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It is well known that the conformal structure of an open Riemann
surface 15 determined by the algebraic structure of the ring of analytic func-
tions or the field of meromorphic functions on it. B e r s [1] has shown
that if X, Y are plane domains and H(X), H (Y} are the rings of analytic
functions on X, ¥, respectively, then any ring isomorphism of H(X) with
H(Y') is induced by a conformal {or anti-conformal) equivalence of ¥ with
X.This result has been generalized to open Riemann surfaces by R udin
(8, Roydeu [7,and Nakai[5.Iss’sa (3] has shown that it
holds for reduced Stein spaces. The case of plane sets X, ¥ which need not
be open is examined in Su [9) and Minda [4). Su and Minda have
shown that the above fact under the assumption that the given isomorphism
preserves complex constants unchanged. In this article, we will show that if
Ry and R; are two open Riemann surfaces and X , ¥ are connected subsets
of Ry. R, respectively, cach containing at least one interior point such that
there is an abstract field isomorphism between the fields M (X) and M(Y)
- of all meromorphic functions on X and Y, respectively, then X and V¥ are

conformally equivalent.

_ Definition. Let R, and R, be two open Riemann surfaces and X
Y be connected subsets of Ry, Ry respectively, each containing at least one
inierior point. A function S : X — Ry is said to be enalytic if for each point
P € X there 1s a neighborhood Uy of p and an analytic function Fp:U, - R,
such that F, and S cotncide on U,nX.
o This definition is equivalent to assuming that there is a single open
et U 5 X and an analytic function F: U — Ry such that F| X = S [4].
Let 4(X,Y) denote the set of all analytic functions S : X - » R, with
(X)CY. For ¥ = Ry = C o a function in A(X,C) is called holomorphic
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and we write H(X). In case ¥ = Ry = C, the extended complex plane
or Riemann sphere, each function in A(X,C ) is called meeromorphie and
we set M(X'). To say that S : X — R, is anti analytic means that ¢, o S :
X — C is analytic for any local coordinate B oo 1y -85 X = ¥ s said
to be a conformal mapping if S is analytic, one-to one, aund onto. X and
Y are said to be conformally equivalent if there is i one-to-oue conformal
mapping from X onto Y.

It is well known that H(X) forms a ring under pointwise addition
and multiplication. In fact, H(X) is an algebra over the complex munbers
C. Since X is a connected subset of R;. M(X) is @ ficld. The sum and
product of two elements of M(X) are defined on all of X with the possible
exception of a discrete subset of X and have unique meromorphic to all of
X. Moreover, M(X) is the quotient field of the ring H(X) .

Let R be an open Riemann surface and X a councctod subset of n
containing at least one interior point and p € X, fe M{X}) In terms of
a local parameter ¢, in a parametric neighborhood of p with ¢,.(p) =0, f
has a local expression

(fogadz)= ) .2t

in a neighborhood of ¢4(p) = 0. We denote by d¢(p) the order of f at p,

Or(p) = inf{k : cp # 0}

which is an integer-valned function on X nnless f = 0, and does uot, depend: |

on the choice of ¢,. We adopt the convention do(p) = +oo. Evidently, f

is anlytic at p € X if and only if I¢(p) 2 0, and f € H(X) if and only if |

9¢(p) 2 0 for all p € X. Furthermore. if f.g € M{X), then Opy = 85 + 3,
Or—g 2 min{dy;,0,} and Z(fy = {pe X : f(p) =0} ={pe X :0pm - 0.

The theorem of Weierstrass-Florack 12} for open Rimnana
surfaces states that for every sequence of distinet pomts dp,} oot R,
which has no cluster points in R, and {or overy seqienee of positive winegers

{‘Tln},,eN, there exists a holomorphic funetion S oon B owhich vanisbes at §
cach p, with order a,, and at no other poiuts, According o this theorem,t
for every point p in R, there exists s holomerpliie fusction f on 17 whichel
has ouly a simple zero at p. and for twe distinet promts pog o I3, there eistsyl
a holomorphie function f on R sueh thad Hp) # flgn sl

A drvisor O on R is a mapping 8 : B — 2 (the sel of intesors) 8
such that {p € R : d(p) # 0} is diverete in R, Accordiug o the theorems
of Weierstrass-Florack for open Riemaun surfaces. for any civisor ¢ oa 0
there exists a unique f € M(R) —~ {0} such that 9 = ¢ron . For any f s
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M(X} the mapping p — 84(p) is a divisor since {p € X : 3¢(p) # 0} is the
set of zeros and poles of f in X which is discrete.

