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ON SUPER ORDER PRINCIPAL MODULES

oy
BORIS LAVRIC

1. Introduction. The sequential analogue of the notion of order principal
module introduced in [4] will be called super order principal module. In the present
paper we shall characterize super order principal modules and extend an abstract
Egoroff type theorem [5, Theorem 74.3] to this more general framework.

Let M be a lattice ordered module over an Archimedean unital f-algebra A.
Then M has also a natural Riesz space structure. We assume throughout this
paper that M is Archimedean. M is said to be super order principal A-module, if
for every £ € Mt the Riesz subspace Az = {az: a € A} of M is super order dense
in the band {z}9¢ generated by z.

Let L be an Archimedean Riesz space and Orth(L) the f-algebra of all ortho-
morphisms on L. Denote by P(L) the Boolean algebra of all band projections on
L and by M(L) the Archimedean f-algebra generated by P(L). Evidently L is
an Archimedean lattice ordered M(L)- module. With this notation we can formu-
late the well known Freudenthal’s spectral theorem [5, Theorem 40.3(unbounded
case)] simple by saying that a Riesz space with the principal projection property
is a super order principal M(L)-module. Therefore, our characterization of super
order principal modules describes (as a special case) all Riesz spaces in which the
unbounded Freudenthal’s spectral theorem holds.

For the terminology concerning Riesz spaces we refer the reader to [5}, and for
elementary f-algebra theory we refer to [1] and [7).

2. Preliminaries. Let L be an Archimedean Riesz space. If a sequence
(#n) C L is increasing we shall write u, T while u, 1 u (with u € L) means that
also u = sup, u,. The meanings of u, | and u, | u are analogous. Let D be a
nonempty subset of L. Then D! denotes the set

D' = {u € L : there exists a sequence (u,) C D with u, 1 u}.

Given the element u € L¥, B, will denote the Boolean algebra of all components
of u, that is
B,={vel: vA(u—v)=0}.

The Riesz subspace of L generated by B, is denoted by M,. An order bounded
band preserving linear endomorphism of L is called an orthomorphism.



286 BORIS LAVRIC . 2

A Riesz algebra (lattice ordered algebra) A is said to be an f-algebra whenever
a,bce At aAb=0impliesacAb=caAb=0

Any Archimedean f-algebra is commutative. The set Orth(L) of all orthomor-
phisms on L is {under pointwise defined operations) an Archimedean f-algebra
with unit /=id;. The same holds for the order ideal Z(L) generated by I in
Orth(L) and called the center of L, and for its subalgebra M(L) as well.

Let A be an Archimedean f-algebra with unit e. Then A is said to be zero-
dimensional if M, is e-uniformly dense in the principal order ideal A, generated
by e. It is shown in [2] that A4 is zero-dimensional if and only if the Kakutani
representation space of A, is a zero-dimensional topological space.

Let M be an Archimedean lattice ordered module over an Archimedean f-
algebra A with unit e. Then M inherits in an obvious way a Riesz space structure.
It is shown in [4] that the mapping H : A — Orth(M) defined by

H{a)z = az, acAzeM

is an algebraic Riesz homomorphism, hence the mapping (a, z)— azx from A x M
to M is a Riesz bimorphism. Order continuity of the multiplication by a € At in
M is implied by the same property of the orthomorphism H{a}.

3. Super order principal modules. We shall start with a characterization
of super order principal modules.

Theorem 3.1. Let M be an Archimedean lattice ordered A-module.
Then the following conditions are equivalent.
(i) M is super order principal A-module.
() M is super order principal A,-module.
(iii) "For any pair of disjoint elements x,y € M + there exists an increasing sequence
(an) C [0,¢€] such that a,z Tz and a,y = 0 foralln € N.
(iv) ([0,€]z)! = [0,z] holds for every z € M*t.

Proof. (i)=> (ii). Let 0 < y € {z}%, £ € M*, and choose a double sequence
an,k in AT such that .

Ay k Tny  @nyk Tk, Tn k Tx (y A 7117) forallmn € N.

Set b, x = an & A(ne) € A,, observe that b, xz Te {y Anz) and put ¢, = by .
Then we have ¢; € AY and coz T v. :

(#) = (ii1). Let z Ay = 0 and take an increasing sequence (bn) C AY such
that b,(z +y) T . Then the sequence a, = b, Ae satisfies the required conditions.

