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1.Introduction and problem formulation. Consider the following
mput-output system

(1.1) 2'(t) = Az(t) + Biw(t) + Bou(t) , t€ RY = [0, +c0)

(1.2) 2(t) = Cz(t) + Du(t) , t € R*

Here 2(t) € X is the state of the system,u(t) € U is the control mput,w(t) €
. W is the disturbance input and z(¢} € Z is the controlled output.
The following preliminary assumptions will be maintained throughout
- the paper
(i)  X,U,W,Z are rcal Hilbert spaces.We shall denote by {00, v,
L (-, Ywe. (- ‘)z their scalar products and by |- L.{-lv,] - lw,]| - |z the corre-
- sponding norms;

11} A is the infinitesimal generator of an analytic semigroup e
on Xyt > 0,09 € p(A),Ag > 0,4 ~ Xg is the infinitesimal generator of an
| exponentially stable semigroup;

. (i) By = (A — A)H; ,where H, ¢ L(W,D{(A — A)*)),« € (0,1)
{equivalentely (Ao~ A)*H, = H, € L(W, X)),

By e L(U,X)

| By assumption (iii) follows (see [3]) that for every T > 0,system (1.1)
With initial condition £(0) = z¢ € X and inputs u € L¥0,T;U),w €
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L*(0,T; W) has a mild solution x € L%(0, T X)NC([0,T]; D(A*y) given by

0

! {
1.3) z(4) = eA’J;g +{A— A e"'“_"JHI w8 )eds + et ")B_, uls)eds
A {+)

(the mild solution not necessary belongs to C([0,T};X) )-

This is the abstract formulation of a large class of control systems
including the heat equation with Dirichlet and Newmann boundary distur-
bance and structurally damped plates witl, point disturbance or boundary
disturbance (see e.g. [7]). For instance the mput-output system
(1.4) {xt—A.?::quxR"'

T =win 0} x Rt

where u € L3 (R*; L2(2)), w € LE(R*; L*(09)) can be written in the form

(1.1),where X = LY Q),U = LEQ), W = L*(90) and
Ah = Ak, D(A) = HY Q) n Hy (),
Bou = u, Byw = —ADw,where D {the Dirichlet map) is defined by
ADw =0 in Q,Dw = w in 98,
Here a € (0, 1) (see e.g. [7h.
For a given feedback controller F € [L(X U hdenote by
Sp: L*(RY; W) — LYR*; Z) the operator
(1.5) 2= Spw = (C + DF)i(1),

where # is the solution to

t {
(1.6) &) = (A —A)/ eM= w(:s)ds-{-/ eI B, Pi(s)ds
] 0

Jn.

(the existence of a unique solution can he proved via a fixed poiut result ).
The standard H._-control problem is the following (see also (1],[5)):
given v > O.find F ¢ L{X,U) which stabilizes the system (1.1) and makes
Sk € L(L2(R+;W’),L2(R+;Z)) with [[Sefl < ¥ (where || - I denotes the:

induced operator norm).

The main result of this paper gives necessary and sufficient conditions
for existence of a suboptimal solution F to thijs Heo-control problem n
terms of an algebraic Riccati equation.For By ¢ L(W, X) and By unbounded

(2.1)
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operator (more exactely By € LU, D(A*)'} and for any 0 < T < +-00,the
operator B e ™ admits o continonus extension from X to L*0,T;U) )
such o result has been established iy a different way by V.Barbu in {1].For
By = L{W, X'} (whicli is a partieular case) a similar result has heen proved
by Bovan Kewlen, M. Peters and R.Curtain in (5].

" The extension of [5] to this more general class of systems arises some
ciftfiendt problems which can be solved nsing arguments related on some
recent papers [3],{6],[7] concerning the synthesis of quadratic optimal control
problems of parabolic type with unbounded cocfficients and infinite horizon.

Remark. If PP ¢ L(X,U) aud A+DB,F is generating an exponen
tinllv stable senrigroup,then for every w € LARY W) we have that # €
[,-’(j?*: X (where F s the solution of {1.6) ).Morcover, the map w — F# is
contimons from L R¥; 1) to LAHRY: X) (see the Appendix),

Using these facts we may conclude that if there exists such an F then
there exists a y large enongh sueh that the Hoo-problem has solution.

