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Theorem D. If conditions (5.5) and (5.6) are satisfied, the steady state so-
lution of (4.1) is stable.
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A NEHARI-TYPE RESULT FOR TIME-VARYING NODES

BY
A HALANAY

Dedicated to Professor Viorel Barbu for his 50*# aniversary.

Introduction This paper contains essentially an extension to the case of time
varying coefficients of some results of Glover (1], [2]. Given a time varying node
(A, B,C,D; X,U,Y) we consider, assuming an exponentially dichotomic evolution,
input-output operators from L*(R,U) to L(R,Y) and associate corresponding
Hankel operators; it is proved that the norm of the Hankel operator equals the
largest singular value, and then that this norm equals the distance form a node
with exponentially stable evolution to the set of all nodes with antistable evolution.
By duality a corresponing result holds for the distance from a node with antistable
evolution to the set of all nodes with exponentially stabie evolution. By using
anideaof Jonckheere, Juangand Silverman [3], an explicit construction is
given for a node with antistable evolution approximating a node with exponentially
stable evolution.

2. Exponential dichotomy. Input-output operators. Hankel oper-
ators. Let 4 : R — Myuo(R}), B: R — Muym(R), C : R — M, (R),
D:R - My m(R) be continous and bounded operators ; Mixy(R} denotes
the set of matrices with & rows and j columns with real entries. With X = RP,
U=R",Y =RF, (A, B,C,D,X,UY) will be called a time-varying node (see
[3]). Associate the system

' + A(t)r + B(i)u, y=C(t)x+ D(t)u

We shall denote by Xa(-,-) the evolution operator associated to A defined by
X(s,s) =1, $£X(t,5) = A(t)Xa(t,s). The evolution defined by X4 is exponen-
tially dichotomic if there exist a projection l'l;";, > 1,a > 0, such that

IXat,t)IIA Xa(ty, 5] < P fort>s

|Xa(t, to)(I = HA)X a(to, s} < B 07" fors>t.

If A defines an eponentially dischotomic evolution and II{ = I the evclution is
exponentially stable, and if I} = 0, the evolution is called antistable. 1f A defines
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an exponentially dichotomic evolution we may associate an input-output operator
from L3(R,U) to L% (R,Y)

(GABCDy(t) =D(t)u(t)+f C(t)Xa(t, to)[1 X 4(to, 5) B(s)u(s)ds—

- joo C(t)XA(t, iu)(f —_ H;‘:)XA(tg,s)B(s)u(s)ds.

If we write L*(R) = L*(—00,1) @ L?(tp, %), we associate the Hankel operator

I‘S:’B’C’D) = P,GAB.CDIP where Py, P, are projections corresponding to the

decomposition above. Remark that if the node has an antistable evolution, then
FS:'B'C'D) = 0. Given a node (A, B, C, D) with exponentially stable evolution and
a node (Z, 5, 6’, D) with antistable evolution, we shall have

A 0 B
P -1l ~ 1.|C=-C},0
”G(A.B.C.D) _ G(A,B,C.D)II > ”G(( 0 A) (B) ( N) )Plll >

> rg(: i) e-0) I = lIri2c00y

hence inf{{|G(4.BC.D) _ G(I'E’E'D)H,E with antistable evolution } >

sup,, ||I‘$:'B’C’D)||. The Nehari-type result asserts that we have in fact equality.
3. Hankel operators and singular values. Let (A, B,C, D); be a node
with exponentially stable evolution and define

P(t)y= '/j Xa(t,s)B(s)B*(s)X (t,s)ds

Q)= [ Xi(0C ()0 X alo, s
then P(t) > 0, Q(t) > 0, P, Q are bounded, and satisfy the Liapunov equations
P' = A(t)P + PA™(t) + B(£)B"(t)
Q'+ QAW) + A°(1)Q + CT(O)C(1) = 0.

It is proved in [5] that the nonzerc eigenvalues of [I‘,(:’B’C'D)]‘[FS:’B'C’D)] are the
nonzero eigenvalues of P(t;)Q(to), called the singuiar values (squared) of the node.
From here we deduce the important for us fact that

sne (1377 “P|? = sup 7(P(t0)Q(to))

where r(A ) means the spectral radius of M.
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4. Antistable approximation of a stable node The following construction
is inspired from [3].

Theorem. Consider a node (A, B,C, D) with A defining an exponentially
stable evolution and (A, B) uniformly controllable. Let P, €} be as above and

assume that sup r(P(to) Q(to)) < 7% Let P(t) = L P11 - LHQ(t)P(1)]™"; define

A=-A"+ C'Cﬁ, 1§~:~QB, C = —CP. Then A defines an antistable evolution
and HG(A,B,C,D) . G(A,B,C,D)H < 7.

