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EXISTENCE THEOREM FOR COMMON SOLUTION
OF DIFFERENTIAL EQUATIONS
IN LOCALLY CONVEX SPACES

BY

B.C. DHAGE

L.Introduction.Hadzic[34],Agasc[l]andYuasa [9] have

uged the measure of noncompactness for proving the existence theorems for
ditferential equations in locally convex spaces. The main tool used in proving
these theorems is the fixed point theorem of Sadovskii [8) type, which
imvolves the use of measure of noncompactuess in locally convex spaces.
In the present paper we deal with the common solution of the differential
equitions in Jocally couvex spaces via the measure of noncompactness. First
of all we shall prove a common fixed point theorem for a pair of condensing
mappings on ordered locally convex spaces and then apply it to prove the
| conmmon solution of differential equations in locally convex spaces.
] Let £ denote the complete Hausdorff locally convex space (in shortly
| CHLCS) with the topology generated by a family of semi-norms P = {Pa :
Ca o T} where T denotes the index set. Let ¢ be the complete system
| of basis neighbourhoods of the origin of E consisting of the closed convex
s and Lounded subsets of E. Then Y was a [9] has defined the measure of
| noaconpactness of a bounded set B in E as a set Q(B) in U given by

Q(B) ={U € U | For given ¢ > 0, there exists a precompact
set W such that B C K, + €U}

i
_JIf ¢ = 1 the definition (1.1} of the measure of noncompactness ), then
we get the measure of noncompactness M(B) of a bounded set B due to
1ch {7], namely

(1)

M(B) = {U € U |there exists a precompact set K

(2)
such that B C K + U}



252 B.C. DHAGE 2

It is clear that M(B) C Q(B) and the measure of noncompactness Q is
more general than M. Therefore, in the subsequent discussion of the paper
we shall deal with the measure of noncompactness Q dueto Y uasa [9).
Below we state a few properties of @ which we need in the sequel.

Lemma 1.1.

(a}) Q(B) = U <= B 1is precompact,

(b) A C'B = Q(4) > Q(B),

(<) Q(A U B) = Q(4) n Q(B),

(d) Q(co A) = Q(co A) = Q(A), where co A and T6 A denote the
conver and closed conver hull of A,

(e) Q(A + B) = Q(A), of B is compact,

(f) Q(ad) 2 Q(oA), for 0 < a < b

Proof. The proof is givenin Yuasa [9].

Definition 1.1. A mapping T : E — E 1is said to be Q-condensing if
for any nonprecompact (bounded) subsct B of E, Q(TB)2Q(B).
We also need certain monotonicity concepts of the mappings on

CHLCS E. Let < be the order relation in CHLCS E defined by the closed
cone K in E, ie forz,y € E,z <yiff y -~z € K. In this case we also

write y > z. However the order relation < may be defined in any manner |

as we do not require any property of the cone K in the sequel. A mapping

T : E — E is said to be isotone increasing if for each z,y € E with = < y, |

we have T'z < T'y. Again two mappings S,T : E — E are said to be weakly

isotone increasing if Sz < TSz and Tz < STz for all « € E. Similarly
two mappings S,T : E — E are said to be weakle isotone decreasing if |
Sz > TSr and Tr > STz for all r € E. Now we are in a position to |
formulate the main common fixed point theorem for a pair of mappings on |

CHLCS E.

Theorem 1.1. Let S and T be two continuous mappings on a closed, |

conver and bounded subset B of the CHLCS E into itself such that
{a) S and T are Q-condensing,
(b) S and T are either weakly 1s0tone increasing or decreasing.
Then § and T have a common fized point.

Proof. The proof is similar to that of Banach space case as given in |
D hage [2]. But for the sake of the completeness we give the details of)

the proof. Consder the sequence {z,,} in B defined by

(1.3) T = To, Tan+1 = SZan, Tanpz = TZouqy, n 20

Suppose that S and T are weakly isotone increasing, then by definition of

the sequence {z,}, we get

(14) Ct:oE:E;S:I,‘Q‘_'{....SII“":_:....

