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VECTOR EXTENSIONS OF THE VARIATIONAL
EKELAND’S RESULT
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0. Introduction. Let (X,#/) be a uniform spaceand F: X — R, a
bounded from below function. Denote,

X(Fa)={ze X;F(z)<inf F(X)+a}, a>0.

An important problem involving these elements is that of determining, in
the neighbourhood of each point X(F,a), another point of the same, with
"good” variational properties. In this direction, the following 1974 Eke-
land’s result [7] is basic to the considerations below.

Theorem 1. Suppose U is induced by a metric d : X? — Ry with
respect to which X is complete and F 13 Isc (in the usual sense). Then, for
each ¢ > 0,\ > 0 and y € X(F,e)) there ezists z = z(e, A, y) € X(F,eh)
such that
(a) d(y,z) < X and F(y) ~ Fi{z) —ed(y,z) > 0,

(b) F(z) - F(w) — 2d{z,w) <0 for each w € X,w # 2.

This principle found a number of interesting application to convex
as well as nonconvex analysis; for a survey of these we refer to E k e -
land[8,Penot |20, and Georgiev [9 among others. So, it
must be not suprising that, especially in the last decade, a large number
of extensions was proposed for this result. For example, in the "smooth”
version of Theorem 1duetoBorwein and Preiss [2], it is proved that
a stronger conclusion than (b} is to retained from the same assumptions;
namely
(b) F(z) — F(w) — (¢/A""))(G(w) — G(2)) <0, for each w € X.

Here, p > 1 is arbitrary fixed and G : X — R (depending on the initial data
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(e, A, p,u)) 1s introduced as

G(z) = 3 pald(z,za))" , 5 € X,

for some sequence (u,) of positive numbers with %,, = 1, and some
sequence (z5) of elements in X converging to z. At the same time, in the
“monotone” variant of Theorem 1 obtained by the author [24] it has been
demonstrated that, if the ambient space is (<) -complete with respect to
a certain self - closed ordering < and F is decreasing {in the standal
acception) then (a) + (b) above may be written as

(a") ¥ < z,d(y, 2} < A, F(2) ~ F(y) - ed(y,z) 2 0,

(b") F(z) — F(w) — ed(z,w) < 0 for all w > z.

But , in the following, we shall be interested in vector extensions
of the variational Ekeland’s principle. These, roughly speaking, are being
produced by allowing vectorial values for the couple (F,d) and require two
main ingredients:

1) an adequate notion of almost minimum point {i.e., a vectorial sub-
stitute of the sets X(F,a) above )

2) a maximality principle involving in a direct way the ambient uni
form structure of X.

As a basic result in this area we mention the one obtained in 1986 by N e -
me t h [16]. To state it, let E be a locally convex Hausdorff space, ordered
by a normal cone K, and F: X — E, a mapping with

X(F,K)={r € X;(F(z) - K)N F(X) has a lower bound } # 0.

For any part U of E, let U¢ denote its (absolute) complement in E (that is,
E\U).

Theorem 2. Suppose the uniformity of X is generated by a (vectorial)
metric d : X® — H (where H is a K -bound regular complete subcome of
K) with respect to which X is complete and F is sub - monotone. Then, for
each y € X(F,K') and each ¢ > 0 there is ¢ 2 € X(F,K) s0 as
(a7) F(y) - F(2) ~ ed(y,2) € K,

(b*) F(z) ~ F(w) —ed(z,w) €e K¢, we X,w # z.

Also, let U be a neighbourhood of 0 € E. If S = HNU® is nonempty then,
for each x € X(F,K) there ezists y € X with

(c) F(z) — F(y) € K (hence y € X(F,K))

(d) (F(y)—eS—K)NF(X)=0.

And, finally, for each y with these properties there is an element z € X
fulfilling (a}) plus (b*) above, as well as
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(a3) d(y,z) € U.

A close analysis of the proof (based essentially on the Zorn Maximality
Principle) shows it is not strongly related to the locally convex structure
of E. So, further extensions of this result are not essentially impossible.
It is our main aim in the present cxposition to give such an extension of
Theorem 2 to the case of E being a topological vector space; this will be
done in Section 3. Two main aspects of the argument must be emphasized;
these are

i) the normality of the cone I is not indispensable to the substance
of the proof (whereas the R -regularity of the subcone H is },

i1} the multiplication by scalars is not effectively used in the reasoning

{so, the result in question is valid in the case of E being a topological
(abelian} group).
The preliminary material is collected in Sections 1 and 2. It is concerned
with appropriate answers to the proulems 1) and 2) above. The almost
minimality results in Section 2 follow, essentially, the same line as in Nemeth
(op.cit.); and the maximality principles we dealt with in Section 1 are being
taken from T u rinici[25]. Some variational aspects of the main result
will be discussed in Section 4. These involve appropriate interpretations
of the conclusion in the main result corresponding to (4*) in Theorem 2.
A serious limitation of the method is related to the strong requirement
that int (K) be nonempty; more precisely, significant facts in this direction
cannot be obtained beyond the normed context. But, even in this case, a
"true” vectorial extension of the well known Ekeland’s necessary condition
of almost minimum {7] is still lacking. Perhaps the future development of
the nonsmooth differential calculus for vector valued functions {under the
linesin Papageorgiou [18]) will provide us new tools for attacking
this problem in its full generality.