A waluation v on M(X) is a mapping of M(X}* =M(X)-{0} onto
Z such that v(fg) = v(f) + v(g), v(f +g) 2 min{v(f),v(g)} with the
conveution that 1(0) = +oo, and #(C*) = {0}. whereC* =¢C — {0}. For
any fixed pin X, f — d¢(p) is a valuation, called the point valuation at p.
[ss s al[l3] shows that any valuation v on M(R) is essentially a point
valuation, i.e. there exists a unique point pin K such that v(f) = d¢(p) for
every fin M(R). Min da (4] has shown that it holds for the case of X
which 1s a connected subset of R containing more than one point.

Theorem. Let Ry and R, be two open Riemann surfaces and X, Y
be connected subsets of Ry, Ry, respectively, each containing at least one
interior pownt. If &+ M(X) — M(Y') s an abstract field tsomorphism (not
C-algebra), then there ezists 4 unique map S: Y — X such that either

(1} S i3 conformal and (fy=foS forall fe M{(X), or

(11} 5 15 antr-conformal and ®(f} = fo 5 for all feMX).

The proof of this theorem is based on following leminas. The methods
of proof used here are closer to the work of M. N a kaiandL.Sario (6].
Henceforth, we will denote by €., the complex rational number field, where
any complex number whose both real and maginary parts are real rations
mnmbers, is called complex rational number,

Lemma 1. Let & : M(X) — M(Y) be an abstract field isomorphism,
then @(C) = 871 (C) =C.

Proof. since, ®(1) = 1 and (i)? = (%) = B(-1) = —1, so either

; D) =7 or (i) = —1. In the first case, we have ®(r) = r for all r £ C,

and in the second case ®(v) = 7 for all 7 € €. We assume that &(:) = 4,
the proof for @(3) = —i is similar. We only have to show that A € C

- implics B(A) € C siuce the same for -1 yields #(€C) =C. Assume, to the
| contrary, that ®(X) ¢ C, so that A € C —C,. Since (A} is a nonconstant
3 meroworphic function, we can find a subdomain I in R, such that $(A) ()
|15 @ nonempty open set inC. Since, is dense inC there exist apoint g € U
such that @(A) (q) = r belougs toC, N S(A)NU). So (&(A} ~ r)(q) = 0. Let
Da(x1-r(q) = n € N, the set of positive integers. For any m € N we can

find an ' root fom €EC of N7 £ (e, o = A —1. Then
(P(pem)]™ = @(u) = P(A —7)=®(\) —r, and
- 080u){40) = R (e ) () = B2y -r(q) = 1.
:ThlS means that any m € N is a factor of n, le. n is divisible by every
Integer and so must, be zero, a contradiction. We have seen that ®(C) =C.

. Lemma 2. et & . M(X) — M(Y) be an abstract field isomor-
phism. Then, there ezists a one-to-one and onto mapping S:Y — X such
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that ®(f)(g) = ®(F(S(q))) for all f € M(X), ¢ € ¥ by the convention
®(o0) = o0.

Proof. Given an arbitrary point ¢ € ¥, we consider v(f) = dg(5)(¢)
for every f € M(X). It is clear that f — v(f) is a valuation on M(X)
and therefore, by the point valuation theorem, there exists a unique point
p € X such that v(f) = 9¢(p) for every f € M(X). Since p is determined
by ¢, we denote it by S(¢). Now, if f(S(q)) # co for an f € M(X), g € X,
then f — f(S(q)) vanishes at p, i.e. 95_(s(a){(S(q)) > 0. Therefore,

Oa(5y—o(f(s(a{1) = Ba(s- (500 (0) = O g(5(41(S(q)) > 0.