£

e

E, (NS TSN 3
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I_ic.‘t A= {rg, 01, e} We prove that 4 is precompact. Suppose not,
then
.4. {J'U} I {J".J':],. 5o .,:f:'ZH-I-]-,- - -} L {-1‘211‘41- BRI 4 S TP ‘} =
= {J‘n} U S(.‘l] ) U T(Ag)
whepe A, {ro,ea. . omgr,. . JC Aand 4, = {ra, 24, .. 2om,.. JcC
C A

Now by property {¢) of Lemma L1, we get

@A) = Q({ze} U S(4)) U T(4,))
=Q({z})NQSA4))N Q(TA,)
2UNQANNQ(Ay)
=0Q(4)

which is & contradiction. This sliows that A is a precompact and A4 is
conpact. 'rlu-*re-forv, the sequence {r,, } which is monotone increasing has a
unique hunit point 2% in B such that lim Ten = 7. Then every subsequence

of the sequence {rn) converge

s to the same limit point +*. By continuit
of 5 and T, we get Y Y

e . .
H— llillll Tangr = him Swy, = Slim.ay, = Sr*, and
n T

in ¥ 1 o = S
r h’}ln.:-z,,.,,g =lhmTip,g = Tlhmueg,yy =T,
n K

E Sinulaely, if S and T are weakly isotone inereasing theu it can be shown that

the sequence {2, ) defined by {1.3) is monotone deereasing and converges
bo o wnieie limit point widell is again @ common fixes point of S and T

This completes the proof,

TR E T ] . a a3 ..
2.ihfferentiai equations. Lot E be a CIHLCS wiil, an order relation

ﬁ arltet JJ = {ta, te + n] C I be an interval for some a > 6. Let C[J, Ej be
10

.{-'.'_r!u".ln( (7, E) is also o CHLOS, Wi define an order rolation < in C[J, B)
Bs {ollows, Lot vy € CLLEL Then by o < i We mnean x4 g

paee of continmous functions from J into E with the uniform topology.

=< ylt) for all
o complete system of basis neighbourhoods: of the origin of
T {I{)%C”‘C‘bf“!‘}?]‘nltg;l :c;l;:'t':;Trlmiglii_mur]umds of Fhe: origin of C'[J, E].
Mo oo = (—[ I‘E] s 0 & ). Then i forms a l)asxf'; neighbourhoods of
e ol - 12 B consisting of the closed convex neighbourhoods of the
Figin of (f'[J, ElWo identify U ¢ U with 17 ¢ iy and characierize the
e of noncompactiess of a bounded set B of C'{.J, E] in terms of the

€. Lot he the oo

o
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measure of noncompactness in E. Thus whenever we calculate the measure
of noncompactness in C[J, E] with respect to a fixed &/, we will understand
that we also calculate the measurc of noncompactness in E' with respect to
a fixed ¢ and identify & with U.
Let B C C[J,E} and let B(t) = {f(t) | f € B} and B(J) = | | B(#).
teJ
Then we have the following lemma.

Lemma 2.1. Let E be a CHLCS and let J = [ty,t¢ +a] CR, a >0
be an interval. Let B C C[J, E] be a bounded equi-continnous set. Then we
have

[ Q(B(1)) = Q(B(J)) = Q(B).

teJ

Proof. The proof is given in Y ua s a [9}.
Now we consider the nonlinear differential cquations

' = f(t, =z
(2.1) w = flte)

z{tg)=a20 € E
and

=gtz
(2.2) = g(t,x)

x(tp) =y € E

where f,g € C[J = A, E] and A C E 1s open.
We require the following assuptions:

{A)) There exists an open set G C A such that 1 € G CG C A and |

f(J x G) and g(J x G) are bounded, or

(A}) There exists a closed convex and hounded set F' containing z¢ -

in A such that
By =@(f(J x F)u {0}) is bounded and x¢ + a1 B, C F, and

B; = @(g{J x F)U {0}) 1s bounded and ¢ + a2 By C F, for Some_,:

ap,aq > 0,

(A2) For any bounded set B C B C A, there exist the int(‘rvalg_{
J' = [to,to +a'] C J and J" = [tg, ty +a"'] C J and the constants ¢), ¢z > 0p

such that for all (hounded) nonprecompact sets S C B,

Qes (7' % $)Q(S) and Qezg(J' x $)2Q(S) _
with respect to a fixed & (if B is precompact, we understand that these
conditions are vacuously satisfied).

