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PARALLELIZABLE GENERALIZED HAMILTON SPACES

BY
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Introduction. Recently R. Miron (2, 4] proposed the notion of generalized
Hamilton space which is the dual notion of generalized Lagrange space. And also he
have the notion of N-almost Hermitian model of the generalized Hamilton space.
On the other hand, the author [7] introduced the notion of parallelizable generalized
Lagrange space and gave the d—connection with some properties.

The purpose of the present paper is to investigate the parallelizable generalized
Hamilton space which is the dual of parallelizable generalized Lagrange space.
In §1 we give the preliminaries about the generalized Hamilton space. In §2 we
investigate the d—parallelizable spaces and give the d-connection without curvature.
In §3 we define the parallelizable generalized Hamilton space and give the metrical
d-connection without curvature. In §4 we give some notions which are used in §5.
Last section is devoted to some geometrical meaning of parallelizable generalized
Hamilton space.

The author wishes to express his sincere gratitude to Professor Dr. R. Miron
and Dr. M. Anastasiei for their valuable suggestions and encouragements.

§1. Generalized Hamilton spaces ([2,4]). Let M be a real C°°—manifold
of dimension n and #*:T*M — M its cotangent bundle. If {U, '} is a local chart
on M, then (ﬂ"_1 ),z p,—) is a local chart on T* M. A coordinate transformation
on cotangent bundle T* M is given by

. ) n _ 0L o5
(1.1) =7 (.. . 2", Pi = Z=Pir detug:;}-";é&
The indices i,j,k,... run over the set (1,...,n) and Einstein convention of

summation is adopted.

Let V be the vertical distribution on T* M. Thus {6‘1 yees ,5"}, & = 3/8p;,is a
local basis adapted to V. Denote by N a C®-~distribution on 7* M supplementary
to V. Then we have

Tu(T°M)=N,®dV,, foranyueT" M.
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N is caled a non-linear connection on T*M. We can give a local basis
{61,...,6,} adapted to the distribution N in the form

(1.2) b= 0+ Ny (z.p) ¥, 8=/ (i=1,...,n)

The system of functions N;; (2, p) given on each domain of chart (m==1(U),2', pi)
represents “the coeflicients” of the non—linear connection N. With respegt. to (1.1)
the coefficients Nj; (z,p) of the non-linear connection N have the following trans-
formation law:

— . Oz* oz 2 z*
(13) N:,(z,p): —3—5—;6? Nkh (I’p)—i—pkaf‘?a?
It is known that when the base manifold M is paracompact, there exist non—

linear connections on T M.
With respect to (1.1) we have

_ B v 8T ..
(1.4) 6{:563', 0 25;;-63

Consequently {§;,... 6,8, ..., 8"} is a local basis of the F (T M)-module
of vector fields X (T M), adapted to the distributions N and V. If we put

(1.5) 8pi = dp; — Nij (z,p)da?,
then {dz!,...,dz",6p,,...,0p,} gives the dual basis of the local basis {6y, ..., é,,

8',...,8"} and with respect to (1.1) we have

;0T __0x
(1.6) T = @d;n’, 6p; = 55-'-.—6;),.
We call a d-connection on M a triple HT (N) =.(N.',-, Hjy, C;'*) formed by a
non-linear connection Nj; (x,p) and H;% (z,p),C;** (z,p) whose transformation
laws with respect to (1.1} are given by

—i = 0T 8z 8z' T 9"
Hi'e (Z,p) = 32" 3% QH" t{z.p)+ oz 5T O’
(1-7) — ot az* 8T
Cj‘k (z,p) = =25C (xsp)‘

T 3z 0% Ot '
Then we can define the h— and v-covariant derivatives with respect to the d-

connection HT (N), e.g. for a d-tensor field KJ‘-' (z,p) as follows:

