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EXPLICI’i‘ SOLUTIONS OF A CLASS OF DIFFERENTIAL
AND DIFFERENCE BOUNDARY VALUE PROBLEMS*

BY
LUCAS JODAR

1. Introduction, motivation and preliminaries. This paper deals with
boundary value problems of the type

1.1) X(P)(t) + AP_IX(”")(t),----l- AgX(t) =0,
(1. X00)=C;, 1<i<p-1, X()—0 ast—oo
and
(1 2) Xm-l-p + Ap-lxm-I-p—l pooe 5 AOXm = 0: m 2 01
’ X;=C;, 1<i<p-1, Xnmn—0 asm-— o0,

where the unknown X (t) for the differential problem, and X,, for the difference
case, are n-dimensional compex vectors, elements of C*,C; € C", for1 < i < p—1,
and A; for 0 € j < p ~ 1, are matrices in C"*". For the case p = 2, problem
(1.1) appears in the solution of Clarke’s equations related to heat diffusion random
laminates problems [15]. Apart from case where by discretization of the type (1.1),
discrete problems of the type (1.2) appear in the description of many economic,
biological and sociological problems [1], [2].

Note that problems (1.1) and (1.2) are not typical in the sense that the initial
value X (0) for the continuous case and Xg for the discrete problem, are free vectors.
Thus, if we consider the classical approach, see [12], chap. 4, for instance, an easy
answer of the problem is that if all the eigenvalues of the companion matrix

0 I o - 0
0 0 ! 0
(1.3) C= . .
: I :
Ay —Ay Ay o =Ap
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have a negative real part, then problem (1.1) has a solution for any initial vector
X (0), and if all the eingenvalues of C have module strictly smaller than one, then,
for any initial vector Xy, problem (1.2) is solvable. These classical answers of
the problem have some drawbacks. Firstly, the spectral condition required to the
companion matrix is too restrictive. Secondly, we do not take advantage of the
freedom coming from the lack of initial condition. Finaly, the classical approach
increase the computational cost due to the consideration of an extended first order
system.

The aim of this paper is to find more general existence conditions for solving
problems (1.1) and (1.2), as well as to find explicit and computable solutions of
them without increase of the data dimension. In this sense our approach follows
the ideas developed in [6, 7, 8, 9].

We recall that for any matrix S in C™*" its Moore-Penrose generalized in-
verse, denoted by S+, belongs to C**™ and can be efficiently computed by using
MATLAB system [11]. An account of uses and properties of this generalized inverse
may be found in [3], [13].

2. Existence conditions and explicit solutions. We begin this section
with the problem of obtaining the general solution of the differential equation

(2.1) XO)+ Ap 1 XPD@) + - 4+ A X () =0
and of the difference equation
(22) Xm+p + AP_IXm.,_p_] +- -4 Ang =0.

Theorem 1. Let C be the companion matrix defined by (1.3), let M be an
invertible matrix in CP**P" and J = diag(Jy, J2, ..., Ji) with J; € C™*™i  for
1<3<k, m +- - +mg =np, such that

(2.3) MJ=CM

Let us consider a block partition of M such that M = (M;;) where M;; € C**™;
for1 £i<p, 1< j<k. Then the following result hold:
(i) The general solution of system (2.1) is given by

k
(2.4) X(t) =Y Myjexp(tJ;)d;,

j=1

where d; is an arbitrary vector in C™ for1 < j < k.
(1) The general solution of the difference system (2.2) is given by

k
(2.5) X =Y My;Jld;, m>0,
i=1
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where d; is an arbitrary vector in C™ for1 < j <k

Proof. From (2.3} it follows that
P .
(2.6) MpiJi==3 AriMy; and MyJ; =My, 1<i<p—1
h=1

From (2.6) one gets
(2.7) M;; =M1jJ;—l, 1<i<p

and from (2.3}, (2.4) we have

P
(2.8) MyJt+ 3 A MyJmt =0

=1

Note that from (2.8), for each vector d; € C™, X;(t) = Mjexp(t/;)d;, is a
solution of (2.1), for 1 < j < k.

