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1.Some notions and notations. The class C' of continuous com-
plex valued functions of a non-negative real variable forms a commutative
algebra without zero divisors where the product is defined as the finite con-
volution fg = f(; f(t = 7)g(7}dr, the sum and sealar product are defined in
the usual way. The quotient field of this algebra is the operator field M of
Mikusinski[l]. The elements of M are £ the convolution quotient,
where f and g are in C, ¢ # 0. Some special elements from M - s; the
differential operator, € = {1} = 13; the integral operator and 1; the unit ele-

menut. In M we have an equivalence relation: f =1 < fk=gh (in C),

so an clement £ in M is a representative of an equivalence class. We denote
by f of {f(t}} the representation of f(t) € Clg,0) while 2()) = q{z(A, )}
stands for operation function, where ¢ € M and {z(A, 1)} is a parametric

- function. M(A) is the set of all mappings of 0 < A < o0 into M. Finally

DT): 0= A<A<oo0 0<t < T < oo is the domain R%. After this intro-
duction we define some subspaces which are needed for later developments.

2.Subspaces J(D),Cy(N),Co(A), Ay, A, and A..

J(D): is defined as the set of all complex-valued functions f(A,¢),
such that (i) for every T < 00, f(\ t) is defined, bounded and measurable
over D(T), (ii) for every A € [0,A], f{At) € C. J(A) is the algebra which
lies in M(X), its elements are of the form f(A) = ¢{f(\.t)}, ¢ € M and
fAt) € I(D).

C.(A): is a commutative algebra which lies in M {A), its elernents are
f the form fO) =s2{f(A 1)), 8> 0 and f(A\ 1) e J(D) [5].

(A} is a vector space that contains C. (M) [5].

|

b



236 LE. SHARKAWI 2

(D) is a subset of J(D) and its clements are of the form of the
finite sum T, A4, (t)e'? (M whete a,(1) is +ve real function and 4,(1),7,(1)
arein C.

I is the class of all numerical bounded functions of the f()rfn of the
finite sum X, A4,(t)e'™* where 4, is a munerical constant and A in [0, A}
Now we can define our spaces. By A, we denote the set of all members (tf
the form b + g g()), where b is a numerical constant, ¢ € M aud g{\) € K.

For ¢ = s77 = {%}, f > 0and t in [0,T], we denote the set Ag{A)

by A,(A). It is easy to sec that 4, C C,. By A.(}) we denote the set
of all elements of the form a + = f{A} where o is a coustant operator,
fNY =p{f(M )}, pe M, f(At) € N(D) and ¢ is sufficiently small, conse-
quently A, C J(A). _ .

In the following section we introduce some operations i J{A).

3.Limit, derivative and integral in J{A). ‘

Definition 1. The function f(A) has a bmit ¢ € M at the pownt
A = Ag if and only if f(A) can be written in the form f(A) = q{f(f\,t)} where
ge M, {f(\t)) € J(D) and ¢ = q{)\li_]};o FAB)} such that {,\111-1;0 f(A 0)}

s tn C (in the usual sense). |

Definition 2. An element f{A) € J{A} has tts derrvative in J(A) of
and only if f(A\) can be written in the form q{f(A,t)} where {f(M )} hos
{fi(A, 1)} belonging to J(D) and :g\ = q{fi (M)}

Definition 3. For cwvery f{A) € J(A), f;‘ F(A)dA q{f(;\ FEX 8)dAY,
where g € M and f(At) € J(D).

Proposition 1. The defined limit (derivative and n@egml) does not
depend on the representative choosen from the cla;esl f(x) n.e. f(x) can be
represented in infinitely many ways but the definition of limit (derivative
and integral) is unique.

Proof. The proof of the unicity of the (lerivati\ft‘ and mtegral of
the function f(A) in J(A) is formally the same as in 1], one has only to
take care of the changed class of functions. We shall inw-'stlgatfv only the
unicity of the defined limit. Let a; and b be funct%ons of class € such that
G = %, S = Ui} = U0}, i # 3, (L0 € J(D) and
{Alin; fi(A 1)) = {hi(t)}, where {ht}} € C and i = 1,2, ..., then

—Ap

{aiHAA ) = {g, (O (A1)

lLe. {fl; ail{t — T)fild, T)dr} {jl; a(t — 7)Y (A r)dr} i J(D). Thus, for
A = Ay we have {f‘: ai{t —1)hdr)dr} {ﬁ; a;{t — 7)h{r)dr} in J(D), i.c.

aihi = ajh;.
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‘Dividing this equality by b, we have qili = g¢jh;, which proves that there
can be only one limit.