: : . . e . -
(1.8) K = 6uK} + K[ HA — KEH™,, K" = @K} + K[C,™ - K;C;™
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The Ricci identities contain the curvatures and torsions of the d—connection
HL(N):
K = Kjiape = KR en — KIR en = KIL Te"h = K7 Rea,
(1.9) Kol = KM = K7 PSP — KEPTh ~ K O — K Pt
Ki|*|* = Kj|ME = KPS0 _ gigmen o K[" Sk,
where the torsion tensor fields are as follows:

T:'ilk - }{jik o Hkij; Sjik - (Cjik . Cjki) ,
gki——(éiNjk—Hjlk); Ci™, Rk = 6; N — 8N,
and the curvature tensor fields are defined by

Rjilch. = 5h.HJik = 6kHjih + erhH:k + CjirR,kh,
Sj:’kh . ahcj:.l' o a'kcjih + erkc‘-ih _ erhcrik_
There exist eleven Bianchi identities for HT (V).

A d-tensor field g%/ (z,p) on T* M of type (2,0) which is symmetric and non—
degenerate is called a fundamental tensor (or metric structure) of the manifold M.
The pair M™" = (M, g% (z,p}) is called a generalized Hamilton space.

If there exists a C®-function H:T*M — R such that 99 (z,p) =
= (1/2) 0?H /8p:3p; is non-degenerate, then H™ = (M, H (2, p)) is called a Hamil-
ton space. In the case where H is positively homogeneous of degree 2 with respect

to pi, H™ is a Cartan space C". If the fundamental tensor field g% (z,p) does not

depend on p;, C* is a Riemannian space V". The inclusion relation among these
spaces is as follows:

{1.10)

{(V*}c{cryc {(H™)y c (M)

Let g;; (z,p) be the d—tensor field given by g¢' (z,p) gin(z,p) = 6,. A d-
connection HT (N) is called metric with respect to the fundamental tensor g% (z,p)
if
(1.12) =0, =0

The following remarkable theorems were proved by R. Miron [2,4].

Theorem 1.1. There exists a unique metric d—connection CT (N) = ( f;_,- e

¢ . ¢ e .
C; .'k)’ for a fixed non-linear connection N, having the property T; e =5; ik —p.
This d-connection is given by the ”Christoffel symbols”:

1 .
Hj 'k = 59™ (Bugn; + bigmk — Sagje),

(1.13)
C;* = —39ih (Bky'“ +dight — B“g‘*) :



354 TOSHIO SAKAGUCHI 4

We call this d—connection CT'(N) = (fi, ‘k,Cc',- ”‘) the N—canonical metric

d-connection.

Theorem 1.2. There exists a unique metric d-connection HT(N) =
= (H;%,Ci¥), for a fixed non-linear connection N, whose torsion tensor fields

T,-"k and SJ-”‘ are given a priori. This d connection Is given by

. c 1 .
) Hj'k :Hj 'k + -Q-g" (grthhk - ythrhk + g’khrf,‘jhr) ;
{1.14 . . 1 ) ) .
Cjtk ICJ ik igj!' (grhshtk . g:hshrk +gkhshnr) :

where CT (N) = (hc'J N 5’_,- ”‘) is the N —canonical metric d—connection.

The relations between the two d-connection HT (N) = {Nij, H;'x, C;**) and
H Iu‘ (1’\?) = (]\o’,-j,ﬁj "k,cg, “’) are given by the following equations:

o B 0 5 - . . o . 5
(115) N;'j :Nij +Aijr Hj‘k :Hj i+ Cj ‘mAmk'i'Bj‘k: Cjtk :Cj 1k+Dj:k,

where Aij (2,p), Bk (x,p) and D;'* (z, p) are d-tensor fields.
§2. d-Parallelizable spaces. Let M be an n-dimensional differentiable
manifold and 7" M its cotangent bundle.

Definition 2.1. M is called a d—parallelizable space if there exist n globaly
linearly independent d-covector fields on M.