(i1} = (iv). Assume that y € [0,z], n€ N, k€ {1,2,....,n}, and set

vk =y A(k/n)z - y A((k - 1yn)z)
zax = (y — (k/n)z)™ = (y — ((k —1)/n)z)".
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Observe that
0 < vk bk, 0< 20 Ta,

Unk+zne=(1/n)c, nps1 Az =0 (k<n)
Fix n € N and for each & < n choose a sequence {(ag41,i 1 { € N) such that

0<apprif<e, Qg 1,ilin k41 1i Yn k+1s Qkgl,iZng =0

for all 1 € N. Put

n—1}

boi = (1/n) Zak+l,:’ € [0,¢€},
k=1

note that
(1/n)aes1i2 = @igt,i(Unk + 2nk) = Qkg1,i¥n b < Unk

and therefore

n-1
(1) 0< bz <D Uk <V
k=1
On the other hand we have
n=1 n—1 n—1
(2) b iz = Zak+l,1yn,k > zak+l,iyn,k+1 1 Zyn,k+: =
k=1 k=1 k=1

=y —yna 2 y—(1/n)x.

The sequence a, = sup{by,, : m < n} satisfies 0 < @, T< e and by (1)
an,z < y holds for all n. We claim that a,z 1 y. Indeed, if a,z < 2 for all n, then
bn iz < z for all n, i. It follows from (2) that y — (1/n)z < z for all n, thus y < =z
and consequently ayz T y.

(iv)=(¢). Obvious.

If A is zero-dimensional, the following result holds.

Theorem 3.2. Let M be an Archimedean lattice ordered module over a zero—
dimensional unital f-algebra A. Then the following statements are equivalent.
(i) M is super order principal A-module.
(1) M is super order principal M.~module.
(iii) For any pair of disjoint elements z,y € M there exists an increasing sequence
(pn) C Be such that ppz Tz and p,y = 0 for alln € N.

Proof. (i) = (i#i). By Theorem 3.1 we can choose an increasing sequence
(an) C AN[0,¢€] such that e,z | z, a,y = 0 for all n. Since A is zero—dimensional,
there is a sequence (b,) C M, such that 0 < b, 1< eand 0 < an — b, < (1/n)e.
Clearly b,z T z and b,y = 0 for all n. The sequence of elements (p,) C B.
satisfying {p,}? = {b.}? requires the conditions in (ii).
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. (##) = (if). This implication follows from Theorem 3.1.

(it) = (i). Clear.

Let L be an Archimedean Riesz space. If u € Lt, denote by N, the Riesz
subspace of L generated by the Boolean algebra P, = {Pu: P € P(L)}. The
Freudenthal’s spectral theorem (unbounded case) states that if L has the principal
projection property then the subspaces N, is super order dense in {u}4¢ for any
u € L*. Observing that L is a lattice ordered module over the zero-dimensional f-
algebra M(L) we recognize that Theorem 3.2 characterizes Riesz space in which
a kind of Freudenthal’s spectral theorem holds. More precisely, L is a super order
principal M(L)-module if and only if it possesses the following projection property

(o P) For every pair of disjoint nonzero elements u, v € Lt there exists an
increasing sequence of band projections P, such that P,u 1w and P,y =0 for all
n €N,

Since every super SMP-space possesses (¢P) [3, Lemma 1.1, 1.2], an
Archimedean Riesz space L satisfying the property (o P} will be called a weak
super SMP-space. In [6] we can find an Archimedean Riesz space L without suffi-
ciently many projections and with the property that any two disjoint elements of
L belong to disjoint projection bands. Hence, L is a weak super SMP-space which
fails to be a super SMP-space.

On the other hand, we shall see that if a weak super SMP-space has a weak
order unit, then it is a super SMP-space.

Let us call an Archimedean f-algebra A with unit locally algebraically super
rich for an Archimedean lattice ordered A-module M, if for each z € Mt there
exists a sequence (an) C At such that anx | z and anM C {z}4 for all n € N.

Using Theorem 3.1 (iii) and [4, Lemma 3.3] we can establish the following
result.

Proposition 3.3. Let M be an Archimedean lattice ordered A-module. Con-
sider the following two assertions.
(i) A is locally algebraically super rich for M.
(ii) M is super order principal A-module.
Then (i) implies (ii). If M has a weak order unit, then (i) and (i) are equivalent.

4. Egoroff type theorem. Recall that a Riesz space L is said to have the
Egoroff property if for every element f € Lt and any double sequence (t, 4 : 1,k €
N) in L such that 0 < un e T f there exists a sequence (v,,) satisfying 0 < vy, T f
and v,, < uy, for all m (i.e., for every m and n there exists k = k(m,n) € N such
that vy < un ). -

 We shall extend now an abstract Egoroff type theorem on super order principal
A-~modules.