4.Binary relations and operator of absolute value in J(D). In
J(D) we shall define f < g if and ouly if f and g are real and (A, 1) < a(A,t)
for every (A,t)in D(T).

Definition 4. By |f| we denote the mapping J(D) : f — |f| =
= {If(A )|} which is called the operator of absolute value.

The properties of this operator are given in [2].

Remarks.
(1) The equality | fg| = | f|lg| generally does not hold. For if that were
the case then we should have for f = (] [/ g(A, 7)dr| = j;: lg( A, £)|dr, which

need not be true at all,

(11) It will be observed that if ¢ € C, then the inverse é cannot be a
fnetion € C [1], buat it is an operator in M and so if f and g are in C such
that yi £ M and 5 ¢ C then the expression |§|, does not make sense in M.

Definition 5. In J()), f()) approzimates g(A) with factor ¢ € M and
measure £, af f~g = qlu(A )}, where {u(X,t)} € J(D) and {lu(A, )]} <
epl. _

After these definitions we are in a position to consider some aspects
of the differential equations in the Mikusinski field.

5.Linear differential equations with variable coefficients in
M{A}. We shall consider the differcntial equations

(™ dn—l d
e e{A) + a,,_1(/\)d)\r-l—_—1;v()ﬁ) +. ﬁx(/\) + ag(A)z{A) =0

(1)

where o8 (A) are in M(A), k= 0,1,... ,n.

Proposition 2. If X € M(A) is the set of all solutions of equation
(1) then X is a linear space over M.

The proof is formally the same as by Mikusinsk i [1], one has
only to take carc of the changed class of functions.

Given the constant operators ) € M and fi € M(X), with

G(A) = ad + fr(A), k = 0,1,...,n — 1 we can interpret equation (1) in
the form of nonhomogeneous differential equation

n—1

" dn=1 d
(2) (Er/\; + “?,—l FTCET] + ...+ a?dj + ag) x(A) = - Efk()')x(k}(A)
k=0
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or

d
(3) F(g5) =0

. d d
where F (&) = (dd? + a4+t a5+ ap) and

LY
n—I

(4) FOY=->" ().
L=0

First we shall deal with the homogeneous equation

o d

d d d
® F(g5)=0- (i * g+ + g+ ) #A) =0

for which the corresponding characteristic equation

(6) Firy=r"+a%_ 7"+ ... +dlr+a) =0.

Definition 6. The polynomial F(r), r € M 13 said irreducible if
cennot be decomposed into the product of two polynomials of degree > 1.

For instance, the equation ¢? = {tsinlnt}, ¢ € M has no solution in
M (1], this example shows that M is not algebraically closed.

Definition 7. Equation (5) ts said to be logarithmic if it has n binearly
independent solutions (logarithmic solutions).

Definition 8. Equation (5) 1s said to be miscellaneous (Mized) if the
number of logarithmic solutions is less than n.

Definition 9. Equation (5} is called pure if it has no solution.

6.Stability of the solution of equation (1) with coefficients in
A.(A). When A — co. Here we are interested in the case when equation
(5) has n logarithinic solutions of the form

(7 zr = qrlexpzi(t)}, k=1,2,...,n

where gx € M, zi(t) = —ar(t) + iBi(t), ar(t) > 0, Bi(t) and ay(t) are
bounded real functions in C. Thus by means of notations A.(A) and (7),
we can verify that the general solution of equation (3) 15 given by

n

2(A) = afa(\, 0} = > cnar {e P} +

k=1

4 /;A{vk(t)} {p=k('>("—“)} {f(u,t)}du

v
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where v o= ‘;,r(:l,:g,...,:,,) # 0 ts Vandermonde determinant of order
nfve C= o ¢ Chut L M 1)), ox(t)is v after the £ column is replaced
by  (0,0,...,1),  a(A)y = g¢fx(r )} {z(A )} € T,

PR 4 (R 9 are arhitrary oeoiraks ;
ce LA 1,2,. .“.,n.) are arbitrary constant opcrators, 7 q are in M and