In the d-parallelizable space we have n globally linearly independent d-covec-
tor fields Z} (z,p),..., 20 (z,p), thus det{|Z7|| # 0. Hence we have the inverse

matrix of || Z#||, which is denoted by "Z‘a“ that is,
(2.1) ZPZE =63, 282, =6

Remark 2.1. Because p; is a non-zero d-covector field on M, we always
take Z.-l = Pp;.

Theorem 2.1. In a d-parallelizable space {M, Z{}, we fix the d—connection
HT (1\(}) = ( ]\?’,-_,-,I-:’J- Y (g’,- ‘*). Then any d-connection H['(N) = (Nij, Hi'e,
C;t*) with the property:

(A) Z&(a=1,...,n) are parallel with respect to HT (N), that is, Z§;, =0

and Z¢|* = 0, is given by

0 ) o . . o . . o
Nij =Nij +Xij, Hi'e =H; s + 2,2°% + Xemx (Cj 22} m) '
(2.2) i

. o . . ©
Cj* =C; * + 2,27 | %,
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° o
where | and | denote the h— and v-covariant dertvatives with respect to H 12 (1\‘:’)

and X;j is an arbitrary d-tensor field.
Proof. From (1.15} we have

Zie = 2% + AmeZ] | ™ = B 25 = 0, fozp|k-Dmzg =0,

7
ilk

Hence, contracting the above two equations with Z!, and using (2.1) we get

. . . < L
L S 1 " T .
By = ZQZ;?k + Amkjéz;" m D; k. Z;z;r I k-

Substituting these equations into (1.15) with A;; = X;; we obtain (2.2).
If we fix the non-linear connection N we have

Theorem 2.2. In a d-parallelizable space {M,Z*} we fix the d-connection
[} o o
HT (N)= (Hj O "‘). Then the d— connection HT' (N) = (H;'s, C;**) with
the property (A) is given by

. o . . . . ©
(2.3) Hiv=H; % + 2025,  Ci*=C;*+225 | *.
ilk ’

Theorem 2.3. All the d—connection HT {N) [(2.2), (2.3)] have th fes:
0 Rjikh 0, P,'"k" -0, S;:kh 0, {N)[(2.2), (2.3)] have the properties:
o .. — i ki _ m, :
?je}d%f" ]-{-[‘G(’j\af) Ci™pn = 0, where D;; = Nij — pm H;™; is the deflection tensor

Proof. From the Ricci identities of HT (N) written for Z®, we can easily
obtain by Zi, = 0 that R,'n = = S;:”' = 0. The second property 2° is
obvious from Z} = p; and pij = Di; =10, p.'|k = 6f = CMp, = 0.

We can find the torsion tensor fields and the Bianchi identities of these d-

,connections {(2.2, (2.3)].

§3.  Parallelizable generalized Hamilton spaces. Let M*" =
(M, g (z,p)) be a generalized Hamilton space of dimension n.

Definition 3.1. A generalized Hamilton space M*" = (M,g'?) is called a

parallelizable generalized Hamilton space if M is d~parallelizable.

Remark 3.1. From Definition 3.1, Theorems 2.1 - 2.3 are also valid in the

parallelizable generalized Hamilton space.
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Proposition 3.1. If there exist n—1 globally linearly independent d—covector
fields in the generalized Hamilton space M*", then M*" is parallelizable.

Proof. The so—called e-tensor is defined by £i; & = (/§)” 8§13, where
8130 is a generalized Kronecker delta and g = det||g”||. When g is negative, —¢
may be used, instead of g.

By assumption, we have n — 1 globally linearly independent d-covector fields

Z8f,a=1,...,n-1,0on M*", then d—covector Z} given by
ZP =epijuZlgh 23" .. 20 g
is orthogonal to Z¥,a = 1,...,n — 1. Hence the proof is complete.

From Proposition 3.1 we obtain

Proposition 3.2. Every 2-dimensional generalized Hamilton space M*? is
parallelizable.

