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Henee we can have ANALELE STHTIFICE ALE UNIVERSITATII ®AL 1.CUZA" JAS]

Tomnl XXXIX, 5 l.a, M:u‘.t-mallcn, 1993, {.3.

(DwDuRNX.Y.2,V) — (Dy Dy RYX.Y. 2. V)=

29
(2.24) (WX Y. 217

where o(W,U) = (Duwo){l/) ~ (Deo)(W). Therefore. i, CONSCQUeNee of
(2.14) we have

U)X Y. ZV) + o Z V)X, y e oy
+ (X Y)QZ V.U = ¢

Henee sinee we Lave QX Y, Z, V)= X V. X V) (295 I are of the STANISLAW GOZDZ
form (2.15) in which the wdices 7, 4k are replaced by pairs, 217, XY, Wy,
Since  # 0, ( are not all zero. Accordingly we L

Introduction. Iy tle Paper we define a curvature type function

(W U) =0 which imitates the curvature of a plane curve. In the definition of the usual

curvature we put vector function s — P(s) instead of the tangent vector.

or 1 The curvature type functions have properties similar to the logarithm of
(Dwol{7) = (Dye)(iy) ¢ a number (see formulas (6.1)-(9.1)). Let kr,p denote the curvature type

- function with respect to the vector-funetion p(s) for a plane curve .

The main result of the paper concerns equality kpp = kry. Namely
| the last equality holds if and only if the angle ¥ between vectors p{s) and
 g(s) is constant. To show applications of the curvature type function we
consider the class  plane curves described in [1] which contains the class of
“all ovals [3]. We present a special curvature type function kr p, associated
Lwith curves with constant n-widt], Exactly we prove that curvature type
function kr‘,," 1s equal to the curvature & of the examied curve if and only
if the curve hasg constant n-width. Next we give necessary and sufficient
condition so that the relationship of the perimeters of the two described
n-polyeon and m-polygon was constant. In the end we give examples of
curves for which the relation is constant.

E 1. On the curvature type functions. Let R and ¢ denote the
Teal line and the complex plane, respectively. Let a - clage regular plane
furve I he represented by the following equation

which is the condition for v to be gradient. §
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1.1) [':s— (s} = {s) +iy(s) eC
here s varies on an opened interval {a,0) € R. With the curve ' we
Ss0ciate a real function Hnitating the curvature for a plane curve. For this

PUrDose we hook a vector-funetion

8 — ])(.'5) 8 .!‘.,,(S) + ty'pl:sJ
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at the point z(s).

We assume that the vector-function pls) satisties at the point z(s) the
following conditions:

(A) [p(s)] > O for all s € (a,b), where lw| denotes the length of tlhie
vector w,

(B) There exist the derivatives of the quotients Y2(% o Ze(3) for ali

tp(s} yp(s)
s € (a,b), whenever z,(s) # 0 or y,(s) # 0. ’

Now we denote by w the angle between the vectors p(s) and p(s + h) |
and we denote by 1 the length of the arc of I between the points z(s) and |

z(s + h). Then there exists the following bound

)
(2‘1) fl:l—I}:(l] -1 ’
Indeed . -
. a . W sInw . SN W
lim — = lim — — — lim —
h—o 1 hA—0sinw 1 h—0 W
_— [p(s),p(.s + h)] B
= lim — _
A= lp(s)llp(s + R)| LT (212 dt
=t g [P(s)p(s + R
]z’(s)[]p(3)|2 h—0 h

where [z, w] = Im zw is the determinant of the vectors z and w. But

[p(s),p(s + k)] ~ him zp(8)yp(s + h) — Tp(s + h)yy(s)
h

lim
k—0 h

h—10

Because [p(s)] > 0, so z,(s) # 0 or yp(s) # 0 for all s € (a,b). Therefore »

e P62 + ) _ [ S5 (28) if wys) #0

Obviously if z,(s)y,(s) # 0, then the both formulas are equal. Finally we

obtain the following expression "

z2(s) d [ yp(s) . ]:
(s Ip (Y7 s (J‘ip(a)) if zp(s) #0

(3.1) lim % = ]

2
h—0 ¥(9) d [ xp(s) . N
I 45 (yp(s)) if yp(s) #0

In particular, if the correspondence s — p(s) is C'-class plane curve, then'
1 p I )

(4.1) w _ [pp]
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) h V()& (2283) iF upls) #0 g

Definition 1. The bound (2.1) we will call the curvature type function
of I and it we will denote (a,b) 3 5 — by ().
In the case where s — p(s) is C'-class plane curve we have:

_ [pls),p'(s)]

|:)1) !{[" ,(3) = —_ = 7
' p(s)ll2" ()]
In particular if ' is C%-class regular plane curve we have

) [ZI’ zﬂ']
IGI) k[‘l;' = ?']3—
This 1s the usual curvature of T.

