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A MATHEMATICAL MODEL OF POPULATION DYNAMICS
WITH DIFFUSION DEPENDING ON DENSITY AND RESOURCES

BY
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1. Introduction, Statement of the Problem. In a recent paper [4],
we have considered a mathematical model of population dynamics, in which the
population is structured on ages, and is supposed to move in R? the diffusion
coefficient depending on the density of population. For such a model, we have
proved existence theorems and, in a particular case, also an uniqueness one.

The equations of the model are analogous to those used in a more general
setting in [1], [6], {3], [7}-

[t seems more natural to suppose that the diffusion coefficient, as well as the
death coefficient, depend not only on the density, but also on a vector r of resources,
vector which, in turn, depends on the point ¢ € R* on the time ¢, and, moreover,
is a functional on the density.

The study of such a miodel will be the aim of this paper. Moreover, we shall
consider the population moving in a bounded domain Q C R2, with sufficiently
smooth {rontier, in the time interval [0, T'], between the ages 0 and B, and supposing
that, on the frontier of 2, the flow of population is proportional to the difference
of the densities of the inner and outer populations; this hypothesis leads — like in
a diffusion process — to the relation:

Ou
on
¢ — the constant proportionality factor and ¢ the outer density.

Concerning the resources, we shall suppose that their spced of variation is
coinposed by a linear functional depending on the density of the population, and a
second term, representing their autonomous variation. For the sake of simplicity of
the calculations, without any lose of the theorelical problem, we will suppose that
7 is a scalar, which — taking into account, that a given raaterial, can be in some
quantity a resource, and in another one a polluant can be positive or negative,

For the theorems used in this paper, see [2], [5].

We denote by 4 — the density of the age a population in z, at the moment ¢,

b — the density of the offspring in z, at ¢,

c(u—8) on 8Q x (0,77 x [0, Bj,
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ug — the initial distribution of the population of age a in =z,

A —— the death coefficient,

u — the birth coefficient,

v — a weight coefficient, describing the dependence of the resources on the
population,

A — the diffusion coefficient,

B - the maximum age possible.

So our system will contain:

1. The diffusion equation:

(1.1) Ju + u Al(u,r)Au+ Az, t,a,)u =0,

7t on Q@ x [0,T) x [0, B];
a

2. The offspring equation:

B
(1.2) b(z,t) = fp(z,t,ﬁ)u(z,t,ﬁ) dé, on Qx[0,7};
1]
3. The initial distribution:
(1.3) u(x,0,a) = uo(z,a), onx[0,B};

4. The boundary condition:

(1.4) (—9—1'-‘-+cu:h(:c,t,a),

on 30 x [0,T] x [0, B];
an

5. The equation of the resources:

o

(1,5} on 1 x [0,T};

o

B
an /v(:,t,ﬁ)u(z,t,[)‘)db+g(:c,t),
0
6. The initial situation of the resources:

(1.6) r(z,0) = ro(2);
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7. A compatibility equation :

B
(a7 (2, 0) = [ (2.0, Puo(z, )a.
]

Remark. It is easily seen, that, by the intermediate of the resources, the
diffusion coefficient depends not only on the density of the age a populatien , but
also on the density of the entire population.

2. Hypotheses. We suppose ) a bounded domain in R2, the frontier of
which has continuous tangents, and denote:

Q=0x[0,7T] x [0, B],
Qr =0 x[0,T},
QA = x [O,B],

andby Aareal 0 < A < %
With this notation and with those introduced in 1, we suppose:
a) About the diffusion coefficient A:

a; ) ARy x R — R, is bounded, continuous, positive in his domain of
definition, and

S =80 x [0,T) x [0, B},
Sr =99 x [0,T],
54 =00 x[0,B],

A(0,r) =0, A(u,r)>0 foru>0,
Alz,ty 2 >0, forz>p>0 A(z,v) < M;

a; ) A% is Lipschitz continuous, i.e.

