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ON 7-CLOSEDNESS: A UNIFIED THEORY

BY

M.N. MUKHERJEE and G.SENGUPTA!

l.Introduction. Some definitions and results. Here, as the title
suggests, we are intending to discuss the notion of 7-closed spaces along
with their certain characterizations. Therefrom we switch over to m-closed
topological spaces as a motivated partienlarization of the above, where 7
can read any one of the following: quasi- Hausdorff, S, s, N and Hausdorff
(of course under the assumption of a separation axiom in the last case)
and many others. So this work does serve as a unified theory agglomerating
different types of the so-cailled closedness that are studied with keen interest
and attention in general topology. It is, in fact, the immense importance of
these concepts in topology that necessitated the origination of such a unified
theory which facilitates their study and manipulation i the respective fields
by binding them altogether.

Let X be a nonempty set and P{X) denote the power set of X. By
4 space we shall mean here a triplet (X, P,68) where X is the whole set,
P C P(X) such that X,8 € P and §: P(X) — P(X) is an operator which
satisfics the following axiom: 8(X) = X.

We define a secoud operator 8 : P(X) -+ P(X) by #{4) = X —8(X -
A). for all 4 € P(X). Thus & becomes the dual operator of §. We deduce
that #(0) = §. Also, we shall wiite ' = {FC X : X — F ¢ P}. Then
Pl #®as X € P Any member of P {P') will be called a P-set (resp.

: Plset). Let a € X. Then P(a) (P'{a)) will denote a P-sct (resp. P’ set)

- contamning a. The class of all such P-sets (resp. P'-scts) containing a will
| bf denoted by P(rz) (vresp. P'(a)). Clearly Pla) # 0 and P'(a) # 0, as
| X € P(a) (1 P'{a). Let 4(# 8} T X. Any cover I of A (lL.c., 4 C Ul such

LI TR . . g o ; 1
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that & € P will be called & P-cover of A, Next we resort to the following
definitions.

Definition 1.1. Let A(# W) © X. Then the (P — 6)-elosure of A
denoted by < A >, 1s defined as follows:

<A>={z e X AN8P(x))#V for all P(x)e Plx)}.

Definition 1.2. Let A(# ) C X. A filterbase F in A is said to

{a) P-accumulate at a point « € A iof for cvery P(a) € Pla) and for
every F € F, FN(P(a)) # 0,

(b) P-converge to a point a € A if for cvery Pla) € Pla), there exists
an F € F such thet F C 8(P{a))}.

Definition 1.3. Let y : (D, >) — A be o net in ¢ nonemply subset
A of X, where (and also n all subsequent discussions) (D, =) or simply D
denotes a directed set. For each m € D, let T, = {n € D :n = m}. The
net y ts said to

(a) P-accumulate at o point a € A if for every P(a) € P(a) and for
every m € D, y(T,, ) N H(P{a)) # 8,

(b) P-converge to a point a € A of for cvery Pla) € P(a), there exists
m € D, such that y(T,,) € 8(P(a)), 1.e. y 1is cventually in 8(P(a}), for
every P(a) € P(a).

Definition 1.4. A nonempty subselt A of X will be called w-closed
relative to X or simply a w-set if for every P-cover {P, : a € I} of A (I
being any index set), there ezists a finite subfamily {Py, : i = 1,2,...,n}

(say) of the above fumaly such that A C U B(Pa,); of in addition, A = X
=1
then X i3 called ¢ w-closed spece.
We now state and prove a sequence of lemmas to use them in the

sequel.
Lemma 1.5, Let A(# 0) C X and let F be o filterbase in A and M

a mazvmal filterbase in A. Then

(¢) F P-accumulates at a € A of F P-converges to a,

(b} M P-accurmulates at a € A iff M P-converges to a.

Proof. (a) Since F P-converges to a € A, for every Pla) € Pla),
there exists FF € F such that FF C 8(P(e)). If G € F, then FNG # 0, so
that G NO(Pa)) # ¥, 1.e. F P-accumulates at a.