2. THE MAIN RESULT Beside (1)-(ii1} we shall assume here that

{(1v)  The pair (C,A) is exponentially detectable,i.e. there exists i £
LiZ X ) such that A+KC generates an exponentially stable semigroup;

(v} D*[C D] =]u I

Theorem 2.1 Suppose that 7 > 0 and assumptions (1)-(v) hold.If

| there exists an F g [(X] U) such that A+ B, F gewerates an exponentially
| stalle semigronp and || S|l < v,then there exists P € L{X,X) with By P ¢
LX), r=p* 2 0 satisfying

(Ar. Py) + (P, Ay) — (P(B, B} — T By By )P, )+
+{C*Cua,y) =0, Yo, y € D{A)}

Lanud such that A — (B2} — ¥7*B, B} )P gencrates an exponentially stahle
semigrony,

Conversely,if there exists P € L{X,X) with B}P ¢ LX. W), P =
P =0 catisfying (2.1) and such that A — (B;Bj — TTiBIB}P generates
AL ciponentially stable semigroup, then the state feedback 7 = =B2P is

exponcntially stabilizing and |Sp|| < 5.
Now coming back to (1.4) we note that {iv) and (v) are satisfied for

the con rolled output

3 (1) = {#(t), u(t)) € Z = L3 Q) = L),

_ P’roof of Theorem 2.1 a) Suppose that there exists an exponentially
._l-a]nh/, ng feedback F suel that I1Srl < v for some A > 0.
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Consider A : L2(R+, Uy x LER*; W) » R defined by
(3.1) K’(u,w) = f (IC21% + |ul? - ¥ ¥, )t
0

where  is the mild solution of (1.1} with £(0) = x, (Le. wis given by (1.3)).
We shall study for the begining the minimization problem

(P) inf

K{u,w)
wELA(R+11)

where w € L3(R*; W) is arbitrary bat fixed. In a standard way it is possible
to prove that (P} has a unique optimal contro! 4 = [ (z is the mild
solution corresponding to @).

Lemma 3.1 The pair (%, ) which satisfies (1.3),u € L3 R*, UhCir e
L*(R*;Z),is optimal for (P} if and only if there exists P € C(RY X)n
L*(R*; X) such that

(3.2 P=-A"p+CCz ,teRt

(3.3) Byp(t) = a(t) ae. t > 0

Equation (3.2) should be understood in the following sense

T
(3.4) p(t) = e -0y f N0 03 (6)ds

!

Proof of Lemma 3.1 It has been proved in {5] that there exists
Py e L(X, X)Po = P* > 0 such that the feedback law u = —B} Pz

is stabilizing the system (1.1).Let p € C(R*;X)n L*(R*; X) be a mild i

solution of
(35) p' = ‘—(A — BzB;Po)‘]) £ PoBzﬁ. +C°Cx , t € R+

ie.
. w - -
(3.6) p(t) = — f elA=BiBi Py) C=9(C*Ca(s) - Py Bau(s))ds |
t

(Since 4 — B,B3 Py is the generator of an exponentially stable semigroup
and Cz € LX(R*;Z),u € L¥(R*;U) it follows that p € L*(R*; X))

-1
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' (3.10) 0

Consider v ¢ LAHR*; U such that the mild solution of

- y=A4y+ Byv , te Rt
(3.7) {y(())::()

belongs to LA R*: X).Since

3.8) (1C5 + |af?)it < (1Ce™ 2 4 fa + evlf)dt | Ve > 0
{ ) {

0

where 7€ 46 siven by (1.3) with « = ¢ + o} it follows that
g N

(3.9) / ({Cr,Cy)z + {(w,v)y)dt >0

0

Multiplying (3.6) by B,u and mtegrating from 0 to +oo we obtain after an

casy caleulation that

= [t Bty - [ mB. B30, y113) -

0

= (PaBau, (1)) + (Ci(t), Cy(t) 5 )t

 {we have used that .

t
y(t) = / c(A—Bz1351’0)(!—3)(BQB§P0y(s) + Byv(s))ds )

0

Using (3.9) and (3.10) we may conchide that

{3.11) /oo(u(t) = Bip(t),v(t) + B} Poy(t))ydt > 0
_ 0

If we take v = o — B3 Poy,where u € LYR*;U) is arbitrary,then y ¢

Lz(R"';X) and
[ 60 - Bo,urode > 0, vue 1240,
1]

Which inplies (3.3).
Conversely the proof is trivial.
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Consider T' : L*(RT; W) — LY RY;U) defined by T = v. We shall

311
prove that T' is an affine function,i.e.