If M*" has a positive definite fundamental tensor g*/, then we can apply the
Gram-Schmidt method for orthonormalization of the d-covectors {2},...,28} by
means of g, So we get

Theorem 3.1. If a parallelizable generalized Hamilton space M*" has a pos-

itive definite fundamental tensor g*/, then there exists an orthonormal d~coframe
R = {(=,p):¢},...,e?}, globally defined on M*".

Obviously we have

(3.1) giegel = 6°°.
We denote the inverse matrix of [lef|| by ||ei ||, that is,
(32) efels =65, efel =4

The orthonormality condition (3.1) of e gives us

o f o ° o . o
Proposition 3.3. Let H T’ (N) = (N;_,-,H,- . Cj "‘) be a fixed d- con-
nection. Then we have
i i 4 of i g e 0l Te in
(3.3) g9, +ebe®, oM rele®, gt =0, g7 |F+elen | e +elen | Fgth =0
| hik Ak
Proof. From (3.1) and (3.2) we get g*/ef' = §°%¢), and g% = 6*P¢i,e},. Hence
we get
My = 6"'”3‘0 e%-i—ﬁ“’ef,e"o = e‘o e -I-ejo el =
| & alk Bk alk plk
- __ea;eao P C'Leao .
Ak Mk

The second equation of (3.3)is obtain in the same way as above.
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Theorem 3.2. In a parallelizable generalized Hamilton space M*® with a

positive definite fundamental tensor g'/ we fix the d—connection H T (N) =

] -] o .
(N,-,—,H,— 4 Cj "‘). Then any d-connection HT (N) = (Nyj, H;'y,C;**) with the
properties:
(B) e (@ = 1,...,n) are parallel with respect to HT (N), that is, ey = 0,
k
C:’I =0,

(C) HT (N} is metric with respect to g'i(i.e., g\ = 0, ¢ [* = 0), is given by

0 , ° . . . ©
Ni; =Ny +X;, Hi'y =H; 'y + €% + X 6',' el | ™),
(3:4) ilk
s L 5
stk =Cj ik + e:’e;_:Tk’
.Proof. From Rama:rk 3.1 we must check only the metric property (C) By a
straight forward calculation we have

9 =9y +eae”y g +ele®, g+ Xon (g"’ | ™+
fx Ak Bk

- S-S
+ehef [ +eleg [mgh),

I h ] . . . r}
1 = T eeg Troh s eleg Togm.

Hence, Proposition 3.3 shows us gﬁ_ =0 and ¢" Ik =0.

If we fix the non-linear connection N we have

Theorem 3.3. In a parallelizable generalized Hamilton space M*"with a
positive definite fundamental tensor g we fix the d-connection H T N) =

o . o .
(H,- '+, Cj "‘). Then the d- connection HT'(N) = (H;%,Ci*) with the prop-
erties (B) and (C) is given by

. o . \ 2 A
(35) Hj'g =Hj t + eLe‘i”?i, CJ"* '—'C,‘ L + e:,e;-’ T E
j
.. ¥4 Linear connection on T°M ([2,4]). Let M be an n-dimensional
t!lﬂ'erentlable manifold and T* M its cotangent bundle. We consider a fixed non-
:mear connection N. Then we have the distributions N and V and {6;,0}isa
ocal basis on ¥ (7% M) adapted to the distributions N and V.
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On the total space T* M we consider the 2-form:
(4.1) 9 = 8p; Adz'.

Then @ is globally defined on T* M and is an almost symplectic structure on T° M
associated to the non-linear connection N. . 0
. The tensor field 8 of 8 has the following components in the adapted basis

{6,‘,6‘}:
42)  B@. ) =0 #(6,87) =8, 5(07,8)8, §(8%97)=0.

Definition 4.1. A linear connection V on the total space.T‘M of the cotan-
gent bundle of M is called an N—connection of Hamilton type if
1°. V preserves by parallelism each of the distributions N and V.