[Az(u1,m1) — A%(uz,r2)| € Li(lus — w2l + |ry = raf);
az) A? is increasing with respect to u, and decreasing with respect to r.
b) About the coefficient A:

by ) A:R? x R? x R — Ry is bounded, continuous, positive in his domain
of definition

0< A<My

by ) A belongs to the Hélder class of functions H(**/22/2)(Q) for each r,
i.e., there exists:

|A(z',t' a'r) — A(z,¢t,a,r)]|

” A "(Alalzlalz) .
q (Jz' — z}* + t' — t|M? + |a* — a*/3)’

= max |A| + sup
q Q

(z',t,d),(z,t,0) € Q,

(For notation and properties of Holder classes, see[2]).
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b3 } A is Lipschitz continuous with respect to #: for each (z,t,a) € Q :

|A(z,t,a,r1) — Az, t,a,12)] < La|r —ral.
¢) About the birth coefficient u:

¢1 ) u: R? x R — R, is bounded, continuous, positive, 0 < p < M3;

¢y ) p € C*(Q), for each (t,a);

e3 ) p € HAMD(Qr) for each a € [0, B], i.e.,
there exists
Ip(zfl t’!a) - ,L((I,t, H)I
2~z + ¢ — e

Il s 192 = max g + sup
for each a € [0, B], and is integrable on [0, B], for each (z,t) € Qr.

d} About the coefficient v of the resources:
di )v: R* x R% — R is bounded, continuous in Q: jv| < My,

dy ) v € HAX2)(Qr) for each a € [0, B), i.e. there exists

lv(z’,t',a) — v(z,t,a)|
|1: _ zfl,\ + itr _ tlA/? ’

| v o2

= max |v| + su
QT QT I | Q'Il')

for each a € [0, B], and is integrable on [0, B], for each(z,t) € Q7.
e} About the initial conditions:
e ) uo: R? x Ry — Ry is bounded, continuous, strictly positive

0 < ep < ug < Mg on Q x [0, B);

ey ) ug € HAF2M2E1(Q ), ie. there exists
Ouy 2u

81:.'

0
2 e

L)

+ sup, max
A

(A42.0/241)_
U = max ug + max
Ifwo llg, nax Z‘, B

32_“11(:”!,“/) . %’:ng (x’a)l

ar?
A2

+sup
' - z|* +a’ - df

e3 ) ro: R? — R is bounded, continuous on 1,

|Tn| < Ms;

eq ) g: R? x Ry — R is bounded, integrable with respect to ¢ for each «.

f) About the boundary condition h:
fi )} h: defined on S is bounded, continuous, strongly positive

0<Cp< h< Mq

fo ) h € HOH2A201/20(241/2)(G),

5
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g} The compatibility condition on the frontier, between the boundary
and initial condition:

Buo o
an = h{z,0,2) on 09

h) We denote moreover

4

C(” ug ”(A+'2,A[2+l) + ” h ll(A+1,A/2+l/2)) =P

a given numerical constant, which will be precized in the following.

For the study of this system, it is convenient to split the domain Q@ = Q x
[0,7] x [0, B], in two parts

Ql—Qﬂ{aZt} and QQ:Qﬂ{ﬂ(i}.

In @y, 1.e. for a > t, we substitute

a—1t=u, il=r

and denote

u(z,t,a) = u(z, 7,0+ 7) = v(z,7,0) = vz, t,a—t), r(z,t)=7z,71).

In Q2)(i.e.fora < t), we substitute
t—e=71, a=a
and denote:
u(z,t,a) = u(z,a+ 1,0) = w(z,1,0) = w(.:-:,t —a,a),

r(z,t) = r(z,a,) = r(z,7,a) = r(z,t - a,a).

The systems (1.1) — (1.7) becomes:
dv 5 o=
(2.1) Lv = e — A¥(v,7)Av+Av=0, onQ,,
(2.2) v(z,0,a) = u(z,0,a) = u(z,a), onQa,
o7 7

(2.3) -é-;(z,r) = jv(a:,r, RPw(x, v — B, BB+

0
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B
+ju(z,f,ﬂ)v(x, r,f—1)dB +g(z,7), onQr,

dv

(2.4) n +cv=nh(z,r,a+7), onS
n
(2.5) Hz,0) = ro(z), onfl,
(2.6) oy A(w,F)Aw + Aw=0, onQ
do

@.7)
b B
He,r) = [t Btz - 505 + j u(z,7, )iz, 7, B —7)dB, on Qr.,

r

(28) Z = [ e pwtz,r - 6.0+
0
B
(2.8) + [ er Btz B - 9 + oz, 7) o G,
(2.9) ‘;—: +cw=h(z,a+7,0), onS,
where

(2.10) A= A(z, 7,0, 7)=A(z,ra+T, ), A= i(z,f,a, r) = A(z,a+7,0,7).