L'}(R_EIII‘z/l:)st;m]da;'(! way we can prove the existence of an unique w* €
- . sieh that

(3.12) Fw=Tow 4+ fp,

w' = arg inf{p(w),w e LQ(R"‘; W)}
where Ty € L(L4(RY; W), L4 R, U)) and fy =

= ary iufff(u,(]) {see also
i

Using Lemma 3.1 it easily follows that T is an afine funetion. More
difficult is to prove that Ty is a bouuded operator.

Consider £y the mild solntion of (1.1),with &y = . correspouding to
= fo,w =0 and let v be the optimal control of (/) corresponding to the
nitial condition 2o = 0 and to the input disturbance w {(we denote by y the
function given by (1.3) and corresponding to wg = 0,

Lemma 3.2

(3.13) W) = —«" 2B]"p(l“) ace t>10

Proof of Lemma 3.2 The following mequality

o<
o and w) We got / (ICe*% + [Tw*[% — 72,111"'%1,)(115
0

/ (Cr|% + |Twli)dt < / (1C(Te + )% + | fo + olf )elt =
)]

0
e / (lC.?'()
S0

F ol + ol +2(fo, )y )dt < 2 / (IC % + [folf i+

S0

[as]
+ 2/ (|CU|2:4 + |“7|%J)‘1t <M+ 272|"'“||i2(m-u )
0

O
>> /ﬂ (|Cx* ‘“"'Ié + [T{w*® + ew)l'i, = 'yglt::* -+ suljfvjdt ;

7+ 1Sy, + 2ACH, Cy) 1+ ¥e > 0 (where 2* is the

mild solution of (1.1) with 2*(0)
to the inputs u = M~

. p — . . - . e . =
' ‘mrl. w=w" and 2" T 5 the mild solution of (1.1)
with o(0) = z, corresponding to the inputs = [ (w* + cw) and w* + cw)
implies that -

= g corresponding

} (3.14) /O ((Cx*,Cy)z + {Tow* + fo, Tow)y — 72(1t1‘,1t:)w)dt =0,

Vw € L*(R*Y;W),where M > 0 is a constant independent of .1t means Yw e LR W
that ;

solution of

)with w(t) =0 ae. t 2T (T e R*) where ¥ is the mild
2 , , 2 - 2¢ p ’

||Fw”L2(R+;U) S et erlhellyz gy - Yo € LR W),

where ¢, ¢z > 0 are constants independent of w and after an easy catenlation !
involving the relation T = Tyw 4 fo we obtain the boundedness of Ty.

| (3.15) {y':‘4y+B2Pow+Blw, t>0
Let @ : LH(RY; W) — R defined by

| y(0) =0

|y satisfies Cy € L*(R*, z).

| We shall prove that Bip € L¥0,Ty; W)
. (Ao — A*)=op ¢ L*0.Ty; X) (because

notice that

o(w) = — K (Tw, w) It will be enough to prove

By = Hi (A - .*l*)]"").Wc
By (3.12) we may represent
T
p(t) = ”_{)P(T) = / (i""('q_'r)C'C;(t*(.s‘}rf.s,

S

— J . LA 1
w(w) = ”D?”Hivu%w; + ((w, f)) 4, {

where D € L(LA(RT, W), LY Rt:W)), f e LARY W) and ((-.-)) is the in Where T 5 T, s arbitrary but fixed. This vields
wer product in L*H(RY, W) 6 € R{ (1, m)}} = \fjw(f(t}, ety dt ). The ex

istence of an F'€  L(X,U) such that ||Sp] < ¥ impiiyfs‘

O = A)170(8) = (Mg — A7)0 (im0
plw) 2 pllwll} 2+ wy 't A Ywe LHRY, W), where y > 0 and g e R "

’\“ _ .4*)(,-""("'" I '|pJI-T.I

i
f (Ao — AT 7 e =00 )
f
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( (o _At)—aeA'(Tl_')(’\o "-A*)eA‘(T_T‘ )p(T) is continuous from
because e (T~TVp(T) € D(A*) (T > T1) = (g~ 4%)eA" (771

and (Ao — A*)7L(X, X) ).