9¢_ @ is covariant constant with respect to V.

Theorem 4.1. A linear connection V on the cotangent bundle TT‘M is an
N—connection of Hamilton type if and only if in the adapted basis {4;, 8¢}, it is of
the form:

Vg,‘éj = Hjigég, V.;,‘é" = -—Hj'.kéj,

(43) Vékﬁizcijkéj: véké‘i:"'cijka‘;

where {H;'x, C#*) are the coefficients of a d-connection HC(N) on M.

It follows that we have a bijective mapping between the set of the d-connec-
tions {HT (N)} on M and the set of the N- connections of Hamilton type {V}on
-7 M. For this reason, the N-connection of Hamilton type V which 'corresponds
to the d—connection HT (N) is called the lift to T* M of the d-connection H I‘(N.).

The torsion T and curvature R of the lift V of the d- connection HI (N) in

the adapted basis {4;,8°} are expressed by
T(Ek,ﬁ:) = T}‘.L"SI' + Rl‘jkéi) T (3k16i) = C.Jk6’ + Pﬁajl
44 A e
( ) T(ak‘aj)zs’_ﬂ:at,
R (65,6:) 8 = Ri*eabi, R(6y,8:)0° = —Rjfud7,
(4.5) R(8%6:)6 = Pis*6, R (8%,6) 8 = -P's*8,
- R(8%,8%)8 =58, R(%,0%) 6% = -5,
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Next we consider a generalized Hamilton space M*" = (M,g" (z,p)) and a

fixed non-linear connection N on 7" M. The fundamental tensor g/ (xz,p) deter-
mine on the total space T"M the tensor field:

(4.6) J(z,p) = gij (z,p) 6° @ d27 — ¢ (x,p) & ® bp;.

Then J is a tensor field of type (1,1) globally defined on T*M and is an almost
complex structure on T* M. We have

(4.7) JE)=0507,  T(8)=~d8, JeJ=-I
where I is the identity.
The fundamental tensor g/ (z,p) determines the Riemanian metric on T* M:

(4.8) G (z,p) = gi; (,p) dz’ ® d2’ + ¢ (z,p) bp; ® 6p;.

The metric G (z,p) will be called the N-lift of the metrical structure g (z,p)
of M*".

Proposition 4.1. The distributions N and V are orthogonal with respect to
the metric G (z,p).

Theorem 4.2. 1°. The pair (G, J) is an almost Hermitian structure on T* M.
2°. 0 = ép; Adz' is the associated almost symplectic structure to (G, J).

Theorem 4.3. If G(x,p) is a Riemannian metric on T*M, N is the supple-
mentary orthogonal distribution to the vertical distribution V with respect to G
and (G, J) is the almost Hermitian structure on T*M for which 8 = ép; A dz' is
associated almost symlectic structure, then there exists a unique metric structure
¢ (z,p) on M such that G is its N-lift.

Let H?" = (T*M,(G,J)) be an almost Hermitian space determinated by the
structure (G, J).

Theorem 4.3 shows that if the non—linear connection N is fixed, there exists a
bijective correspondence between the set of the spaces M*™ and the set of the space
H2"_ Therefore H2" is called the N-almost Hermitian model of the generalized
Hamilton space M*". Shortly we say ” H?" is the N~model of M*"”.

Definition 4.2. A linear connection V on T*M is called an N-almost Her-
mitian connection if

1°. V¥V is an N-connection of Hamilton type on T* M,

2°. 'V is a metric connection with respect to the N-lift G {(z,p) of the metric
structure g*? of M*".
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. sthom 4.2. ¥V is an N—abmost Hermitian connection on T° M, then
we bave VxJ =0 for afl X € X (1™ M).