Obviously, the coefficients A(v,7), A(w,?),i,i,... satisfy the same conditions
as those stated for A(u,r),A,. ... '
Finally, the compatibility condition remains unchanged.
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3. Existence of the solution. With the above notations, we can state:

Theorem. If the conditions of the previous paragraph are satisfied, the sys-
temn (1.1) — (1.7), or, equivalently {2.1) — (2.9) has a solution, which iz unique.

Proof. The proof will be performed in fife steps.

First Step. We consider the system of equations (2.1) — (2.5), in which
we suppose that w is a known fixed function, belonging to H(**/22/2)(Q) and
moreover |} w ||8'” 2A/ Z)S P (sce hypoth=sis h). We shall prove that this system
has a unique solution.

To this end, we write first the auxiliary, in V and R system:

LV = %:— — A%(v, R)AV + A(z,7,a,R)V =0, on@Q,
V(z,0,a) = ug(x,a), on Qua,
Ov
(3.1) a(r, r,a) = h(z,r,a), onS,
'}_1(33 T) = rﬂ(z) + u(z,o',ﬂ)w(z,o' - ﬂ'ﬁ)dﬁ'*'
v
B

+ fv(::,cr, v(z,o,8 - o)dB + g(z,a)}da,

L.

where we take for v a function of the Holder class H(**/2:A/3)(Q) with norm
and which, satisfies the conditions:

U(I,O,G) = tlo(f, 3); on QA!

a
(3.2 5%(::. T, a) + cv(z,7,a) = h(z, 7,a) on S,
(33) Cl (rmn Ug, min h) S v S Cl (max tip, Max h)e(min ')""

¢1 being a numerical constant which will be determined in the following, and for
R the second member of the fourth equation (3.1).
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Denote by C the class of the above defined functions v. We shall prove that
the system (3.1) has a solution — which is unique — belongs to the same class C,
and that the function R belongs to HOX2(Qr).

Indeed, from the fourth equation (3.1), taking into account the hypotheses on
v and ro, and the fact that v and w belong to H**/2(Qr) for each o € [0, B],
and are integrable for each (z,t) € Qr we deduce

Te HOA(@r)

and moreover, that
| RIS ™D < M{BTP,.

On the other hand, since A? is Lipschitz continuous, and v and R belong to the
mentioned Holder classes, it follows that

A%(v(z,t, a);
R(z,0)) € HAAA/(Q).

The same conclusion follows for A
We use now the theorem 5.3 of [5] pag. 364, adapted to our case, namely

Theorem A. Let 0 < A < 1, § € H**?) the coefficients of the operator
uniformly parabolic L belong to the class HAM2Qr) (for each o € [0, B}), the
coefficient of the boundary condition (in our case a constant)belong to HAOA2(8Y,
Then for each f € H**?) (in our case it is zero), for each ug € H*+)(Q)(a €
[0, B]) and each h € HAMLAD/2(+1D/2)( ) satisfying the compatibility condi-
tion between the boundary and initial conditions, our problem has a unique solution
V, which belongs to HAtB+2/2(Qr) and so that

(3.4) VG20 eof ) £ NG wo ™™ + 1A UG,

where ¢, is a constant, independent on f, ue, b, but dependent increasing on A~ b
A, T, mes Q, and vanishing for T = 0.