Let’s prove now that

LT(/\O — A* ) meeA 00 Cat(s)ds belongs to L*(0, T,: X).
Indeed,the analyticity of e4! implies the existence of a constant My >

0 such that

. A
(o =A%) =2 vy € = e e (0.7)

= tl__n 1

We may conclude that
Tl T - I
/ |/ (ho =A%) =0eA =00 0ot (Vs dt <
0 t

T T (e s
< M:[J (/ I(ES-_C%)I(_.-S-(%—ldsjzdt <

t
ti T 2 T 1
< le _h(-LdS/ —"'——In-—d.sdt <
0 t ¢ (s—t)-e

(s — )=
(We have denoted by h{t)=|C*Ca*(t)|)
T 2
S M? +M3f _h:gf)]—_“dsdt =
0 ¢ (s—1t)

T s
} 1
3 2 e —— <
ﬂ41+M3 o h(s) -/0 (s_t)]-a dS_
<M + M4||h”%2(o,ﬂ)’

where My, My, M3, M, > 0 are constants mdependent of h.
Since Tyw € L2(R*; U),we get

f (P(t):Bzrow(t))dt + / (B;P(t),w(t))n.-dt _

° 0

= —f f (cA‘(S—l)C*CJg*(s),Bzrgta!)(t)}d'th_
0 t

—/ / (Bl'eA.(’_t)C*Ca:*(s),w(t)}wdsdt
o Ji

= _/00 fs(cz*(.s),CeA(s—t)(szou.(f) + Blw(f)))zdtd.s ~
0 0

- fu (Cz*(s), Cy(s))zds
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From (3.14) and the last relation follows that

- /m(TSB;p(t). w(t)ywdt — -/OO(B,*p(t),w(t))wdt-f-
0 0

’ /ooo(rof“*(f) + fo(t), Tow(t))y dt - "f2/ {w™(£), w(t)) v dt

0

(e
= / (BYp(t) + ¥ w™(t), w(t))wdt > 0 , Yw e LARY W)
Jo

with w(f) = 0 a.e. t > T} (because B p(t) = Tow*(t) + fu(t)),which implies
that BYp(1) = ~y2w*(t) we. t € [0,T3] and since 7y is arbitrary we may
conchule that

W (t) =« Bp(t) a.e. t € RT

We set, S
P.I'g = —p(O)

Applying Yakubovich’s lemma (lemma 3.4 in (6]} we infer the cxistence of
an unique B € L(X, LE(RY; W)) suck that

(3.16) w* = Ry
Relation (3.2) imphes that P is a linear operator.It is also easy to prove that

fo 1s a linear and continuous function of argument zy. Using (3.12) we may
conclude that

/0 (1C=* 1 + ™ f)dt < 2970 o s+

(o]
+ 2/ (lCe(A—Bng Pu)f:l:o;i’ + ,B;POC(A_BQB;[)0)!,'[,'0|£|)f1t S dlwﬂlza
0

. where d > 0 is a constant independent of x,.

The last relation and {3.6) imply that

p(0)] < djao|

- and P e L{X, X). Since (u*.10*) is also the optimal solution to problemn

sup inf  K(u,w)
weL2(R};w) LRI U)

- (where B} = |1, +00) ) we infer that '

Pz*(t) = —p(t), ¥t >0
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Let denote by Sp(t): X — X the family of operators

Sp(t)eo =2 (1), ¥t >0
It is readily seen that Sp(t)isa Co-semigroup in X

Y 2B B} P is the generator of this semigroup
Using now the equality

o0
Pry = ¢4 ]PGAPTJ:O +f e ‘C'C‘(’A’".L‘odt

0

we conclude that

BiP = Hi(do~A")P = H(h — A7) Ay — A%)lmep
This yields

'()‘U _ At)]—apwul < ”()‘0 _ A-)I—nc/l'T'”PPAp’I'J,U|+

T
+./ (Ao — A*Y =" Cert g ar <
0

T
1
< erlwo] + C2/ Jwoldt < dlzo] | Ve, € X
1]

tl—a

(c1,¢2,d aré positive constants independent of ;).

