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ON WEIGHTED DEFICIENCIES OF
MEROMORPHIC FUNCTIONS - II

BY

5.M. SARANGI and S.J. PATIL

Let f(z) be a meromorphic function in the finite plane |z| < oo.
If the order of f(z) is infinite, then the so called It exceptional set ap-
pears in the second fundamental theorem of Nevanlinna. Therefore in
confrast to the case of finite order we have many difficulties and trou-
bles in the investigation of value distribution of merotnorphic functions
of infinite order. To avoid some of them LF. Heath [3] introduced
some new notions weighted characteristic function and deficiencies etc. to
the Nevanlinna’s theory of necromorphic functions. We use the symbols
T(r, f), m(r,a), N{r,a), N(r, f), 6(a, f), &(r, f) etc. of the Nevanlinna’s
theory of meromorphic functions [2].

LF. Heath [3] defines the weighted characteristic functions and
deficiencies ete. as follows.

Let E be the elass of functions a such that

(1) there is 4 > 0 such that « : [4,00) — [1,00)

(i1) “—(t‘l is non decreasing on [4, 00).

(iii) there is & > 1 such that ot +1) < ka(t) for all t € (4, 00).
(iv) f;° ';"(St-;dt is convergent.

For o« € E define Po(r) = f; %:—)ldt where 1 is one of the functions
m(r,a), N (r,a), T(r,a) etc. of Nevanlinna’s theory.




246 SM. SARANGI and S.J. PATIL P

Define e T
Ay = lim inf (w

T—co l();__,?

1

: malr, a)
Sala, f) = lm inf ——"—,
R Y]

An(”)f) = lim sup M
=00

Tﬂ’(r: f) A
O.(a, f) = ;-lil.l.}oi”f !Vn(v-,;‘)}(;}\:)n(:‘,u)’
Aru(f', ”)

Hyla, f) =1~ lun sup ———.
(e, f) s To(r: f)

a € F is said to be admissible for & meromorphic function fif T, (v, ) 1s

unbounded.
With these definitions he proves that the set D ={u €C | Hy(«a, f) >
> 0} is countable and

> {ba(@) +8a()} < Y Ha(a, f) < 2.

agld n€l)

in {4] we have proved some basic propertics using the notatious of

above definitions.

in this paper we are going to prove some other results vsing the no-

tations of above definitions.

Theorem 1.If o is admassible for f and of ZI{,,((f..f) = 2, then

el
lim Na(rya, f)

=1— H,(u, f) for alla eC.
A% T, 0 ) ol

Proof. Let a € € and let {a: )2 be an infinite sequence of distiet _I
elements of € which includes every b € € satisfving b # a and H, (0. 7)) £ 0. &

Then

iHo (24, ZH:» (b, f)=2- Ho(a, f).
1]

Let ¢ be any integer = 3. From L.E. H ¢ a t h (3] we have

71
(4= 2)Ta(r, f) €Y Nalr,ai, f) + Nolr,a, f) + o Ta(r, £))
t=1

6“(”) == Au(”-)-

{> 2 then
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Henee,

N, (rya, f) =
(ff—?’)<luniilcf;o—i:(?—”-‘f';{l_Hn(”!'-f)}'

Thus.

i ; N (7 a,f) B
1 rl—~nc>o T ) > Z-Hn((h, 1.

Since this holds for all ¢ > 3, letting ¢ — oo, we get

? =]
lllllllrlf ) f) Z Ho(a, f)=1=1- H,(a. ).

However by definition of H, (a, f)

olr,a, f
_‘T)) =1 Ho(a f).

fim sup
r—oo ( ’

_ Na(rya, )
lim =t — -
S (7, f) 1 - Ha(a, f).

Corollary. It If « is admissible for f and if Zén((!-,f) = 2 then
agls

Theorem 2. It If o is admissible for f with Z balt. f19) = 2 where
ael’

éala, a0, FN) [in _ﬂ(’_fﬂ
ﬂ}; (1) < 8a(0, fO)lim finf el

Proof. Since Z bafa. f19Y = 2. From Theorem 1 we have
ael”

. No(r.a, fifh
AL Gy pmy el SO

| 1n particular,

lim
[ g =] T(\ H
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Let {a;}82, be a sequence of distinct elements of which includes every a € €
for which é,(a, f) > 0. Then for an arbitrary positive integer ¢, from lemma
of [4] we have

Zm“(’" @ f}+ No ( f(f))

To (1,9 + o Ta(r, 1))

S0

1

na(r,a, ) Na (7 7t)

T, (,,7 f(!))

' JlE
3 oumnt S v e BGI
o ,
st T(—(ff—)—)
That is
¢ f19) .
. _ () Lo (n /) _
Z;&a(auf)+{l bafo, F9)} -lim inf R <
7. (7,/9)
< lim rl—Ivlgo T(r—)—
Letting ¢ — oo, we obtain :
r, O '
; 6&(“; f) S 60 (0: f(f)) - lim rl—l}go T( f))

.

Theorem 3. It If « is admissible for f and assume that two of its
values a and b are weighted deficient. If v = max {1 — §,(a),1 — §,(b}}
then A, 2 1if y=0

log (1(2 1))

Ao 2 log (1 + ~(1— 'r))

of v#0.

Proof. From an inequality proved by Edrei and Fuchs [l

Tolr,f) < ﬁT(ar, f) + max{N(or, o), N(or, f)} + O(log )

- Recefved: 20.1X.1992
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for ¢ > 1 and » > 2. We can deduce

4 _ I NA(
mTQ(O'F,f)—FIIld)\{

We may suppose without loss of generality that @ = 0 and & =
Let v < ¢ < ¢ < 1. in the above inequality choose o = 1 +

To(r.f) <

gr,0) No(ar, f)

a

}+0(1)

c(l—c)
Since f(z) is clearly not a rational function we see lim a—(’—f—) = 0. Hence
Eaa Tﬂ'(r: f)

'+ ; : g < 1 for all sufficiently large . Then we have for all sufficiently

large r
To(r, £) < Tofor, 229

Therefore, as in the proof of Theorem by Edreiand Fuch s (1] we
obtain

log — 1
o inf log Ta(r, f) N gc(z—c).

r—oa  logr

log o

Now theorem follows by letting ¢ — 7.
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