Since V € HA+2A/2+1(Qr), it belongs also to HOXM2(Qr); we choose fur-
ther conveniently ¢y {eventualy, also the bounds of {| ug llg\), and || h ]|9+1), and
T), to obtain (see the hypothesis h)

IV g < P

To prove that V € C, we must prove that V € H(AMM2AD(Q). To this end, we
consider two values ¢r; and as of o and denote:

o = v(z,t, o), K(‘)—K(s:,'r,a,,ﬁ)... (i=1,2)
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by V7, the corresponding solutions of (3.1), and finally:
V(1) — vi9) V-7
= — 7 Y=o
lay ~ o] lay = op1/2
These last functions satisfy the system:

oz :
o ~ A, RMNAZ+KZ = F,

Z

(3.5) A I ——
lr=0 [o1 — agP T2’ on {2,
B_Z. - AV _ p(D)
on +ct = ——_]ﬂl —azl"/"" on ST,

r

Y(x,7) = ./{/TB vz,0,8)Z(z,0,8)d8,
0
where:

lar — @ 2F = (4%, &) — 42 RP)av® - &V - Ty,

Since V(®) € HOA2)(Qr) for each « and is i i
: a solut f (3. i
exists the constant P, so that e

V), 1av®) < by
From the fourth equation (3.5), we get:

| Y i< MyBT max|Z|.

It follows:

|Fl < {[Ll + (L1 + L3)M4BT) max |Z|+ I K(Z) ”8\;\12)} P

and since V belongs to 21(**/2)(Qr), we deduce

IFIS K0 K= {(La o+ (b o+ LOMABT) |V IGHT + 1 KNG} Ao

We refer now to the maximum princi i
principle, applied to a probl
theorem 2.3), and deduce that: ’ i D
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IV(.‘.C. T, 0‘1) - V(:B,T,Qz)‘ <

max | Z| = max los — oo

< Cy {ma.x Iug]) - us,z)|,max [AtD) — h(2)|,max1F|}, C, = const.
Taking into account the hypotheses on ug and h,
gl)__u?)' (R — A(2)

loay — ag|*? =

ju

— 5 - < P
|al — aglalz > 2,

Py

and the result on F, we obtain

V(x,7,a2) — Viz, 7, a1)]
|0!1' 021”2

sup <P

which proves the statement.
It remains to prove the V has the same bounds that those of v in {3.3}. Or,
this is a direct consequence of the same above maximum principe, namely:

¢1(min ug, min k) < V < c1{max ug, max h)e“’,

and by a suitable choise of ¢y, the result follows.

We conceive now (3.5) as a mapping T of the class C of functions into itself,
since to each v € C, it corresponds V € C. We use Banach’s fixed point theorem,
in the space H(""\h"‘”)(Q) with the metric induced by this norm, — this is a
complete metric space — (see [2] ).

As T transforms C into C,it remains to prove that 7 is a contraction. In order
to grove this assertion, we consider two functions v and v(*} of €, and denote by
V(i = 1,2) the corresponding solutions of (3.5). Denote again:

v =R

2=y V('é’),
The system which determines these functions is :

oz

%2 — #,RV)AZ + Km0 R )2 =6,

0
er=0=os Z+CZ15=01
dn

T B
_ o B) (D) — 5@
y 0/ { ] Wz, 0, B)(v )dﬁ}da,

(3.7)

with
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G = (A, B - a2, R)av® — a0 _x®yy@,

with analogous notations as in the previous para ; '
C graph; and using the same
on VB, 42 AV} we get ¢ remerks

IGl < (L1 + (L1 4 L) M3BT) Py max o)) — (),

Obviously (3.7) satisfies the conditions of theorem A, from which it follows that it
1s has a unique solution satisfying

IZIG >0 < kiIGNIGM?,

from which it results also:

ki = a constant

AAS2
12067 = Vi - Vallgy ™ < Kal' = w2IGM?,

Ki=k [(L[ + (L] + Lz)MqBT)Pllx .
Supposing

Er[(Ly + (L1 + L2)ms BT)P)* < 1,

it results that 7 is a contraction, and, as a consequence of Banach’s fixed point
theorem, it has a fixed point which is the unigue solution of the system (2.1)-(2.5)
Obviously this solution belongs to the class C, i.e. it satisfies the system. o