The last relations show that BYP e L(X,W).As in [4],.330-331 it is

possible to prove that

=]

(=)
(P, z9) -——/ (C*CeA”Tro,eA*’TzU)dr +/ (1 (T, %), w7, 2} pdr-
0 0

o0
—72/ (w‘(f,.rg),w*(r, 20w,
0

where u*(-, y) and w*(,y0) are the optim
initial condition .(0) Yo (

The last relation shows that P = P* > 0Since P = p+
that

m -
Py = / Pt oader Mopdt =
L]

:f NP CmCe Al =00 g € D(4)
t

and dp = _“1thng+
{see Proposition 1 in (3]).

al inputs corresponding to the |
anyway the proof of this fact is frivial). :

we obtam |
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Multiplying by y € D(A) and derivating with respect to t we get
o0
0=(C"Cr.y) + / (C*CeM) g Arto=0 gt
o
+ / (C'*C'( A(H_”.‘l',fl[’(’ll.tﬁ_r)y)(n’h‘ —
!

=(C.Cy)y + (Ar, Py) + / (A~ B3P+
¢

+ 7“231B;“P)r";‘{'“_')C"C'r*"("‘“);r.y)d.s- =

={Cr,Cy)y + (Ar, Py) + (Pu, Ay) — (B3 Pr, B} Py +
+ 3 _Z(BTPJ', B;‘Py)uf
That weans P is a solution of (2.1} (see also [6],p.161).
b) Suppose that there exists P € L(X,X) with BrP ¢ L{X, W), P =
Pt 2 0 satisfying (2.1 ane suel that Ap = 4 - (B, B} ')_QB]BI*)P is
the generator of ag expouentially stable semigronp Ty (#).

Cousider r, € D(A) = D(43),where Ay = 4~ B, B P.We have
{
#(T:{”J'u:PT:;(I‘»)J'(]) : {A.;Ts{f)-f'n:pT:s(f)-’!?u)'f'

(Az is the generator of the analytic semigrouy T3(t)-sce [8])

HPT(t)rg, AsTy(f)rg) =

. (using (2.1) )

= -—((C‘*C' -+ P(.Bz B: + ’]'_gBlBr)P)T;(f)JF(),T‘}(?‘).FU) S
< |CTy( ey % — |B3 PTs(t g7,

| Integrating trow 0 to T we get

!:.TH. f).l'u, P’Fg(f)u)) e (.‘I‘n, P.En) {

! T
< / O3y |3t / By PT5(#)ag|% at
0 0

Em::i suee P> 00 follows that,

I T
/ (CTy(1)ag |5t + / By PTy(t)ao|fydt < (g, Pory)
Tl J0
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a norm in C([0,T):X) which is equivalent to the usual norm on this space
{7 will be preeised later). We get.

Now T was arbitrary and since D(A) is dense in X we see that CTh(- )y €
LYR*;Z) and B3 PT3(-)xg € L*(R*, U, Voo € X. In addition Ty(t)ey is

also the mild solution of

.

#(t) = (A + NC)e(t) ~ ByB} PTy(t)wy — KCTy(t)ey,t >0
J’,‘(O) = &p

{
TG = TPty = —'"'_’”f MBI, B PG — ) (s)ds =

o

t
f‘_'“|(-hr:’ . J*J'J(f)l < c—u‘r / (:Ag(l—x)cﬁs”BzB;P””{’a o ff””[o,'f‘]d-“' =z
Ju
(i.e. Ta(they = elAHNON, _[0‘ r-(’”""'("“"“}(BzB;PT-;{.a Yy 4+
KCT3(s)xe)ds ) and A+KC is the generator of an exponentially stable sem;
group. These facts allow us to conclude that Ty Jwo € LHRY; X ), Vg € X,
which implies that 4; is the generator of an exponentially stalle semigrouy
(see [2] or [8)).

Consider now g = 0 and x the mild solution of

. (i 1 _
_ ”B'_;B:P”“(p _ ‘,{,”[“‘”c (4 A°)'m((:(-“ Aot _ 1)

= |.Je — -]'{f'”[{)"]'] < Ll - r_f)lh(,",-},'ruith <L <1,
for any > |IBy B P|| + Ay arbitrary but fixel,

We set I, = n(n —~ A)~" .Cousider xy, the mld solution of

{ l::l - ;'-lf',, —‘- B‘ZBEP;J:H +‘./\(J . ‘4)]_(}IHHQIU . ¢ ___ 0

(3.17) £(0) = 0

{x' = Ax -~ BB} Pr + Byw , 120

z{0) =0 .
(Ao = AV ="1, H, is a bounded operator).