Theorem 4.4. There exists a bijective correspondence between the set {V}
of the N-almost Hermitian connections and the set {HT (N)} of the metric
d-commextions with respect to the fandamental tensor field g/ (z,p)-

$5. Sume geometrical meanings of parallelizable space. In this section
we fix the non-Jinear connection N. Then we have two distributions N and V such
that T(T*M) = N @ V, where T (T M) is tangent bundle of T*M. We call the
wertor bedonging to N and V' the borizontal and vertical vector, respectively.

Now ket M™ = {M,¢% (z,p)} be a generalized Hamilton space. From the
fandnmentsl temsor g% (x,p) we heve the almost complex structure J and the
Bismannisn metric G on T M. We denote the N-almost Hermitian model of M*"
by H* =(T"M.(G,7))-

Definition 5.1. An N-almost Hermitian model H?® = (T* M, (G, J)) of the
grmeralized Hamilton spsce M™ = (M,g% (z,p)) is parallelizable if T* M is par-
aflclizable.

Proposition 5.1. K M™ is parnllelizable, then there exist n globally linearly
imdependent vertical vector ficdds on H>*.

Proof. From Definitions 2.1 and 3.1 we have n globally linearly indepen-
demt d—covector fiedds ZF,a = 1,...,m. Then the vectors Z¢ defined by Zy =
Z7d% (a = 1,...,n) are n globally finearly independent vertical fields on H2".

Proposition 5.2. I H™ bas r globally linearly independent vertical vector
Siekds, then H* is paraliclizable.

Proof. By assumption we have n globally linearly independent vertical vec-
tor fiedds Z1,...,Z5. Then we define the horizontal vector fields ZH by zH =

JI{E)(a=1,...,m). Then we have 2n globally linearly independent vector fields
B, . ..23,28,. .  ZF on BH™.

Proposition 5.3. H H™ is paralklizable, then H>* has n globally linearly
independent vertical vectar fields. )

Proof By assumption we have 2n globally linearly independent vector fields
X, = X6+ X; 8 (a=1,...,2n). Hence det || X} X:lL;é 0. Therefore the rank
of the matrix | X ;] is equal to 0 and we can take det| X; [ #£0 (s,i=1,...,n).
Hence we obtain n globally lincarly independent vertical vector fields X defined
by X8 =X; 6° (a=1,...,n).

Theorem 5.1. M*® is parallelizable if and only H n ig parallelizable.

Proof. If M** is parailelizable, then H*" is paralllizable from Propositions 5.1
and 5.2. Conversely, from Proposition 5.3 we have n globally linearly independent
wertical vector Gelds 23 = Z7 (z,p)9° (a =1,...,n). Hence we have n globally
Fnearly independent d-covector fields Z7 (#,p) (¢ = 1,...,n)on M.
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. Proposition 5.4. If M*" with a pasitive definite fundamental tensor ¢ (=, p)
is pa;aﬂeﬁzabk, then there exist n globally orthanarmal vertical vector fiekds
on H**,

Proof. From Theorem 3.1 we have n globally orthanormal d—covectar fields
el,...,e?. Then the vectors ¢J deefined by ef = 23% (a =
necag ye§ =efd* (a =1,...,n) are n globally
o:'thono;mal vertical vector fields on H™™. v ( yaren

Proposition 5.5. If H?>" has n globally arthapormal vertical vector fiekds,
then H?" has 2n globally orthonormal vector fields.

Proof'. By assumption we hav n globally orthongrmal vertical vector fields
el = e2d’ (a=1,...,n). Using the nontinear connection N and the funda-
mental tensor g*/ (z,p) we define the horizontal vector fields e& by e = J (ef)

‘(;:Iz l,é.é,gg.ﬂgﬁnce we have 2n globally orthonormal vector fields el , ..., e},
Ho...ef .
Hence we obtain

Theorem 5.2. If M*" with a positive definite fundamental tensor ¢'/ (z,p)
is parallelizable, then there exist 2n globally orthonarmal vector fields on H ’“.h

Theorem 5.3. If M*" with a positive definite fund tal ..
is parallelizable, then tensor g* (z.,p)

1° . There exists at least an N-almast Hermitian connection V on H*™ wiith
the properties:

Vxep =0, Vxel=0 forall XeX(T'M),
where e} = efd%, e = J (eX) and ¢},..., e are globally orthonormal d—-covector
fields on M*".