(Aa} f(t,z} < ¢ (t, Tp + f:o f(-?,.l:(s))(ls) and

o
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glt,xy < f (t,:r:n g Lto g{.s,;v(.s))ds) for all (t,z) € J x C[J x A].
We also need the following useful lemma given in M a v t i n {6].

Lemma 2.2,

(2.3) [ ' fs,a(s))ds € (F — to)ea L fls,a(s)) | s € [ta, 1)

Theorem 2.1. Assume the hypotheses (A, )-(As). Then there exists
o common solution of the differential equations (2.1} and (2.2} on [to, to -+
for some o, 0 < o < @

Proof. It is easy to see that the hypothesis (4,) implies (A}). For
let By = @(f(J x Gi)U {0}). By assumptions, B is bounded. Choose a
mumber ay, 0 < aq < a. such that 2o+ a1 B; C G. Let F, = xy + a1 By and
let B' = zo(f(J x Fy)U {0}). Since F; C G, we have B' C B; and hence
xo + o By C F\. Similarly, zg + a2 B2 C F for some oy, 0 < as < a, where
B, = co(g(J x GYU {0}) and Fy = zo + ayB2 C G. We set F' = U F;.
Then clearly (A}) holds.

Now by condition (A, ), there exist the intervals J' = [to,to + '] C J
and J" = [to, to + "] C J, and the constants ¢; > 0, ¢z > 0, such that for
all (bounded) nonprecompact sets B C F,

Qer F(I' x B))2Q(B) and Q(ez9(J" x B))2Q(B)

Let o = min{ay,a,a’,a" ¢y, ¢}, and let I = [to,t0 + a] C J. Since
0<a<c¢ and0<a<cy, by Lemma 1.1 (f), we have

O (I x B)) 5 Qler (I x B)) and Qag(I x BY) > Qeag(I x B)),

Moreover, since I C J" and I C J", we have,
FUI x By f(J' x BY aend g(I x B) C g(J" x B).
Hence
e f(I x BY C ey f(J' x B) and cp9(1 x B) C cz9(J" x B).
It follows from Lemina 1.1 (b}, that

Q(e) F(Ix B)) D Q(ey f(J' x B)) and Q(e29(1 x B)) D Q(cog(J" x B}).
For all (bounded) nonprecompact scts B C F,

Q(af(I x B))RQ(B) and Q(ag(I x B))2Q(B).
Define a set H in C[I, F| by

H = {x € C{I,F]|x(to) = zo, z(t) —2(t') € (t —t')Bs},

I
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u.fhere By = .BI UB;. Clearly H is a non em
tinwous set in C[_I, E]. Now the differential cquation (
equivalent to the integral equations,

(2.4) () = zq +/ fls,x(sPds, teI, and
(2.5} x2(t) = zg +f a(s,x(s))ds, tel

respectlvely, where the integrals are in Riemann's sense.
Consider two operators § and T on H defined by

(2.6) Se(t) =z -i-] f(s,2(s))ds, tel, and
to
(2.7) Tz(t) = 2 +/ 9{(s,z(s))ds, tel

Clearly S and T map H in to itself,

Now the problem of common solution of the
and (2‘2)‘1'3 just reduced to the problem of findiy
the mappings § and T on H. Using the arguments similar to Y v asal9]it
can be shown that $ and T are continuous and Q-condensing on H. We or111
show here that the mappings S and T are weakly isotone increasi‘ng on Hy

(We use lemmas 2.1 and i
() e e 2.2 in the above arguments.}) Now by assumption

differential equations (2.1)
1g commeon fixed points of

Sz(t) =2y + /tt f(s,z(s))ds,

.S Ty +/¢¢ a{s,zo + [’ f(w,x(w))dw)ds,

=20+ [ g(s, Sa(e)as,
= T(Sx(t)),

for all t € 1, showing that S(z) < T(S(z)), z € H.

Simi
T(z) < S(T(z)), for all z € H. Thus § and T are weakly isotone B

increasing

pty, closed, convex and equieon-
2.1) and (2.2) are
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on H. Now an application of Theorem 1.1 yields that the mappings § and T
have a common fixed point, t.e., there is a point +* € H such that Sz* = 2*
and Tu* = »*. This further implies that the differential equations (2.1)
and (2.2) have a comnnon solution on I = [tg, 1y + a] C J, for & > 0. This
completes the proof.
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