(b) We first assume that M P-accumulates at @« € A. Let P(a) €
P(a). Then for every M € M, M N 8(P(a)) # 8, so that

(1) M O [8(P(a)) N A} # 0
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We claim that 8(P(a}) N A (£ B) € M. If possible, let B{Pla)}n4d¢ M.
Let § = MU{A(P(a)) N A}. Then by virtue of {1}, 1t 15 casy to check that

G has finite intersection property (heneeforth abbreviated as fip.). Let
n

F = {ﬂ G,:nelV G, ¢ G} where IV denotes the set of all natural
=1

mimbers. Then elearly Fis a filterhase in A such that & 26 D M. Since
M s aomaximal filterbase in 4 we have F = M = G. Thus B(Pla)NAE€
G = M. Thus for every Pla) € Pla). there exists B P(a))N A e M such
that (P(a)) N A € 8(P(a)). Henee M P-converges to a. The proof of the
converse part follows from (a).
. Lemma 1.6. Let A(# W) C X and y: (D, >) — A be a unaversal net
e A If y Peaccwmulates at a(e A), then y P-converges 1o a.

Proof. Lot Pla) € Pla). Since y Poacemmulates at a, for every
e € D there exists 1€ D with o > 10 such that y(n) € §(P(a)), i.c.,

(1) y(nl e A Plal}in A

Sinee g is aomniversal net in A4, it is eventually in either A(Pla)y N A or
I = 8(P(a)) N A But the second case is ruled out in view of {1). Henece
there exists my € D such that y(n) € 9(Pla)) N A C A, for all n € D with
1 2> 1. Henee the result follows.

Lemma 1.7. Lot A(# M) C X and let y 0 D — A be a4 net. Then
{AT0) : € D} = F (say) is the filterbase in A associated with y. If F
P-accumuletes at a € A, then y P-aconmulates af a. .

Proof. Straightforward and omitted.

Lemma 1.8, Let F be a filterbuse in a nonempty subset A of X.
Let D= {(r,FY e X xF :re€ F}. For cvery (2, F),(y,G) € D define
(Y 2 (y,GY iff F C G. Then > directs D and the net y:D - A
assoctadvd with F oas defined by y(r, F) = «, for all (. F) e D. If y P-
accumulates at a € A, then F P-vceumnulates ol q.

Proof. Straightforward and omitted.

Lemma 1.9. Lot 4(# 0) C X, y: D — 4 be a net and let a € A.
Then y P-acewmulates ab a if there crists a subnet of y which P-converges

to a.
Proof. Straightforward and oumitted.
. \‘Vv rnu-('lude- this section by observing the following fact, the proof of
whicli is straightforward by the application of Zorn's lemma
Lemma 1.10. Let Al# W) C X and let F be any filterbose 19 X which

wmrete Ao Then F s contamed in @ mazinal Jilterbase in X awhich wlso meets

A
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2.Characterizations of w-closedness. This section is meant for
giving several characterizations of 7-closedness through covers, filterhases,
nets and other classes of sets as follows,

Theorem 2.1. Let A(# 0) C X and let (D, >) be, as venal, o directed
set. Then the follounng are cquivalent:

(a} A is m-closed relative to X.

(b) For every family of nonempty sets {F, : o € I} with

ﬂ < F, >)ﬂA 9, there exists o finile subfamily {F,, .1 =1,2,... n}
acl
(say) such that (ﬂ Fm) NA =g
i=]

c) For every family {F, : o € I} of noncmpty P'-sets with
/) Y gt

(ﬂ Fo | NA =, there cxists o finite subfamily {F,, :: = 1,2,...,n}
ogl

n
(say) such that (ﬂ 9'(Fm.)) NA=¢.
i=1

(d) Every filterbasc in A P-accumulates at some point in A.

(e} Every filterbase in X which meets A, P-accumulates at some point
m A

(f) Every mazimal fillerbase in A P-converges to some point in A.

(g) Every mazimeal filterbase wn X which meets A, P-converges to some
point in A,

(h) Every nety : D — A P-accumulates at some point in A.

(i) Every net y : D — A has a subnet which P-converges to some
point n A.

(i) Bvery universal net y: D — A P-converges to some point in A.