Secqnd Step. The dependence of the solution of {3.1), on w. Consider
two functions w, namely w(!), w(®), belonging to the Halder class H(*:2/2M/2)((),

f}fnote again by v()(i = 1.2) the corresponding solutions of the system (2.1)—(2.5)
en: ’

oD@ = HD Doy
and by the index i the coefficients of the system i. The above functions will satisfy:
8z
o Az(v(l),F(l)) AZ +7\-(1)Z = H,
ZIT'—'O = O;
az
B + Zls =0,
T o B
viz) = [ { [otz 0 —uyis + [ V(z,a,ﬁ)zdﬁ} do,
1] [+} a

with
H = (A2(v(1),F(l) _ Az(v(z)’;{z))'sz _ (Tl) _ ;\—(2)02'
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After calculations analogous with those of the first step we get

|H| < {(Ll + (L1 + Lo)MsBT)| 2} + (Ly + Lo)Ma BT — w(2)|} Py

and using theorem A, we obtain:
A
llor — w2l = 121527 < [(1 ~ k1) (Ly + L2)MaBT ] [lwg = wall*A/2).
Again by a method used in the previous step, one can prove that
fos = vallG M2 < Ksllwn — wallg ™,

where the expresionn of K3 can be easily deduced from the previous constants.
Third Step. We come now to the system (2.6)—(2.9)

g—‘: - A%(w, F)Aw+ Az, 7,0, )w =0, onQ,

(3.9) w(z,r,0) = ¥(z, 7},

%% +cw = h{z, T, a), on 3Q x [0, B] for each t € [0, 7],

on Qr,

r(z,7) = j{ju(:,r,ﬂ)w(z,a - B,8)dB+
o 0

B
+ / v(z,o,B)v(z, 0,8 —0)df + y(z,a)}da + ro(z),

where, for the moment, we suppose ¥ a given functidn satisfying on Qr analogous
conditions as up on @4, 1.e.

(3.10) 0 < ¥(z, 1) < Ms,

Ue H(.\+2,AI2+1)(QT),

and v is the solution of (2.1) — (2.5) corresponding to w.

We remark now that ¥ is the initial repartition of offspring, so that ¥ and b
have the same meaning.

The system is analogous to (2.1) — (2.5), the only difference results from the
fourth equation, from we deduces, with a notation which can be understood by

itself

e
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IFISD < MBT(IGM? + 1))
and, using (3.8):

—(1)_ =0 -
17 = 721q, < MuBT(1 + Ka)l[u® — w?]|g,.

So, we can deduce that {3.9) admits a unique solution satisfying
MAS2,0/2 A+2,

(3.11) g2 < a1l 2 + 1BIIG2)

(like V in (3.4)).

B4) ol < eallluol G A2 4 AT AFHAED),

Fourth Step. For that which will follow, we need the estimation of the dif-

ference of two solutions w(!), w(?) of (3.9), corresponding, respectively to functions
¥(1), W2 which satisfy (3.10).

Denoting
=1

D@ =w P _F=F

~H

we easily see that W and ?3 satisfy the system

BW =(1 = =
S — A, AW + Az, 7o, FO)W = @,
W(z,1,0) = ¥ — ¥(»),
Az +CW =0,
an

Haﬂ=j{]mmmwum-ﬁmw}w.

o 0

where
& = (42w, 7)) - 22w, 5P)Au® — (R(z, 10, F) - Rz e T s,

and by a reasoning analogous with that of the previous steps,already some times
used, we obtain

(3.12) [l — wYAAEAD < Ky(( ) — ¢ OO/,

Ky being a constant, analogous with that from (3.8).
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Fifth Step. We came finally to the equation

B

(3.13) bz, 7) = ],u(x, T, Byw(z, r — B,68)dB + ]#(%ﬂﬁ)v(-":, 7,8 — 7)dg,

0 T

in which v is the solution of the system (2.1)-—(2.5) corresponding to w, and w is
the solution of (3.9) corresponding to ¥, and we must prove that it exists a function I
¥ such that ¥ = b. To this end, we will use again Banach’s fixed point theorem.
Remark first that

@14) b IS < MaT ([lwllS A 41l § ),

and taking into account the estimates (3.11) and (3.4) for w and v, we get

bz, WGP < MaT (Kall gV O+ 4 hQH DO/ o
A42,(A+2)72 ML/ 2,(A 41
+ez (”Uollsg: (A+2)f )+I|h“§; +1,(A+1)/2,(A+ )12)'
and by imposing to ug, h, T suitable, but obvious conditions, we deduce