Proof. a) Because of the uniform controllablitity of (A, B), Pis invertible with
a bounded inverse and we may write P = (y¥*P~!' —Q)~1. To prove that A defines
an antistable evolution we show that ~A4* = A — PC*C defines an exponentially
stable evolution. Denote W = P~!; we have v/ SW({t)<pl,v>0. Letz bea
solution to =’ = (A — ﬁC‘C)z:; then a direct calculation gives

d [4 4 o o 1 [+3 o
E(x Wz)=-z°C C:c—:y—zr (W +Q@Q)BBY(W + Q)=

and from here 1t follows that [ |C(s)x(s)|?ds < u|z(r)[?>. Since A defines an

exponentially stable evolution and — PC*Cz may be now viewed as an L%-input,
we deduce in a standard way that z is L? and £ 12(s)|2ds < @lz(r)|. Such
property implies that 4 ~ PC*C defines an exponentially stable evolution.

b) The node (A, B,C, D) — (A4, B,C, D) may be written as

4 0
(4.8.¢,0) A—(o —Aa+cac§)

B= (BBQ), c=(c CP).

To this node we associate the Riccati equation
1
R'+RA+ AR +CC + :Y-ERBB“'R =0

A direct calculation shows that this equation has the bounded on R solution R =
Q@ -
-1 -F
A new calculation gives

fm “G("’B'C'D)u - G(ZJE’E’D)u] (t)lzdz = / " vececxds =
—0Q —

[=3]
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teo *eo
= —j +2 dt+ 7?f u®udt
i _

hence ||G{A-B:6.D) _ G(A.B.C.D)|| < 42 and the theorm is proved.

The Nehari-type result follows directly from this theorem.

5. Stable approximation of an antistable node. For a given node
(A, B,C, D) with A defining an exponentially dichotomic evolution we associate
the adjoint node (—A*, —C*, B*, D*) with the property that G(-4%.—C".B%.D%) _
[G(A, B,C, D)]*. Let now (A, B,C, D) be a node with A defining an antistable evo-
lution; associate the adjoint node and apply to it the construction in the Theorem.
The corresponding Liapunov equations are P’ = —~A"P - PA+C"C, Q'— Q;l“ -
A@Q + BB* =0, and a similar condition on the spectral radius corresponds to the
fact that the norm of the Hankel operator defined as ’H(A B.6) - = PGAB.C0Pp, ig

less than -y. We take now, assumming that (C, A) is uniformly observable, Q) =

1 2
—BRY — u

P(t)[I - Q(t)P(t)]'“ A=A+ BB*Q,C = —B*Q; A has an antistable
eVO!llthE, [l{G(A BCR) G(ABE .0 Y| € v and we deduce that ||G¢4/B.C.P) _
G085y < .

The stable approximation of the antistable node (A,B,C,D) is

(~(A+ BB*Q)",0B,~CQ, D).

6. Double coprime factorization, a family of stabilizing compen-
sators and robust stabilization. Let (A4, B,C,0) be a node with (A, B) uni-
formly controllable and (C, A) uniformly observable, let F', H be bounded and such
that A ~ BF, A — HC' define exponentially stable evolutions. Define the nodes
M = (A~ BF B,—-F 1), M=(A—HC,H,—C,]), N =(A-FB,B,C,0),
N=(A-HC,B,C,0), U= (A—HC, H,F0), =(A-BF HF0), V=
(A~ HC,B,F,I), V =(A— BF,H C,I). We have the double coprime factor-
ization .

—

GABED) o (N4 DMIM ' = MY (N+MD), VM+UN=1, NU+MV =1

The node G, = (V + LN)Y"WLN = U) = (ML — U)(V + NL)~! defines a family |
of stabilizing compensators for G(4:8:¢%) parametrized by the node L with expo-
nentially stable evolution. Assume that A defines an antistable evolution and that

stabilization was performed with F = B*Q~'and H = P~1C*; then M* = M™!
and M* = M-, We deduce that

HG! — GG P = \M(L - M~U)M)|? =

=supo[M~}(L—- M~U) (L - M~'\U)M] =
=supof(L - MUY (L-M'U)=||L-MU|~
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A calculation shows that the node M~ = M~/ is equivalent to {(—(A — BF)”,
(:6@) ', B*,0), which is with antistable evolution, while L must have an ex-
ponentially stable evolution. A new caleulation shOWS that M*U is equivalent to
(A, P1C*, B* Q 1 0). Adding a stable node does not change the Hankel operator
and

max”'H‘L e U||2 l/mm min a(P(tg) ( 0));

if ¥? > ]/minmin o(P(t0)Q(ts)) we may construct the stable approximation L

such that, I[L ~ M*U|l < v. A calculation leads to L = (~(A + HC(y 2QP -
) (v2PQ - 1)~'C*,—B*(PQ~") and the corresponding compensator is de
ﬁned by

={(A-HC- P ' (y*PQ - 1)7'C"C)7 + Y’ Q¥ PQ ~ 1)} C*u

y=u+ B‘Q'lz

For a node (G and a stabilizing compensator G, stabilization is related to the
properties of the nodes (I — GG.)~! and (I — G.G)~!. If we are looking for
perturbations AG such that I — (G + AG)G. is still invertible, we deduce that
if 1AG|| < 1/{|G(I = GG.)~'|| the condition is satisfied. We may thus consider
1/||G:(I—-GG.)~'|| as an upper bound of admissible error for G associated to G.. A
robust compensator will be one for which ||G.({ — GG,)"?|| is as small as posmble
We have constructed a stabilizing compensator for which J|G.(I — GG.)7!}| is
"almost minimal”.

=(A-HC - BF): + BB"Q7'3,
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