Hence ®{f) — ®(f(S(¢))) vanishes at p and we have ®(f)(q) = ®(f(S(q))}).
If f(S(g)) = oo, then ®(f(S(q))) = oo and s(5)(¢q) = I£(S(q)} < 0, and
so ®(f)(g) = oo. Therefore ®(f)(¢) = B(f(S(q))). It 1s clear that this
equality holds for f = 0. It remains to show that 5 is one-to-one and onto.
Assume there are points q1,q2 € Y with ¢, # ¢2 and 5(q,) = S(¢2). By the
Florack’s theorem {2], there exists a ¢ € M(Ry) such that ¢(q1} # 9(¢q2).
Let f = &7 ! (¢ | Y), then f € M(X) and ®(f)(q:) # ®¥(f)(g2). Since
B(F)a) = BF(S(01)) = B(F(5(a2))) = @()(S{az)), we have arrived at
an obvious contradiction. Furthermore, from the definition of valuation v
defined on M(X), for each p € X there exists a ¢ € Y such that v(f) =
Ba(s)(q) = O¢(p), where f € M(X} and S{g) = p. This implies that S is
onto.

Lemma 3. Let ® : M(X)} — M(Y) be an abstract field isomorphism.
If we define the mapping S : Y — X by ®(f)(q) = ®(f(S(q))) for all
feM(X) and q €Y, then Oa5)(q) = 0r(S(q))-

Proof. If ®(f)(q) = ®(f(S{(q))) = 0, then f(S(q)) = 0 since &
is an isomorphism. Hence 84¢p(g) > 0 if and only if 3;(S(q)) > 0. If ©
&(f)a) = D(F(S(@) # 0, then F(S(q)) # 0. Hence da(sye) = 0 if |
and only if 95(S(q)) # 0. Now, by the Florack’s theoremn, there exists an
f» € M(Ry) such that ;s (p) = 1 with p = S(q), where p € X C R;. Then |
fp | X € M(X) and 0, |x(p} = 1. Suppose J¢(5)(q) > 0 so that 8;(S(q)) >
0, for an f € M(X) Then af/prX(S(Q)) >0 and thus aq,(f/fplx)(q) > 0, or
Oa(5)(q) — Ba(s,1x)(q) 2 0. Hence dg(py(q) > a¢(fp|x)(q) > 0. This meang,
that Jg(f,1x)(¢) = 1. In view of this we conclude that Jg(s)(q) = af(S(q));-
forall f€ M(X),q€Y. '

By the Lemna 2 and Lemma 3, we see that the field isomorphism
® : M(X) — M(Y) induces a ring isomorphism @ : H(X) — H(Y), 1.e..
if f e H(X), then &(f) € HY). Let T = S7!': X — Y be the inverse
mapping of S. Then T is also a one-to-one and onto mapping induced
by 7' : M(Y) - M(X) and we have ®~!(g)(p) = ®~(9(T(p))) for all
geM(Y), pe X.
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Lemma 4. Let & : M(X) — M(Y) be an abstract field isomorphism
and §:Y — X be as in Lemma 2. If K CY is a precompact set (i.e. the
closure IV 1s compact) in Y, then S(K) is a precompact set in X.

Proof. Suppose, to the contrary, that K is precompact in ¥ and
yet S(K'} is not in X. Then there exists a discrete sequence {Pn},en in
S(I'} C X. By the Florack’s theorem there exists a mapping on R, such
that 3(pn) =1(n € N) and 8(p) =0 (p € R, — {pn}). Hence 8 is a divisor
on Ry. Let 8 = 0| X. Then & is a divisor on X. Let g, = S~¥(p,)
(n € N). Since § is a bijective mapping, 8* 0 S : Y — Z is a divisor on
Y. But {g €Y :0*0S8(q) # 0} = {gu} C K and {gn},en is not discrete
since /' is compact. This is a contradiction. Similar argument shows that
the mapping S~' = T has the same property.

Lemma 5. The field isomorphism & : M(X)} — M(Y'} is continuous
on ¢ with respect to the usual plane topology inC.