{f(MH)) = - Z‘{fk(/\,t)}{:r(“é,\,t)} where fi € K{(D).
k=1
Remark. According to the Definitions 1, 4 and Remark (i), we
cannot apply the theory of stability for the expression (8) directly by u’sing
the ideas of the well-known methods of classical analysis which depend on
the absolute value and the limits. Thus we shall modify the solution given
m (8) to a form which is suitable to the applications of stability theory
according to our given definitions and notations in the sense of the space of
operators,
.Let us remark that all the products of the functions of class C which
are given in our problems are in the sensc of the defined convolutions. Since
cxgr, (A = 1,2,...,n) and Bl are in M then we can write chqe = ke

Il 4 — et h
and £ = 99—' where h,h, gy and g(t) are all in C. Let g'h =q € M,

g . {v&(t)} and grhve = {64(¢)}. By means of these notations we can
modify equation (8) to the form

q{z(M 1)} = ¢ i[{w(f)} {6“‘“”} t
k=1

+ [ 160y {050 e,y

(=000 = 2 g[{nit}} {e) 4

+ /: {o(t)} {e"*“’“ “’} {f(u,t)}du].

Since :r;(/\) as in (8) is a solution of the homogeneous cquation (1) with
coefﬁcmntfs in A.(A), then according to Propositions 1 and 2, its product
by an arbitrary constant operator (w.r.t.A) is again a solution of the same

| equation, thus if & € C we can see that the parametric function as in (9)

Is the t;uinlable form of a solution of equation (1) which agrees with notions
and uutatmns_of our space. Thus we can employ to it the theory of stability
when A — oo in the sense of the field M.
iy 9L i ;
But when - ¢ C the following theorem does not applicable, and the
Problem needs further investi gation.
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Theorem 1. The solution (9) of equation {1} with coefficients in
A (X) tends operationally to zero when A — o0, if ¢/q1 € C provided that
equation (5) has n linearly independent solutions of type (7).

In fact the proof in the case when (3) is a logarithmic equation and
its n linearly independent solutions of type (7) is given in [2].

Remark. The property of existence of the solution of equation (1)
with coefficients in A.(A) in the case wheu (5] is pure or mixed and the
behaviour of the solution when A — oo remain to be investigated.

7.Form of the formal solution of equation (1) with coefficients
in A,(A) and in A,(A). We first investigated the linear differential equa
tion in M. Among many results let us cite the differential equation with
coeflicients in A,(A). According to our consideration, equation {1) can be
rewritten in the form of an inhomogeneous equation as in (2) where the co
efficients of L.h.s. are numerical constants, and the characteristic equation
(6) which corresponds to equation (5) has n roots; denote these roots by r,
k=1,2,...,n

Theorem 2. The formal solution of equation (1) with coefficients in
A (X), has the form:

o0 (= =]
0 m= (1430w e (s S ovn
=1 =1
where ri 13 one of the numericel roots of equation (6), pij, 7 =1,2,..., are

complez number and y; € I\

Proof. The possibility of the formation of the function yi; and num-
bers pr; can be established formally according to the well-known methods
of classical analysis. By substituting z4(A} in {2) and eguating the coeffi-
cients of the powers of ¢ with some modifications. WB aan construct yx;

diw\
F'(ry 4+ iv)
ag/F'(rr )}, where «g, a, are numerical constants and F'(r.), F'{r +iv) are

in the form of the finite sum Z @, € K and pi; in the form
p=0

the value of the derivative of the characteristic equation (6) at r¢ and r¢+iv. |

respectively. We omit the details of the proof which are easy to reconstruct
as in the earlier paper [3], one replaces only s=7 by q.

The question arises whether the given method of the formal solution, |

of equation (1) can be applied when ax = a + g fi(M), (k = 0,1,...,n)
where gx,a} are constant operators in M and fi()\) (k= 0,1,...,n) are in_
K or K(D). Let us note that: 1
1-the given method of the formal solution does not depend on the
representative choice of ¢ from the class K ().

‘2
T
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2-according to the roots i (K =0,1,...,n} of equation (5) we have n
or less expressions as in {10). Let the expressions (10) with their derivatives
exist in M(A) and satisfy equation (1),

The following question arises: are these expressions linearly indepen-
dent? which is outside the scope of the analysis here, and we hope to discuss
it later.