A Af2 AANS2
16z, IS < #1197,

T

so that the operator defined by (3.13) maps the class of functions ¥ into itself.
To prove that this mapping is a contraction, we remark first, by an obvious

notation

r

bi—by = j uz, ) [0z, 7 - 8,0 - wP(z,7 - 8,8)] dp+

]

B
j-/p(m,‘r, 3) [v(l)(z,'r,ﬁ -T)— oz, 7,8 - 'r)] dg.

Then using (3.8) and (3.12), we have
161 = b2ll@AP < MaT(1 + K) K| [ ¥ = 92|57,

and by a suitable choise of the constants (especially T) we deduce that the above
operator is a contraction and this ends the proof of our theorem.

15 POPULATION DYNAMICS WITH DIFFUSION 337

4. A Steady State Solution. We will suppose now, that A, u, v, g, h do
not depend on {, and lock for a solution of the system (1.1)—(1.7) independent on
t. Moreover, we will suppose A dependent only on the age a, and A? of class C?,
s0 our system will be

du 8%u

(4.11) 90 Az(u,r)a—z— + A(a)u =0, u = u(z,a),
B
(4.12} b(z) = u(z,0) = f,u(:c,a)u(z,a)da,
(4-1a) % + cu = h(z,a),
(4.14) r = ro(z),
B
(4.15) 0= [ v(z,a)u(z,a)da+ g(z).
/

We will be concerned in this § with the existence of a solution of the above system,
the stability of which will be investigated in the following one.
To this end, we consider first the system (4.1;) — (4.14) in which we perform

the substitution
% = v exp (—]A(a)da) .
0

We obtain for v the system :

% —A? (vez:p (— /(A(a)da) ,r) Av =0,

(4.2) v(z,0) = v1(z),
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g—: +cv = h(z,a) exp (— ]A(a)do) ,

0
r = ro(2),
B o
(4.3) b(z) = ]0 p(z, o) exp (— ]A(ﬁ)dﬂ)v(z,a)da,
0
b(z) = p1(=),
B a
(4.4) fu(a:,a)v(::,a) exp (— /A(ﬂ)dﬂ) da+g(z) =0,

in which ¢,(z) is an auxiliary, for the moment arbitrary function, which satisfies
the conditions

(4.5) m; < p1(z) < my, m; = const .,
e1(z) € HA+D(Q),

and ry is another function

(4.5") ro(z) € HAY2(Q).

For the system (4.2) we consider the mixed problem: replacing it, by the set of

systems: .
(k)
3; - A (v("‘l) exp (f A(a)da) ,70) Av*) =0,
¢ o
(4.6) o®(z,0) = p1(2),
* 7
3; + cv'®) = h(z,a) exp (— jA(a)da) , k=1,2,...
n
0

where v{® is a function belonging to the class K defined by:

U(B)(z’ 0) = p1(z),
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© f
a;n +¢cv!® = h(z,a) exp (— fA(a)a'a) ,
0

v(® e HH2)(q),

A42,h 0241 A2 A+2,A0241
IWOHG A < et + a2,

¢y is a constant which will be determined in the following.

The system (4.6) with k = 1, has a unique solution v{!) (see p.364), which is
positive, and belongs to the same class K, with ¢; depending only on the coefficients
of the equation, and not on ¢, and k, the same ¢, is taken in (4.7). The positiveness

of v{!) results from the fact that, as a consequence of the maximum principle, the
values of v(1) lie in the interval

{min [gol(a:), h(z,a)exp (/A(a)dcr))] ,max [p1(z), k(z, a) exp(A(a)da)]} .
0

Iterating this method, we obtain the sequence v(!), v(?), .. of positive functions,
belonging to K.
For what follows, we need an estimate of the difference between two elements

v(®) and v(*=1) of the above sequence. It is easily seen that this difference satisfies
the system:

S(p(k) — y(k=1)
(U_%v_"“) —- A (”(k-l) exp (—A(a)de), ro) A (v(") _ v(k-l)) _
JATN"
=| — (k—1) _ . (k-2) (-1}
( 3v ) (1) & ) Au 3

v®)(z,0) — v*-(z,0) = 0,

v* )z, 0) — vk-1)(z
6( (z,0) - -l ( '0)) +c(v(k)(v(k)(z,0) = v(k—l)(z,O)_) =0.