Suppose that w is continuously differentiable. We have Ta(t) € D(A)
(see [3]-lemma 1) and

ie,

x(t) = T{t-.s.-Bur.sds, ‘
() ]0 3 )B\w(s) %(,;-“(t),P.rn(t)) = (g, (1), Pe, () +

+ (Ao = )" 7L Hyw(t), P (1)) + (Paa(t), Ayaa(t))+
+ (P (1), (Ag — AY' 7L Hyw()) =

_ + —(Cun(2), Can(t)) z — (B Py (£), By P, (t))y

L 318)  — 70— 7B Pan(), w(t) ~ v 2B} Pa () +

+ (P, (1), (Ag — A)'_“I,,ng(t)) + ¥ {w(t), w(t)w+
+{(Ao ~ A)' T Hyw(t), P, (t))—

~ (PBrw(t),z,(t)) - (Bf Pra(t), w(t))w <

< =l + 2ot +

+ 21 Hyw(t), Pyz, (1)) — 2(Haw(t), P, za(t)),

- where z, = (C — DB;P)x, and P = (A — A*)*~' Py with P, € L(X, X)
* {we already have proved that (Ag — A*)' = P is a bounded operator).
| Using the form of x,, we obtain that

which denotes the unique solution x € L*(0,T; X),YT > 0 of the problem

¢ ¢
z(t) =—/ eA('"’)BgB;Px(s)ds-f-/ cA(""”BmJ(.s')rls
o

0

(here w € L2(R*; W)).Denote by

t
h(t):/ eA“_’)Btw(s)ds
0

he L*0,T; X),vT > 0 (this fact has been proved for example in [3]).
Let J:C([0,T};X)— C([0,T];X) be defined by

!
Vo)) =~ [ A=2B,53 P + heyds
0 -

lzn = 2lljo, 7y < Lllza — 0,77 + suppo rye#"|-

and L At -a
1 £Mlo.17 = supeero,mye 2| £ (1) '/0 e (Ng — A) 0L, Hyw(s) — Hyw(s)|ds



318 SEBASTIAN ANITA I4

(L €(0,1)).

The second term in the right hand side of the last, inequality is con-
vergent to 0 for n — 4oc;s0 taking the lmit for #n — co we obtain R
in C([0,T);X). Integrating in (3.18) from 0 to T and passing to the limit we
obtain

- .
] [2(8)]%dt < 72/ [w(t)[$, dt, YT > 0
0 0

= ||z

',zr,?(.rc+;2) <yt li"(h’.*‘;lﬁ’)?
where z = (C — DB} P)a.

Consider now w € L*(R*; W) aud w,, € CHRTWINLARY; W) suel,
that w,, — w in L%(0, T, W) V0 < T < +oo.Let ¥n be the mild solntion of

(319) {?]f. = Ayu - BQB':P.UH + By, P20

ya(0) =0

!

f
yrt(t:J = _'/ CA([_S)BZB;Pyu(S)d'Q + / r'J"l“_”-Bl"”rt("")"l"';
0

1)

Using Young’s incquality we obtain that I (t) = '[(': eAl=ap, (s )ds s

convergent for n — +oo to h{t) = j;:p"’("")B,m(s)ris in LH0,T; X),
YT > 0.

If we denote by 5, =y — Iy, and 7 = » — /) we way infer that
¢
(n =)0 = = [ M B, B P, — ye)ans
Ja
¢
+/ c"‘“"”)BgBSP(h,, — h){«)ds
0

and since the second term in the last equality is convergent to 0 in

C([0,T);X)VT > 0 for n — +oa,we get

”.ﬁn — -Fll[(],'l'] = L”yrr - -I'“[r:.’l']‘l'

¢ ]
+ .411.1){(,_7-]c"‘""/ ¢ “‘“_")BQBEP( Pog = I )( )] 4
] 3

(L € (0,1)).This last incquality implies that g, — i in C([0,T);X) and}

yn — & in L*(0,T; X).

It means

l=0ie 2y < 72“"’”%?(!“;11,’}!v"’ € LA(RY)

15 THE Ho - PROBLEM 318

Hewnee {15 < 4.
Remark. We have proved only that (151 < .1t would be mteresting
to know if it is possible to prove that [|S]] is strictly less than ~.