Let Y{t) be any solution of (2.1) and let Y()(0) = D;, 0 < i < p— 1. Taking
derivatives in the expression of X(t) given by (2.4) and taking account (2.7} it
follows that

E k
X0() = Z M;; J;exp(t.f,-)dj = ZM-‘H jexp(tJ;)d;.
j=1 J=1

By imposing that X()(0) = Dy, for 0 < i < p — 1, it follows that vectors d; € C™/
must verify

dy Dy
(2.9) M [ : ] = [ :
di Dy

Since M is invertible, taking the vectors d;, 1 < j < k, satisfying (2.9), one gets a
solution X (¢) defined by (2.4) that for these values of d;, satisfies the same initial
conditions as Y (t). From the unigueness, X(t) and Y(¢) coincide. This proves
art (1).

?ii) L(et). Y,, be a solution of (2.2) and let D; = Y; for 0 < i < p— 1. Note that
from (2.8), for any vector d; € C™5, the sequence Xy, ; = My;J;™d;is a solution
of (2.2), for 1 < j < k. Taking vectors d;, for 1 < j < k, defined by (2.9), the
corresponding vector sequence {X,} defined by (2.5) satisfies X; = Y; = D, for
i =0,1,...,p — 1. From the uniqueness, one concludes that {X,,} and {Yp}
coincide. Thus the result is establised.
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Remark 1. It is important to note that any block diagonalization of the
companion matrix C is appropriate to obtain the general solution of equations
(2.1) and (2.2) by means of theorem 1. In this sense, when one uses as J the
Jordan canonical form, one has the advantage that the expressions of exp(1J; Jas
well as of the powers Ji' are well known and they can be computed in an easy
way, see {12], pag. 15 and 66. Although an interesting algorithm for computing
the Jordan canonical form of a matrix may be found in [10], from a computational
point of view it is more interesting to use the procedure given in [4, chap. 7], based
on the Schur form of a matrix because such approach is more stable numerically
than the Jordan form. The procedure given in [4] gives us the matrix M satisfyng
(2.3).

In the following we denote by o(C) the set of all eigenvalues of the matrix
C. We recall that if B is a matrix whose eigenvalues have a negative real part,
then B is similar to its Jordan canonical form Jg, that is, there exist an invertible
matrix S such that B = §~'Jp S and thus exp(tB) = S~lexp(tJp)S. Now, from
{12, p.66], it follows that exp(tB) — 0 as { ~ co.

On the other hand, if B is a matrix whose spectral radius p( B) satisfied p(B) <
1, then from theorem 1.3.9 of [12,p.25), it follows that B™ — 0 as n — oo.

Theorem 2. Let us suppose that the set o(C) of the eigenvalues of the com-
panion matrix C, may be decomposed in two parts

{2.10) o(c) = 0y Uoy; Re(z) <0 for z € ) and oy is nonempty.

Let M be an invertible matrix CneXnp satisfying (2.3) where J = diag(J,, ..., Ji)
with J; € C™i*™ my +ma+---+my = np and let Jy, Ju_, ..+, Js the diagonal
blocks whose eigenvalues are contained in oy, andletm =m,+m, 1+ +my > 1.
Let us consider the partition of the matrix M = (M;) with M;; € C**™4 and let
M1 be partitioned in the form

@11) M'=v= [Vn Vl2] Vi1 € Clnp—mixn 1, g Clrp-m)x(n-1)p

Var Vs : Vay € C™X1 Vi € cmx{n-1)p_

Then problem (1.1) is solvable if
D, D,
(2.12) iz [ : ] =Wz [ : ] :
D,_, D,
Under the condition (2.12), a set of solutions of problem (1.1 ) is given by

k
(2.13) X(t) = Mijexp(tJ;)d;,

j=
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where d,, d, 1, ... dy, are given by
d, Dy Dy

