.)— F({;)] > e0/2] <

=1, .. det,=a. b,

<3 T PR - F > <o/

r=1i,.=a.,b,

using (3.4) with: €, = 8neg, we have

d a
Zl Z P[g;l Fn(tr) - F(tr)l > ED/2] < 2cld£n—¢2€,_-f4_

r=1lt,=a,,b,

By (3.11) d; may be such that: d; = h8,? for some 0 < h < c;o To obtain the
result of theorem (1), it suffices now to choose g; such that: ¢z¢§/4 > 1 + p/2.
We remark at once that if we choose:
i) k, = O(logn), then 8, = O (‘2‘}:" '
ii) ky = L+ k, k € N (ie. (Xi);cnis k-dependent: a; =0 Vj > k+1) then

b, =0 ( (logn)/n))
i) ky = O(n®), 0 < b< 1, then 6, = O[3 )]

Proof of theorem 2. Let us show that under the condition (Hla) and for
any £y > 1, we have for n sufficiently large:

1/2

£ -
(3.12)  sup P(n®* Y3 F,(z) — F(z)| > ) < 2m exp[—-f-nl ) 4 4n B(m)
e
where m denotes any positive integer satisfying m < n and a €]3, 1[.
Let (£,) be a sequence such that:

En = £g/n®, with g9 > 1
- - - ga- lfz h
with this choice, we have ¢, > (Mo -n'l* where
02 = EA? = n"2F(2)(1 - F(z))

and
My = ! > |A"1

Using Lemma 2, we get (3.12).
As pointed out in the proof of theorem 1, we have:
(3.13)

a=1f2m )
n®=2sup {Fa(z) - F(z)| < n*" "2 max  max |Fu(t,)— F(t, )| +n° /G
zeC

r=1,..,d; ty=dp, b,
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Let us choose

1/2-a

(3.14) £=19n , with v < g9/

This gives using (3.12) and (3.13):

(3.15) n* YZgyp [Fa(z) ~ F(z)] < n*" Y2 max  max
TeC

r=1,..,d¢ t,=a, b,

[Falty) = F(t:)| + €0

Applying (3.12) and (3.15), we get:

de
PO sup IFa(z) — F@) 2 e0) < 37 3 PR, (1) - F(t,)] > £0)

r=1t,=a,,b,

< 4dym - exp [—TEO -n'"% 4 8nd,B(m)

It suffices now to remark that by (3.14) dy is such that: dy = pn(a=1/2? for some
0 < p<oo.
The assumptions (2.3) leads to the result (2.7).
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NOTE SUR DES POSSIBILITES D'APPROXIMATION
DE L’ENTROPIE D’UNE DPISTRIBUTION CONTINUE

PAR
ION PURCARU

Soit X une variable aléatoire continue i la distribution probalistique définie

par f(z) >0, z€ DCR, [, f(z)dz = 1. Supposo ’entropi
B X o e f1z) d6fite o D pposons que ’entropie Shannon

(1) H(X) = - ]D £(z)In f(z)dz = H(J)

est connue (voir [1] , [2] , [4] ). On sait que, généralment, méme pour les dis-
tributions probabilistiques classiques, on ne peut pas donner des expressions bien
dfétermmées de I’entropie (1) et par conséquent, d’un cas & 'autre, il faut 'appro-
ximer. Ga c’est le but de cette note. On supposera connues les fonctions gamma
et beta d’Euler (voir (3] et [5] ) utilisées parfois dans ce qui suit.

Proposition 1. §i

(2) flz) =

na™ 1 —alel®
ATyl e R

ota>0,m>0,n>0 et I'(m) est la fonction gamma d’Euler, alors

| (1 + my)(mn —1)
Kk+m) T mn

(3) H{X) = m(l ; ) i +m+In gI‘(m)a“Tl
k=1 n

ol 7y est la constante d’Euler (y = 0, 5772).

__Preuve. Si on introduit (2) en (1), alors par calcul direct on trouve sans
difficultés

2l(n) _n(mn —1)a™

(4) H(X)=m—2 )

[ov]
] ™" 1e=9" |n 2dr + m.
o