Proof. We note that it suffices to prove the folowing sequence of
unplications: (a) = (¢} = (a) == (d}) = (¢} = ({) = (g) == ()
= (h) = (j) = (i) = (h) = (d) = (b) = (a) and so we proceced
accordingly.

(2) & (c): The proof is obvious in the light of De Morgan’s laws.

(a) = (d): Let A be am-set and if possible, let there exists a filterbase
F in A such that F does not P-accuunulates at any point of A. Then for
each a € A, there exist P(a) € P(a) and F, € F such that

(1) F,né(Pla)) =190

Now {P(a) : a € A} being a P-cover of 4, by (a) there exists a finite number
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" .
(2) Ac|Joriay)
i=1

From (1), F, € X - 8(P(a)), for all « € A. Hence ﬂ Fo G ﬂ [X ~
i=1

1=1

(P(a))] = X — U B(P(a)) © X — A (by (2)), Le., (ﬂ Fa,) nA=g

=]

so that n F,. = 0. The contradiction proves {d).
=1

(d) = (e}: Let F be any filterbase in X which meets A. Then G =
{FNA:F e F}is clearly a filterbase in A Hence by (d), G P-accumulates
ab some point @ € A, i.c., for every Pla) € P(a), (FNA)NE(P(a)) # 8, and
mnsﬁquontly, FNa(Pla)) # B for every FF € F. Hence F P-accumulates at
e A

(e} = (f): Let M be a maximal flterbase in A. Then clearly M is
a filterbase in X which mects 4 so that by (¢}, M P-accumulates at some
point @ of A, Hence by Lemma 1.5 (b), M P-converges to a(€ A).

(f) = (g): Let M be any maximal filterbase i X which meets
A Then N = (MnA: Mc M} is clearly a filterbase in 4. Hence
there exists a maximal filterbase A in 4 such that N* DN, By (f), N'*
P-converges to some poiut @ of 4. It then follows from Lemma 1.5 that
N7 P-accumulates at a. Now for every Pla) € Pla) and every N € A
NN B(P(a)) # 4, ie., for every Pla) € Pla) and for cvery M £ M,
A‘JI N{B(P(a)) N A] # 0. Now, as in the proof of Lemma 1.5 (b), we obserw;
su;lilarly that (@ #)8(P(a)) N A € M. Hence for every P(a) E‘P(a} there
exists (P(a))N A € M such that #(P(a))NA C 8(P(a)) so that (2) fc’)]lows.

.(g) = (d): Let F be any filterbase in A, By Lemma 1.10, F is
coutained in a maximal flterbase F* {say) in X which meets A. B,y (g)
F* P-converges to some a € A so that by Lemma 1.5 (taking 4 X) f’:
P-aceumulates at q. Now, for every P(a) € Pla) and for every F' f, F
FOO(P(a)) # 0. Henee F P-accumnlates at « € 4. o

()= (h): Lety: D = A be any net in A. We consider the filterbase
F={y(Tn):m e D} associated with y. By (d), F P - accumulates at
some a € A, Henee by Lemma 1.7, vy P- aceumulates at ale A).

(h) = (j} Follows from Lemma 1.6.

()= () Let y: D = 4 be any net. We know that every net has a

© subnet which is universal {see [10]). Henee there oxists o subuet B — A
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(where (E, >) is a directed set) of y such that z is a universal net. By (j),
z P-converges to some point «¢ of A. Hence (i) follows.

(1} = (h): The implication is obvious from Lemma 1.9.

(h) = (d): Let F be any filterbase in A, Then the net y : D — A
assoclated with the filterbase P-accumulates at some point « € A. Hence
by Lemma 1.8, F P-accumulates at a(€ A).