Theorem 4.1. Let M be a super order principal A-module with the Egoroff
property, ¢ € Mt and yx | 0 in M. Then there exists an increasing sequence
{am) C [0,€] C A such that amz T z and am¥s \x 0 z-uniformly for every m € N.
If A is zero—dimensional, (am : m € N) can be taken from B..
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Proof. Put zn; = (3 — (1/n)z)”, n,k € N, note th

f v Ty ) t 0 <2 ‘I (lln)x
and choose by Theorem 3.1 the increasi Ao R
[0, €] such that e increasing sequences (as ¢ : 1 € N), n,k € N,

U kitnk Ti Znk,
an iy — (1/n)z)* = 0 for all i.
Since y. | 0 we may assume that a, ¢ ; i for fixed n,i.

Set_ Gn b = Gn kntk- We claim that a, 1z T z.
Evidently a, ; is increasing in k. It follows from z — a, sz > w > 0 for all k

?
1n

that
T— Ry kiTnk 2 T — Au ki 2 T — O k4il 2> W

holds for all ¢, k € N. Thus
(I/n)e — za s = (1/n)x SUp @n 4,i%n,k > (1/n}w
i

for all k, and consequently w = 0 (since 2 & Tx (1/n)z), so the claim follows.
The Egoroff property of M implies the existence of a sequence (z,,) C M+

such that 2z, T z and 2z, < ap iz, i.e., for any pair m,n € N there exists k(m,n)

such that zm < ap, p(m n)2. We may assume that k{m, n) increases in m. ’

B As easily seen that zm A(g(m,n) = (1/n)2)* = 0 (Indeed, an 1 (yx — (1/n)2)* =
= 0 implies ?.";'kz L (y& = (1/n)z)*), and by Theorem 3.1 we can find increasing
sequences (am € [0,e] :i € N), m € N, such that

) as,,';)zm Ti z2m for all m |
ﬂs:;)(yk(m_.n) - (I/n)x)"' = 0 for all 7, m.

Put
am = sup{a\™ 11 <j < m},

and note that a,, increases. We shall show that a,,z 1
m 5 mZ | & and a mn) <
80 the' first part of the proof will be complete. TGS
Since 0 < w € £ — a,,,x | implies

w<r—allz <z—alfz, for all m, i,

we have w < 2 — z,, for every m € N, and a i
av < - , m% ] « follows easily. Next, th
condition k(m,n) Tm together with (1) implies apm(y(m ny — (1/n)z)*t = 0 t,hu:
AmYk(m,n) < (1/n)z as desired. ' ’
'III‘!hth; islam.r:: way we can prove the remaining part of the theorem.
e following special case of Theorem 4.1 generalizes an abstract E ff
theorem [5, Theorem 74.3] and {3, Theorem 2.3]. soret e
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Corollary 4.2. Let L be a weak super SMP- space With the Egoroff property,

fe Lt and g | 0in L. Then there exists an increasing sequence Pp of baIr:Id
! -

projections on L such that Pnf 1 f and Prngk 1k 0 f-uniformly for every m € N.

The space ¢ of all real convergent sequences provifies.an example‘ of a Rueszf
space without the principal projection property and satisfying the requirements o

Corollary 4.2.
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ON THE THERMOELASTICITY OF MATERIALS WITH VOIDS
BY
M. CIARLETTA

1. Introduction. Recently [1], Batra has proposed a principle of virtual
work for the nonlinear theory of thermoelasticity. An account of the research on
formulations of principle of virtual work for continuum mechanics can be found in
[2-4].

The purpose of the present paper is to extend the result established by Batra
in (1] to the case of nonlinear theory of thermoelastic materials with voids. In this
theory, the bulk density is written as the product of two fields, the matrix material
density field and the volume fraction field (cf. {5.6]). This representation introduces
an additional degree of kinematic freedom. The intended applications of the theory
of elastic materials with voids are to geological materials like rock and soils and
to manufactured porous materials (ceramics and pressed powders). The nonlinear
theory of thermoelastic materials with voids has been studied in various paper (see
(51, [7-9]).

In section 2 we give a resume of the basic equations of the nonlinear theory of
thermoelastic materials with voids and some preparatory results. The next section
is devoted to a formulation of the principle of virtual work. From it are derived the
equations of motion, the balance of equilibrated force, the constitutive equations
for the temperature and the boundary conditions for stress and equilibrated stress.

2. Basic equations. Preliminaries. We consider a body B which occupies
a closed, bounded, regular region of Euclidean three~dimensional space in a fixed
reference configuration Br. The motion of B is given by a smooth, differentiable
map X in Bg x (0,¢y),

(2.1) x = X(X, ).
We denote by B, the current configuration of the body B.
We suppose that the map X is invertible with a smooth, differentiable inverse
on Bg x (0,£). Let F = VxX be the deformation gradient. Then
(2.2) detF > 0.

The principle of balance of mass can be expressed in the form