(2.14) [ ; } = Voo { : J - Vzl(Vﬁ [ 3 ] +(I“V1+1V11)Q)
d Dp_y Dpy

and @ is an arbitrary vector in C("?—m)

Proof. From theorem 1, given initial conditions X(‘)(O) = D;, where D;
for 1 <i < p—1 are data problem and Dy is a free vector, the unique solution
of equation (2.1) satisfyng these initial conditions is given by (2.4) where vectors
dy,...,dy are given by

d, [ [ D7
: Dy Vi1 Do + Vi :
(2.15) dy | =M~ [ : } = -
d:k Dp-1 Va1 Do + Vo :
L | D,_y J
Note that if we choose [} so that
Dy
(2.16) ViiDe + Vi : =0
Dp—l
then the vector coefficients dy,dy, ... dy_q corresponding to the exponentials

exp(tJ;) with 1 < j < s — 1, that is, those block diagonal whose eingenvalues
are not contained in the left half plane Re(z) < 0 became zero. Thus if we take
Do satisfying (2.16), then from (2.4) it follows that X(t) given by (2.13) with
dy,dsy, ..., di defined by

d, D,
(217) = V2|Do + Vgg J

dj; Dp——l
is a solution of (2.1) such that X(t) — 0 as ¢ — oo.

Now, from theorem 2.3.2 of [13], p.24, equation (2.16) is solvable for Dy, if
and only the condition (2.12) is satisfied. Furthermore, under the condition (2.12),
the general solution for Dy of equation {2.16), is given by

Dy
(2.18) Do =-ViVi, [ J +(I-Viva)Q, Qectrm),
Dy_y
Thus taking any vector Dy in C" defined by (2.18) and placing the vectors
dy,ds41,...,dg in (2.13), one gets a solution of problem (1.1).

The proof of the following result is an easy consequence of the proof of

theorem 2,
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Theorem 3. Let us suppose that the set o(C) of the eigenvalues of the com-
panion matrix C, may be decomposed in two parts

(2.19) o(C)=o3Vog; |2 <1 for z € o3 and o3 is nonempty.

Let J = diag(Jy, ..., k) with J; € C™%XM; m +---+my = np and let M be an
invertible matrix in C"P*"?, with M = (Mij), Mi; € crxmi 1<i<p 1) g‘ k,
satisfyng (2.3). Let us suppose that Js, Jy41, . - -» Jx, are the blocks corrwponf:h‘ng
to the eingenvalues of C contained in the set o3, and let us consider the pa.rm:op
of M~ defined by (2.11). Then problem ( 1.2) is solvable if the condition (2.12}is
satisfied and under the condition (2.12), a set of solutions of problem(1.2), is given

by

k
(2.20) Xm = 3 MyJld;,  m20,

i=s

where d,, d,41, - - ., di, are defined by (2.18).

Remark 1. The results included in this paper are related to those in [6,7,8,9]
in the sense that our algebraic approach is based on algebraic properties of the com-
panion matrix. However in the above papers we studied different boundary va.l.ue
problems and under different hypotheses. In fact, papers [6,7,8] are concerned with
initial value problems or two—point boundary value differential problemsf. Pape_rs
[6] and [7] assume the existence of solutions for the associated algebraic matrx
equation

(2.21) 2P 4 Ay 2P 4+ Ap =0

The existence of solutions of this equation is related to the companion matrix C
given by (1.3}, but equation (2.21) may be unsolvable, see [6]. In the present paper
we do not assume the existence of solutions of equation (2.21).

The paper {7] does not suppose the existence of solutions of equation (2.2.1)
but assumes that the companion matrix is similar to a block-diagonal matrix with
all the block diagonals of size exactly equal to the dimension of the data, that is,' of
size n x n. In the present paper we do not impose any restriction to the companion
matrix C. The same restriction as the one used in [7] is assumed in {8} and in both
papers the boundary value conditions are very different to the ones conside.red herfz.
In particular, the conditions X (t) — 0 as m — o0, of (1.2) are not considered in
the papers [6,7,8,9].
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