Appendix If B € L{X,X) and A+B is the generator of an exponen-
tiatly stable semigroup, then the map w — & where # is the mild solution

of (A1)

F=(4+4 B + Bjw , 120
(41 4

=10

is continuous from L*(R¥;11) to L*(R*; X).
Proof.

Cousider y the mild solution of {A.2}

{y’:{“l— -\”)y+B;w 5 tzg

(42) #(0) = 0

(1.e. }'(t)=f0t elA=ralli=e)( ), AT Hyw(s)ds )
We shall prove first that y € LA(RY; X).Indeed

o0 { :
/ I/ elA=do)lt=s)iy AY T Hyw(s)ds|*dt <
Jo 0
=] f
< / (f Jef "‘—f\u)(‘—-")(,\(, — A)! “Haw(s)|dsydt <
Jo (1
(f s)l=o

=) 4 ev-v(t—s) )
< d/ (/ —————he(s)|wds)?dt <
Jo o )

for a suitable v > O.where d > 0 is a constant independent of w (because
1720 S analytic and exponentially stable-see also [3],.614)

[<] t C—~u([—s) f ({_"“_s) , Ty
S (]/U (‘/0‘ (t__ 5)]—.:“’3): /{; mlu}(é)lnr( .S‘)ft =]

{from Holder's meqguality )

[==] t =t ! =T )
= rl/ (/ Cl :lr)(/ (1 Jw( )iy ds)dt <
JoooJy T8 o 7O

o =8 e—u(!—s) ,
<aat [ [T s =
J Jo 5 (t—.q)l—nl ()15
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{here Af = jnw < dr e Rt

4 REFERENCES

L Barbu V. - H Boundary control with state feedback;the hyperbolic case (to

appear).

T]_"

e v 9 oo e—l/f .
B dM](; () iy ‘/‘; drds = ""Mz”l“”i'z(fc+;n')

2. Datko R - Extending a theorem of AM Liapuney to Hilbert space, J. Math, _
Aunal. and Appl. 32 (1970}, G10-616.

3o FVandolic Fo- Algebraie Riccat] equations arising in boundary controf frroblerms,
SIAM J.Control and Oprin, 23 (3) (May 1987), 612-636.

L FlandolL Pl Lasieck Al Triggiani, R - Algebraic Riecati eeuations with

Moreover,we have proved that the MWap =y ois continuons from

LY(R+: W) to L*(Rt, X). # -y is the mild solution for (A.3)

nonsmoothing observation arising in Euler-Bornouls boundary control problems,
Annali Mat Pura ed Appl. TCLIH {1988), 307-382,
SoVan Kewlopy BiPeters, MoCurtain R - i scotontrol with state

(A.3) {(:_I, —y) = (4 + B)(.z‘ )+ By + Ayt 20 feedback: the infimte ditnensional case, J. Math, Syst., Estin., and Control 3(1)
(T~ y)(0) = 0, (1993), 1-39.
6. Lasiceka l , Trig giani, R, - The regulator problem for parabaolic equations
R with Dirichlet boundary conirol, Appl. Math. Optin, 16 (1987), 147-168.
1Le.

Tolasiccka L Trig giaui, L. - Differential and Algebraic Riccatt Equations
. with Applications to Boundary / Joint Coptrel Problems : Contingous Theory
A _ 1+ 8)(t—3) wrd Approximation Theory, Lectures Notes in Cottrol and Infermation Sciences
(T —yNt)y= [ &v By(s) + Aoy(s))ds

X ') /0 ( U( )+ OJ(\)) 164 (1991), Springer Vierlag
B Pazy A - Semigroups of Linear Operators and Applications to Partiaf Differential

. . i Fquations, (1983}, Springer Verlag,
Since A+B is the generator of an exponentially stable SeIIgrou, it eas-

ily follows that the function 1w s fur e('4+B)“_”)u~J(.s)r,ls? i5 continuous from
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It means that
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17 = yllL2rex) < 7l B + Aollllwll 2 sty
We conclude that there exists M > 0 such that
12 = ylle2(r,x) < )| B + Aollllyll L2g 4. x

and since the Map w = y is continuous from LY R+, W) to L'Z(]R‘*;X),W'

may infer that the map 1w ro 7 i coutinuous from LR 1N 1o L} (R X)