From the same theorem, already quoted, we have
(4.7)
(]) _ (k=1)|[(A+2,0/241) QA" o - -
[|t¥) — 1l A 2415 <c = Ay(k-1) _“v(k 1) _ lk 2)||(;\+2,J\/2+1).
v

As a consequence of the fact that vt*~1) € K it results that Av*~1) is bounded,

and that the bound depends only on the coefficients A2 and A. Supposing satisfied
the supplementary condition

on

Ju

c Av < ],
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it results that the sequence {v(¥)} converges uniformly. The limit v is obviously
the solution of (4.2).
Further we need an estimate of the difference between two solutions »* and v”
of (4.2), corresponding to initial functions ¢, ¢”| € K. Denoting
U= (v —uv")el, [ — constant |
this function satisfies:

aU 2/ 4 a_A_E). H) —
—E;—A(U,TO)AU'{'(F—(BI‘ Av U—O,

(4.9) U(z,0) = ¢} — ¢,
ou
3_11 +ell = 0.

If we choose I == (aa“:f) Av”, from the maximum principle it follows

U] = o' —v”|e"= < max @] — ¥},

and finally
[v = v < max |, 7.

We come now to the system (4.3}, where we conceive v as an operator on the space
& of functions ¢; defined by (4.5). Using Banach’s fixed point theorem, and the
above estimation of v/ — v”, we deduce that the transformation leading from ¢; to
b, transforms the space @ into a set of functions b, so that:

B

B B
Mg, < M ]u(:, a)da < /p(r,a)v(az,a)da < M, /p(z,a)da < Maji,,
o 0 o

where M, and M, are the lower ans upper bounds of v and f,, i,, are the lower

and upper bounds of
B
j,u(:c,a)da.
0

(4.11) Mg =m;,

Now supposing that f; satisfy:

it results that & is transformed into itself.
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On the other hand, we have
B
|6 = 8" < fp(z,a)fv’ — v"|da < i, max ] — " |e" B.
0

We must also suppose a second restriction of g, namely
(4.12) me' B <1,

in order that the transformation (4.3) be a contraction.

It follows so that the system (4.2), (4.3) — and also (4.1;) —(4.14) has solution.

The uniqueness of this solutions results from the maximum principle, applied
to a system analogous to (4.9) for the difference of two solutions, with the same
initial and boundary values.

We can also state:

Theorem. If A’ € C', and conditions {4.8) and (4.12) are satisfied, with
r> (%) Av, then system (4.1,) — (4.14) has a unique solution.

The relation (4.15), must be considered as a compatibility condition implying
the solution of the system (4.1;) — (4.14). Obviously, if this one is not satisfied
then the system (4.1,) — (4.15) has no solution.

5. The stability of the steady state solution. We will suppose in this §,
that the system (4.1;) - (4.15) has a unique solution u € H+2X241)(Q 1), and
consider a system

w5t aa AU, RAU + A@VU =0, U =U(z,t,a),

U(x,0,a) = u(z,a) + u\(z,a),

B
Bz, t) = /,u(:c,a)U(:n,t,a)da,
0

ou
an + clU = h{z,qa),

(5.1) R(z,0) = ro(z) + ri(z),

— = [ vz, a)U(z,t,a)da + g(z),
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with the same coefficients as (4.1) — independent on ¢ - and will prove, that
under certain conditions — the steady state solution is stable, i.e. given € > 0, one
can find é so that, if,

(5.2) fual, braf < 8,
then
(5.3) U ~ul,|R—ri| <e.

To prove this result, we put:
U(z,t,a) = u(z,a) + Ui(z,t,8),
R(z,t) = ro(z) + Rui(z,?).