8.0mn the existence of the formal solution. Among many forms
of solutions let us cite the form (10) with ¢ = s* where « is a real number.

1.Case a < (.

We have mvestigated this case the roots of equation (6) are distinet
(3] or has any form {5]. Morcover we gave an answer for the open question
ou the convergence of the formal solution (10} in the operational sense (3].

ii.Case o > 0.

The expression (10) does not exists whenever the coefficients pi; and
the functions yx; are sufficiently small because the expressions exp (/@ Pi;)
7 =1,2,... has no meaning in the field M of operators {1]. t

7

9.Approximate solutions of equation (1). The cquation (1) with
coefficients in 4,(A) is considered. With this consideration the coefficients
of equation (5) will be numerical constants we investigated the approximate
solution &y, of equation (1} which tends operationally to an accurate solution
2(A) as in (10), where ¢ = 577, 3 > 0 and z,,(A) has the sane form of z{A)
with summation up to m. Taking in our consideration that the ordinary

= (=)
power series Z ik |2? and Z |y£_;)|zj, (:=0,1,...,7 < n) have +ve radius
=0 j=0
of convergence [3].

Our investigation based on the modification of the solutions such that
we can use the ideas of classical analysis to obtain new results in the field
of Mikusinski opertors according to the given definitions and notations. We
shall give the following propositions which are important for the problem
which we had been disenssing in [3]. In the same time the situations are
illustrated in a way to show the distinction between the problems in the

classical case and the problem in the space of operators.
(= o) 0

i ] .
Let E {ri;l2? and E [yi j)|::J' be as considered above, then each con-

J=O =0
(o 0] o0
. A i) —3i
vegent scrics E ThjS A1 and E y(k j) 57 can be represented by rio + f and
j=0 =0

Yko + g(A) respectively where f = {f(#)} € C and is a parametric function
whicl for a fixed A is a function in C. It should be observed that in this case
the exponential exp(fA) does exist and has the form exp(fA) = 1+ h(N)
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where h(A) = {h(A,1)} is a parametric function, and oll its derivatives are
parametric in [0, A] {1].

Proposition 4. Consider p € C, g(A) and f as defined above then the
egpressions: pr(A) = P(rvo + f)exp(yro + g(N))] 1s parameiric funclions
in D

Proof. Since the formulae for the derivative of product (convolution)
of the parametric functions g(A) = {g(},1}} and ¢/* = 14 [A(A 1)} are
valid formally as in the usual form and the product (swin) of the parametric
functions is again a parametric function [1]; thus with our suppositions we
can show that px(A) is a parametric function in D,

We can casily verify the samme results of the last proposition to the
expression: pr{"()),i=0,1,2,....i < 1.

Proposition 5. Let the numerical function u()) be the general so-
lution of the ordinary differential equation (5) and v(\ — y) be the solu-
tion of the same equation such that v"(0) =0, i = 0,1,2,...,n — 2 end
v(*=1(0) = 1 then .

(i) The general solution z(A) of the operational equation (1) as we
considered and its derivatives can be represented as

A
290 = ¢ {s00 1)} = w0 + 7 / VO = ){fn, )},

1=0,1,2,...,n—2,

where ¢ € M and {mf\‘)(/\,t)} are parametric functions.
(1) if ¢ € M such that (i) holds, then ¢~ € C.

Proof. We omit the details of the proof of part (i) which are easy to
reconstruct as Proposition 3 one has only to take care of the different class
of functions. It remains to prove (ii). if (i) holds then

; A t -1
00,0 - [0 [ fon )k } ¢ ()

Since Lh.s. is a parametric function, thus ¢='u(}) is also a paranetric
function, but u(}) is a numerical function of the variabie A only. Hence
¢~tecC.

Propositions 4 and 5 seem to be easy but they are very important
for the field M of operators as we show. According to Definition 4 the
absolute value of operator is connected to the function which for fixed A
belongs to the class C, this must be the reason that the relation of expression

9 THE OPERATOR DIFFERENTIAL EQUATIONS 243

() — II'S,',)(/\)I is considered, see relation (8) in [4] and also |¢~! n0))]
does not hold if ¢=F ¢ C' and all given inequalities in [4] do not make sense
because J¢7!| has no meaning in M.
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