Proof. To show that F is continuous we only have to derive a con-
tradiction from the assumption to the contrary, i.e., of the existence of a
sequence {An},cy inC with A, —» )\ € C and &{}),) — co. Fix an inte-
rior pomt p € X C Ry and choose an f, in H(R,) with 85,(p) = 1. Then
foix € H(X) and 95 x(p) = 1. Let f = f, | X+ X. Since f is a nonconstant
analytic function on X, f maps a neighborhood of p in X homeomorphically
to a neighborhood of A inC. Then we can find a sequence {Pr}ien C X
such that p, — p and f(pn) = A, for every n'in N with n > ny. In view of
the precompactness of {T(pn)},cn (T = S7!) in Y, we may assume that
T(pn) — ¢ € Y, by choosing a subsequence if necessary. By Lemma 2,

SUNT(pn)) = 2(f(S(T(pn)))) = B(f(pn)) = B(An)

| and on letting n — oo, we obtain ®(f)(¢) = +co. Hence by lemma 3 and

feH(X),0> dp5(q) = 95(S(q)) > 0, a contradictiow.
Lemma 6. If & : M(X) — M(Y') be an abstract field isomorphism,

~ then ®(A) = A (or X) for all A €C.

Proof. For all A inC, we can find a sequence {Mi}pen iInCy such
that 4, — X. As ®(r.) = A, (or A) and @ is continuous on C so we get
(X} = A (or A).

Lemma 7. Let @ : M{X) — M(Y) be an abstract field wsomorphism
ond 5:Y — X be as n Lemma 2. Then, ®(f)(q) = f(S(q)) (or B(f)(g) =

f(8(4))) for oll f € M(X), q €Y.
Proof. Let f(S(¢)) = A €C. By Lemma 2 and 6,

®(f)(g) = B(f(5(g))) = B()) = A (or A)
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Thus ®(f)(q) = f(S(g)) (or B(f()) = f(S(9)}). I F(S(g)) = oo, then
2(f)(9) = 2(f(S(1))) = ®(c0). Thus &(f)(q) = f(S(q)).

Lemma 8. The mapping § is continuons.

Proof, It suffices to show that if {q'!}neN is a sequence of points
inY and ¢, — ¢ € Y, then §(q,) — S(q) on X. Suppose not, then
either we may choose a subsequence, again called {gn},en> such that S(q,)
converges to a pomt p' # p = S(g) or else we may choose a subsequence
such that {S(qn)},cn bas no limit point in Ry. In the first case, by the
Florack’s theorem there exists a function f € H(Ry) such that f(p) = 0
and f(p') =1, then

L=f() = lim f(S(q))= lim &(f | X)(gu) =

®(f 1 X)) = £(S(9) = f(p) =0,

a contradiction. In the sccond case, let f ¢ H(Ry) be 1 at each point
S(gn) and 0 at p (by the Florack’s theorem}), then the same contradiction
is obtained. Thus S must be continuous.

Lemma 9. The mapping § is analytic.

Proof. Fix ¢ € Y. By the Florack’s theorem, there exists a function
fin H(R;) which has only a simple zcro at p= S(q). Then f is univalent

in an neighborhood U of p. Since $ is continuous at g, there exists an open
neighborhood V of ¢ such that S(VNY) C U. The fact that &(f | X) =
(f | X)o S implies that S [(VNY) = (f | (UNX))Tod(f| X)|(VNY),
ie, = flo®(f|X)isvalid in a neighborhood of ¢. This shows that § |

is analytic.

Lemma 10. The mapping § is wnique.

Proof. Assumethat ' : Y — X and foS' =®(f)= foSforall f E_.
M(X). If $" # S, then there exists a point ¢ € ¥ with S'(¢q) # S(g). By the |
Florack’s theorem, there exists an f € H(X) such that f(S'(q)) # f(S(q)). |

But this is impossible since f($'(¢)) D(f)q) = f(S(q)). Therefore, S is
unique,

The authors wish to express their great appreciation to Professor Mit

suru Nakai for the advice which improved the presentation of this paper. &
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