Let B denote the set of all C''-class regular plane curves s — z(s)
for which the tangent vector 2'(s) satisfies condition (B), 1.e. there exist
derivatives of the quotients

y'(s)  2(s)

z'(s) y'(s)’

whenever x'(s) # 0 or y'(s) #£ 0.
Then for each curve T' € I there exists curvature type function
kr . () and it is the extension of the curvature on the class I [2]. Obviously

- 2 r .

o (58) if «(s) £ 0
4 2 ! .

s (29)if v #0

The curvature type function has the following properties

(5.1) krow(s) =

(6-1) ""F.pm: kr,m + kr.j’z

y (7'1) k[‘% E krnP

| (8.1) kre = kpp—kp g

Remark 1. Let p,q,r denote C'-class plane curves. Then the quo-

| tient of two curvature type functions kr , and kr , gives the function

krop(s)

(Lelpi)s) = o2



208 STANISLAW GOZD3 4 i CURVATURE Ty PR FUNCTIONS FOR PLANE CURVES 299

which exactly imitates of the logarithm, i.e, for all s € (a, h) if and only if the angle between vectors p(s) and g(s) is

constant.
Lq(Plpz) =Ly(p1)+ L,(p2) Proof of Theorems 1 and 2, Deuoting fan o = %’i— =aand tan 8 =

L, (21‘) = Lo(p1) = Ly(ps)

2= b we have Y] =19 — a. It the case if 4 = — & we obtain:

) 7
tan g — tana
L'"{p) 1: =
L,(p) = L-_(;[) . I+ tanatan g
The function Ly(p) can be obtained as the following hound Honee
. ] ) ], . ! . ! ] / .
() ! Z o _},_'_ fiy = cos? YLJ N1+ ab) (a'b + ab’}(b — a) _
Lq(p} = Illll e s (}_ + “b)z
w?(h.-l . s '
(-()s-’(.f —a) (ri‘;: S r_.——-"::a“,)
where w; (k) denotes the angle between vectors P(s) and p(s + L} however =0t - dlcot o =

f'()!&?'.(jf—n )

w2(h} is the angle between g(s) and ¢(s + 1).
Remark 2. The curvature type function kp p 1s the extension curva-
ture of the curve w( s) expressed as follows

cos? i cos? 4

g 54 ! 4
Yy ol Wy T
(“'“) _z'—’—z N (:L = 7= [ ke, — [+ ke .
Ly £+ uy Ep oot I/

This means that

(9.1) w(s) = | ]%(g:—))":'(t)ldt

where 34 is a fixed parameter from (a,b) and s ¢ (a,b). _
The curvature type function kr, has interpretation similar to the |
curvature of a plane curve, j.e.: i
Lemma 1. The angle between vectors P(s1) and p(s,), s;,8, € (a,b) |
s equal to the following integral: i

I
lA’[‘,r‘f & "‘.l‘,]l + __‘:l'r-

1

However, if v = o — # this calealation gives the following relation
f:”“"f‘.q = [ky = 9",

Tlis completes the proof,
: [ particalar if the cupve I vepresented i the oo parametrization,
| then

f " kr ()l (s)lds.

. . — ; IO kroo = kpo 3o

Now we establish the main result coucerns applications of a curvature typed ! (L) g = krpty'.
. i

function.

Theorem 1. Two curvature type functions satisfy the following equal- f This tmeans that the difference hetween two curvature type functions is equal

ity L Lo thie dorivative of the avgle botween the veetors () aud afs).
1 d ‘8 3 Remark 3, Al‘:plying the funetion L,(1) we oltain the counterpart

Hof Th.2 in the form: The angle between vectors p(s) and 9(s) 1s constant if
Land only if Lo(p) =1 for cach s € (a,b).

| emark 4, If t]e angle between vectors p(s) and ¢{s) has the extreme
the point § = Sp. then by () = kr 4(s0). Becanse tan Y(so) = :‘f— and

- f)rt’-'-'o) = 0.

k[-'q{S} = k]“‘,,(",")-i- m d_SFY(S)’

where ¥(s) denotes the angle between the vectors p(s) and ¢(s).
Theorem 2. Two curvature type functions are equal, re.:

krop(s) = kr 4 (s)
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2. Curvature type functions in the class . In this section we
belonging to the class Q deseribed in [1]. The class
Let Cf, be the sot of all positive
R = (—o00, +0c0) with tle period

consider plane curves
of all ovals is included in the class Q.
continuous periodic functions defined on

L>0
Let us fix a function & € Cy, such that

]0 ’ k(s)ds

Now we consider a curve T & €2 represeuted by the formula ((1.1) [1])

(1.2) 2r.

(2.2) T:z(s) =rpu(s) = /Oyf(t)k(t)e""mdt,

x f(; k(u)du. The extension curvature ki zr () }(]ﬂ. Lot -1
Then we define

where K (1)
denote the inverse function for .

K= (K(s) + 2?_77) :

Pals) = )

(3.2)

Then we recall [1] the following sequence vector-functions:

S Pu(s)=2(8) + € 2(pu()) + ... + ez(n"(5)),
where e €C and e" = 1, e # 1 and w"(3)=¢’;(_‘f;'—if';'£f"m
the curvature type functions:

krpa(s), n=23 ..