(d) = (b): If possible, let F = {F, : « € I'} be a family of nonempty

sets with ﬂ <Fa>| NA = 0 such that for every finite subfamily
ol

TE

{Fo, 1 =1,2,...,n} of the above family, (ﬂ Fm) NA # 0. Then clearly

aEf

G = {(ﬂ Fm) NA:ne N, F,, € }'} is a filterbase in A, By (d), G

i=1
P-accumulates at some point a of A. Thus for every P(a) € P(a) and
for every G € G, GN8(P{a}) # B. In particular, we have for all o € T,
(Fa NAYNB(P(a)) # 0, 1.e., Fa N P(a)) # B, so that « €< F, >. Hence

a € ﬂ < Fy >. Consequently, ﬂ < Fo>| NA# D and we arrive at a

ael agl
contradiction. Hence (b) follows.

(b} = (a): Let {Py : o € I} be any P-cover of 4. Then X — 4 D

X —Uaer P = [) (X = Pa) so that
agl

(1) [ﬂ(x Pa‘:] NA=1Y

agf
We consider the family of sets F = {X —6(Ps):a € f}. Now if X —~
0 (Pay) = 0 for some ag € I, then A C X = 8(P,,) and {a) follows, So
we assumne that X — 0(F,) # 0, for all o € I. We assert that n < X-—
cEgl

g (Pﬂ) >} NA = 0. Let o« € . We first show that < X -0 (P,) >C X — P,.

In fact, let z €< X — 8(P,) > (assuming it to be nouempty). Then for
every P(z) € P(z),

(2) (X — 8 (Fa)]NO(P(z)) # 0

Hence r ¢ P, (for otherwise, P, € P(z), but [X — 0(P,)|Nné(P,) =8
contradicting (2)), i.e. £ € X — Py. Thus < X ~ 8(P,) >C X —~ P, for all
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« € I. Henee

() <X-6(P) >J MAC [ﬂ (X — P(,)J NA =9 (by (1)

agl a&l
so that n <X —-8(P)) >} NA = 0. By (b), there exists a finite subfamily
acf
{X —0(Pa;):i=1,2,... .0} (say) of F such that [m (X - G(P(.f)):l n
=1

n

A=10. Then A C X — ﬂ (X —8(Ps)) = U 8(Py;), which proves (a).
t 1=

. =1
This completes the proof of the theorem.
In particular, if we take A to be equal to the entire space X in the
above theorem, then we get the following characterization of 7-closed spaces,

Theorem 2.2. In a space X, the following are equivalent:
(a) X i3 7-closed.

(b} For every family of nonempty sets {F,, : o € I} with m < F, 5=

ael
0. there exists a finste subfamily {F,, ;1 = L,2,...,n} such that ﬂ F, =0.
=]
(c) For every family {F, : o € I} of nonempty P'-sets with ﬂ F,

h O » - I . aE[
0, there exists o finite subfomily {F, : i = 1,2,...,n} such that

ﬂ GI(FG.') = 0.
i=1

(d) Every filierbase in X P-accumulates at some point in X.

(e) Bvery marimal filterbase in X P-converges to some point in X.

(f) Every net y: D — X P-accumulates at some point in X.

(g) Bvery net y : D — X has a subnet which P-converges to some
pornt in X.

(h} EBvery universal nety: D — A P-converges to some point in X.

3. Particular cases. We now consider a topology 7 on X and
consider our space to be a quadruple | X,7,P,0). Henceforth, we shall be
concerned with 7-closedness of topological spaces and instead of speaking
about 7 — closed spaces, we shall, from now on, be speaking about 7 —
closed topological spaces.

In this connection, we will read the pair P, 8 to be open, closure, semi-
open, closure, semi-open, semi-closure, reqular open, interior closure to get
the corresponding characterizations of QHC spaces ((3),[8],[15]), S-closed
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spaces ({7],[18]). s-closed spaces ([12]), and N-closed spaces (which are pop-
ularly known as nearly compact spaces [17]} respectively from Theorem 2.2,
and also the characterizations of sets QHC relative to X, S-closcd relative
to X, s-closed relative to X and N-closed relative to X ([3]) respectively
arc obtained from Theorein 2.1, Moreover, when the space satisfies the
Hausdorff separation axiom, we replace the role of 2,8 by apen, elosure to
achieve the corresponding characterizations of H-closed spaces ([1],(9).[19])
and of sets H-closed relative to X from Theorems 2.2 and 2.1 respectively,
What is the more striking feature of these two theorems is that sinee P is
any subset of P(X) with X,0 € P and 8 : P(X) — P(X) is any operator
with (X) = X, we can get, from the above two theorems, the charactoer-
izations of all the different forms of compactness (call them A-closeduess,
B-closedness, C-closedness or so) that arise out of all the possible combina-
tions of P and 6. In the following table we list down some such cases:
P is the class 6:P(X)— PX)
is the operator