2¢ . The curvature tensor field R of V vanishes.
Proof. From Theorems 2.3 and 3.3 we bave the d-comnection HI'(N) =

(Hj', Cj¥) with the properties:
(%) e =0, efl*=0, gdip=0 =0
(i) Rifwm=0, PH*=0 SH=o

By Theorem 4.4 the lift V of this d—connection HT (N) is the N—almost Hernvitian
connection on T M. From (4.3) we get

Vieh = Vi, (78°) = (faef) 8 ~ 2 H;18% = gud’ =1,
Viaeh =V, (e78%) = (3%) 8 - 287 = 1'd* =,

;hich sEows us Vxeg = 0. Using Proposition 4.2, we bave VxeX =V J(e2) =
(Vxeg) = 0. From (4.5) and (ii) the curvature tensor field R of V vanishes.
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Conversely, we have

Theorem 5.4. If M is a C¥-manifold and M*" has a positive definite funda-
mental tensor g'! (z,p) and H?" has an N-almost Hermitian connection V without
curvature, then in every point £ € M*" we can find an open set U, C M*" 2z € U,
and there exist n orthonormal d—covector fields on M '"\U‘.

Proof. Let us consider the system of partial differential equations VxZ = 0.
This system is completely integrable by virtue of the fact that the curvature R of
V is zero. That means, there exists an open set Uz in every point x € M*" and
exist 2n linearly independent vector fields Zy,.. ., Zopon m P {U)CT M. We
can decompose the vectors Zy,...,Z2n to the horizontal and vertical parts in the
form: Zy = ZH 4 ZY,..., Z2a = 23, + Z§". We can take on 7*~1 (U,) n linearly
independent vertical vector fields from the vertical vector fields {(Zy,.... 20} If
we orthonormalize the above n vertical vectors by means of the fundamental tensor
g*, then they determine n orthonotmal d-covector fields on M*"|,; .
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A VARIATIONAL CHARACTERIZATION
OF THE EUCLIDEAN n-SPHERE

BY
GIOVANNI ROTONDARO

Let M be a closed orientable C® n-manifold and f : M — E"*! he a O

immersion into Euclidean (n + 1)-space, such th igi i
ot lie n F(A). Set )-space, at the origin O of coordinates does

(f) = fM | F I,

where | | is the Euclidean norm, and dV i

' - 3 , is the volume element of the induced
Riemannian metric on M. If I(M, E**') is the set of all such immersions, then
Ta 15 a real functional on this set, ,

Denote by v the Gauss normal field of f, and consider the normal deformation
f=Ff+ter,

whe;"le 3 :hll't)ff — R is a C® real function, and the real parameter ¢ varies in a
small neighbourhood of zero. Following the conventions of [2], w denote by & the
operator (3/8t):=q, and call f a critical point of 5 if

drm(f) =0

for every choise of .

feomg‘;z?:et:l. T ge ti‘ggctionall'] Tv has a critical point if and only if M is dif-
an kuclidean sphere. In fact, every such critical i ion i

. + 4 m

embedding of M as an Euclidean sphere with centre 0. emen

P -

' 1:)(;1‘. We have 87 (f) = [, (6| f{™" dV+ | £|=" édV). Setting p = ~fv
since | £ |° + | f |7+ 22 = i o - |
lation - P 2pt, we obtain 6! f | ™" = npyp| f |""7%. By a calcu-

very similar to those carried out in [2, p.127], we have 6dV = —npHdV

where H is the first mea i d
n cur ] L
eurvatures. Then vature, i.e. the arithmetic mean of the principal

Srar(f) = nfMgoIfI'“'?(p-Hlff)dV.