Lemma 2. For each curve I’ € Q the curvature type functions kr p(s),

n=2,3,... are expressed by the following formula:

krp (s) = SEHIE) + Flouls)) + . 4 o2 (5))Jwnls)
Ppn(8) = k() f(s)(w2(s) + 22 (s)) ’

where w,(s) = [pn(s),T], R.(s) = [p,,,N] and T = ' M) N — i1

Proof. Obviously

p:t(s) = k(S)(f(S) + f(tp,.(s)) + ... +f((f’:: “l(s)))e:l\'(s).

) ) Now we examine
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Henee by (4.1} we obtain

ki (5) = SEIS) + Flon()) + oo+ F(9271(5)))wn(s)
o K f(s)(w? + 02) ’

because py = Q,T — w,, N. This completes the proof.

The functions wal(s), n=23,... are equal to n-width of the curve T
associated with the direction of vector T (formula (3.1) [1]).

In particular a curve with constant 2-width is a curve with constant

width,
Now we give two applications of the curvature type function kT p-

Theorem 3. Every curve T € () has constant n-width if and only if
the cquality ky , (s) = kp oi(s) = ﬁ 18 satisfied for all s € R,
Proof. Let o curve I @ and let for the curve the cquality

(*) kropa(8) = kro(s) for se R

be satisfied. Then by Th.2 the angle v between vectors Pr» and =’ is constant,

This weans that w
n
tany = ——,
| n
i
- Heuce we have Q,, = Aw,,, where
2, = Mw, in the equality (*) we obtain

A is a constant, Inserting the relation

M) + flon(s)) +... + fle ™D () = (1 + A V() (s).
. Integrating the last equality we obtain

nM = (1+ /\Z)RM,

‘where M = fol‘ k(s)f(s)ds is the perimeter of I, Tt implies that A = 0. Thus
0, and wy, = kD, = 0. So n-width wn($) is a constant function. This
completes the proof,

: Theorem 4. Let T ¢ Q. Then the ratio -
R, is @ constant function if and only if the equality kr , (s) = kr p.(s)
olds for all s ¢ RR.

; Proof. Let %—n‘(—g
:,(S) = k(s)2(s) for n = 2,3,...
n(s) = ptpn(s) and pl, (s) = ppl(s) ie.

HE(SHS () + flonls) +.. + FloB~"(s))) =

:”'((:)) for a certain mnteger .

= u, where p € IR. Then w),(s} = #wy(s). But
y 50 §2,,(8) = #Q4,(s). This means that
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RO + flom(s) + ..+ Flpm=1(s))).
Thus (by mtegration) we Lave

[

h

nM = andf  and Jo= —.

I

Now we easily compute that kroa, (s) = Ry (8). Conversely, if k. pa(3) =
kr p.(s), then by Th.2 the angle y(<) hetween a(s) and p, (<) is constant,
On the other hand

k[pn-])m] A‘[Q,,T = wnjv: ‘an WmNJ ~ I"{wngm — @y Qn,] =

/

' , ' Wi 7

Waldy, —Wyw, = N Wy
w"

Therefore there exists sy £ IR sueh that !.:(.s-n)[p,,(su),p,”(xu)] = (. This
means that y(se) = 7 and it follows that y(s) = 7 for all » € 1. Sitnmlta-

i |4
neously with the above we observe (5“'@) =0forall s € B Thig !

Wals)
the ratio “= is constant. This completes the proof.
n 4
Corollary. If the quotient ¥ gs a constunt funclion thes wlurays |
&u(s_i — m :
wn(8) = n-

Remark 5. Each convex polygon with  sides
angles is called 1 polygon. Let T 2 Q. Then tangents at points

o) slenlsih . 20" (s))

to the curve T' determine the n polygon deseribed on T Lot A, denote the
perimeter of the n-polygon. By Lm.1 (1]

. T
Ai(s) = 2w, (s)tan —.
)

Hencee the cquality of the eurvature fype funetions: ke,

c= ke,
that

r

, m
Ay, 0 tun
A, ntan I

This means that: ]
Theorem 5. The curvature type functions ke, Frop,. are egilal

if and only 1f the guotient of the perimters Ay and A, (of the f’.f!b'("rib.
r-polygon and m-polygon) is constant. f

il equal interior
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In the end we give examples of curves for which ‘;\\4*1- is constant. Let

H
a curve I' be represented Ly formula (2.2). We consider the Fourier series
for function f (see formula (1.8) [1}). Then the Fourier series for n-width

wnls) has the formm

o «]
T?.ﬂ’f Anﬂ 5 Bn;x = -
wp(s) = — —pn ———cosnul(s) + —— o sinnul(s)] .
= G 0 S | o)+ P s
= -
Now we choose coefficients 4, and B, for f such that “m{s) _ m In

w, (8) EX
particular for f(s) = f;‘: + Apw cosnm(s) + B, sinnmh’(s) we obtain
curve I' by (2.2) such that Wy fwm = n/m.
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