1LP(X) 1.Identity
2.of all open sets 2.Closure
3.of all semi-open sets [11] 3.Interior

4.of all pre-open sets [13]
9.0f all regular open sets [16]
6.0f all semi-pre-open sets {2]
7.0f all a-sets [14]

8.of all clopen sets

9.of all regular semi-open sets [4]
2,3,4'.5,6,7

4.Semi-closure [6]
5.Semi-interior [6]
6.& Pre-closure (2]
7.Pre-interior (2]
8.Semi-pre-closure |2]
9.Seun-pre-interior [2]
10 Interior-closure
11.Closure-interior
12.Interior clesure interior
13.Closure mterior closure
20 3 &
10s.8:11s. 10p, 11p,
10sp
where:

(i) 2°3 "....,7" denote the cases where one should read *closed’ for
'open’ in 2,3,...,7 respectively.

(i) 2a, 3o stand for the cases where one shonld mean closure and
interior with respect to the a-topology 7 [14] in (2) and (3) respectively.

(i1i} 10s, 11s denote the cases where one should replace interior and
closure by semi-interior and semi-closure respectively in 10 and 11; 10p,
11p denote the cases where one should replace interior and closure by pre-
intertor and pre-closure respectively in 10 and 11; and 10sp denotes the
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case where one should replace interior and elosure by sem-pre-interior and
ser-pre-closure respectively in 10,

Thus our theory unifies the three handred types of compactnesses
(though some of them are identical, e.g. if we denote by (£, ) the compact
uess obtained by considering the ith case for P and the jth case for 8, we
get (2,10) = (5,1) = (5,10} and the correspouding spaces are known as
nearly compact spaces [17]) by giving a good number of characterizations
that can be fruitfully used in future studies {some of them have already
been introduced). This justifies the theory being called a unified theory
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NEW RESULTS ON THE OPERATOR
DIFFERENTIAL EQUATIONS

BY

LE. SHARKAWI

1.Some notions and notations. The class C' of continuous com-
plex valued functions of a non-negative real variable forms a commutative
algebra without zero divisors where the product is defined as the finite con-
volution fg = fot f(t = 7)g(7)dr, the sum and scalar product are defined in
the usual way. The quotient field of this algebra is the operator field M of
Mikusinski[l]. The clements of M are £ the convolution quotient,
where f and g are in C, ¢ # 0. Some special elements from M - s; the
differential operator, € = {1} = -‘3—; the integral operator and 1; the unit ele-
meut. In M we have an equivalence relation: 5 = % < fk=gh (in C),
so an clement £ in M is a representative of an equivalence class. We denote
by f of {f(t}} the representation of f(t) € Clg,0) while 2()) = g{z(A, 1)}
stands for operation function, wherc q € M and {z(A,1)} is a parametric
function. M(A) is the set of all mappings of 0 < X < o0 into M. Finally
DITY:0< A< A< 00, 0 = t < T < oo is the domain R?. After this intro-
duction we define some subspaces which are needed for later developments.

2.Subspaces J(D),C4(N),C4(A), 4,, A, and A,.
J(D): is defined as the sot of all complex-valued functions f(A 1),

- such that (i) for every T - 00, f(\ t) is defined, bounded and measurable

over D(T), (i) for every A € [0,A], f{A,t) e C. J(A) is the algebra which

lies in M(A), its elements are of the form f(A) = ¢{f(\. 1)}, ¢ € M and

f(At) e (D).
C.(A): is a commutative algebra which lies in M()), its elernents are

}0f the form f(A) = s’a{ff,\,t)}. B>0and f(A\ 1) e J(D) [5].

Cu(A): is a vector space that contains C.(M) [5].