Tacking into account the fact that u and rg are the solutions of (4.1), it follows:

a, @ AAZ\" AZ\"
T+ G- wvnrormsveaew = ((57) ve (55) 2o
(5.4) Ui(z,0,a) = w(z, a),

B
Bb=p, (z.0)= jp(z,a)Ul(z,t,a)da,
0

al,

r clh =0,

iR, |

L j v(z,a)Uy(z, 1, a)da,
J .

Ry(z,0) = ri(z).

This system is analogous with that studied in §3. For @ > ¢, by the intermediate
of the substitution
a—t=a, t=T7T,

and using the already cited theorem 5.3, pag.364, {5], we deduce (with the notations
of (2] )

dA\"
IO+ < AlIRI® + Al @4, y=cau(GH) L A=
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RND < mfih I + In)iY, m =¥BT, 7= maxy,

< m;w}”m-z) + ||7‘1||('\+2),

from which, supposing

(5-5) ym < 1,

we obtain

IIUIH(A+2) S (1 _ .Ym)—l (.},“rlll(:\+2) + ﬂ”ulll(liﬂ)) )
IR < (1 = ym)~* (IIra IO+ + Brmifuy [+9) ;
for a < t, using the substitution

t-a=71, a=a,

we obtain:

ITANIC*D < IR () + 8[| €1|*+2), 6=cy ¥y = Us(z.7,0)
1Ry I*) < m]|U, ||A+2) + “,.l”(xq.z)’

931142 < 7 (HIRND + 6wl O+D) + 7 (NRAID + BllulO+2),
t
A= max/p(z,a)da,
0

from which, supposing in addition

(5.6) my + 6 < 1,

we get

91O+ < (1 = 65— ym) ™ (22lIrallO*D) + Bllu|*+2)
UHAD < (1 = ym) ™ (1 - 85y — m) ™"

(71 + 67 = ymllrdl 442 + B[4+

|RI) < (1 = ym) ™' (1 — ym — 65)
[(1~ 65— ym = 2my = 87) i [2+2) + mB8p] s ||+

from which the stated stability results immediately. So we can state.
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Theorem D. If conditions (5.5) and (5.6) are satisfied, the steady state so-
lution of (4.1) is stable.
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A NEHARI-TYPE RESULT FOR TIME-VARYING NODES

BY
A HALANAY

Dedicated to Professor Viorel Barbu for his 50 aniversary.

Introduction This paper contains essentially an extension to the case of time
varying coefficients of some results of Glover [1}, {2]. Given a time varying node
(A, B,C, D; X,U,Y) we consider, assuming an exponentially dichotomic evolution,
input-output operators from L#(R,U) to L{R,Y) and associate corresponding
Hankel operators; it is proved that the norm of the Hankel operator equals the
largest singular value, and then that this norm equals the distance form a node
with exponentially stable evolution to the set of all nodes with antistable evolution.
By duality a corresponing result holds for the distance from a node with antistable
evolution to the set of all nodes with exponentially stable evolution. By using
anideaof Jonckheere, Juangand Silverman 3], an explicit construction is
given for a node with antistable evolution approximating a node with exponentially
stable evolution.

2. Exponential dichotomy. Input-output operators. Hankel oper-
ators. Let A : R — M, ,x(R), B : R — M, n(R), C : R — Myx,(R),
DR — Mp,(R) be continous and bounded operators ; Mix,(R) denotes
the set of matrices with & rows and j columns with real entries. With X = R"”,
U=R™ Y = RP, (A B,C,D;X,U,Y) will be called a time-varying node (see
[3]). Associate the system

g + A(t)z + B{t)u, y=C(t)z+ D{t)u

We shall denote by Xa(-,-) the evolution operator associated to A defined by
X{(s,8) =1, $X4(t,5) = A(t)Xa(t,5). The evolution defined by X4 is exponen-
tially dichotomic if there exist a projection II;?J, B8>1a>0,such that

[Xa(t,t)TA X a(to, 8} < P07 fort >

1Xa(t80)(F = HE)X alto, s)] < B 077 fors>t.

If A defines an eponentially dischotomic evolution and II{ = I the evolution is
exponentially stable, and if I} = 0, the evolution is called antistable. If A defines