1. Preliminaries about maximality principles. Let X be a
nonempty set. By a quasi-ordering over X, denoted <, we mean any
reflexive and transitive relation (over X ). Denote also

A(X) = {(z,z);z € X} (the diagonal of X).

Under a convention similar to that introduced by N a ¢ h b i n [14, ch.2,
Sec.2], we shall term the family U/ of subsets in X2, a pseudouniformity over

X when
A(X) C U,for each U in U.

The following sort of maximality will be considered in the present exposition.
Let < and U be as above. We say z € X is (<,¥) - mazimal, in case

z < u < v implies {u,v) € Nf;
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the set of all such points will be indicated by max(X, <,4). This tnay be
related, of course, with the standard notion of maximality, introduced as:
z € X is (€) — mazimal, when

z £ wimphies w < z,

(the set of all such points being denoted by max( X, <)). Namely, assume U
is (<) -separated, in the sense

N =(<)N(=).

(Here, e.g., (<) stands for the graph of our quasi-ordering; that is, {{z,y) €
X2, z < y}.) Then, (<,U)-maximal and (<)-maximal are identical. But,
in general, the former of these includes the latter. This is manifest in the
case of < being an ordering (antisyminetric quasi-ordering) over X, when
the right member in the above relation becomes A(X).

Now, it is the moment to specify that the main objective of this section
is to give sufficient conditions about < and i so that < be a (globally) U-
normalquasi-ordering, in the sense

(Dy) for each x € X there is a (<,U4) — maximal element
! z € X withx < z.

For an appropriate answer, a number of notational conventions as well as
preliminary facts must be taken into account. We start with the following
simple remark. Let ¢f and V be two pseudouniformities over X. We say U
is coarser than V, in case
for each U € I there exists V € V so that U D V.

As an immediate consequence, (<,V)-maximal is stronger than
(<,U)-maximal. The pseudo-uniformities & and V will be termed equi-
valent when each of them is coarser than the other: in such a circumstance,
the maximality properties induced by &/ and V are identical. In particular,

{U} is coarser than U , for each U € U;

hence (<, )~ maximal is stronger than (<, {U'})-maximal, for each U € Y.
This motivates the following convention. We call the underlying quasi
ordering <, locally U-nermal when 1t is (globally) {U}-normal for each
U el ;that is

(D,) for each x € X there exists a (<, {U}) ~ maximal element
? y € X withx <y.
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By the above discussed facts we have that globally /-normal is a stronger
property than locally ¢ -norinal, for the considered quasi - ordering. So, the
question arises of what can be said about the reverse implication. This is
a more accurate formulation of our initial problem. It may he worked out
via conditions involving the nets of the ambient space. Before describing
them we need, however, a preliminary discussion about their index sets.
Precisely, let W stand for the class of all ordinals; it has a contradictory
character, by the well known Burali-Forti paradoxe (see, e.g., Sierpin -
s ki [22, ch.XIV, Sec.2] ). However, when one restricts the considerations
to a Grothendieck universe I' (introduced asin Hasse and M

¢ hler (10, chl, Sec.2] ) this contradictory character is removed for the
class Wr of all admissible (mod T' ) ordinals (that is, ordinals generated by
the well ordered (non - contradictory) sets in I' ). In the following we drop
the subscript I for simplicity. So, by an ordinal {in W ) we shall understand
a T' - admissible ordinal with respect to a "sufficiently large” Grothendisk
universe I'. This will be refered to as an admissible ordinal (to indicate the
fact that a generic universe I' is considered in its construction). Of course,

a = admissible ordinal, # < o = § = admissible ordial.
Hence in the formula

W)={{eW;{<a}, acW,

the set W in the brackets inay be taken as the "absolute” set of all ordinals.
We also denote, for each (non-contradictory) set Z of the ambient universe

#(Z) = min{a € W; card (Z) = card (W(a)).

That is, #(Z) equals the initial ordinal of card (Z). The existence of this
number is a consequence of the (Zerinelo) Axiom of Choice; see in this
direction Ale xan drov[1,ch.3, Sec.6]. In the following, the notation of
net (ascending net) will be used to designate any mapping (increasing map)
A b zy from some ordinal segment W{a) {where a is an admissible ordinal)
to X (respectively (X, <)). The term sequence {ascending sequence) will be
reserved for the case @ = w (the first transfinite ordinal). This convention
is a particular case of the one introduced by K elle y [12,¢h.2, Sec.1] under

the lines helow. Let (I, <) be a quasi- ordered set which is supposed to be
directed | in the scnse

I, )N I(j,<)# 0, foreachi,j€l.

(Here, e.g., I(i, <) stands for the set of all k € I with i < k). By a net
(ascending net) in X we shall mean any mapping (increasing map) i b =



230 MIHAI TURINICI ]

from some directed gquasi-ordered (index) set I to X (respectively, (X, <)).
The particular aspect of our convention is related to the case of (I, <) being
a well ordered structure. That is, in the developments below we shall restrict
our considerations to those Kelley nets {ascending nets) indexed after well
ordered parts {of the amubient universe). The technical effects of this device
will be discussed in the next section. For the moment however, we shall be
interested in giving an appropriate answer to the above posed problem.

Theorem A. Suppose that

each ascending net (xx)acg tn X, where § < &(U),
as an upper bound.

Then, for the ambient quasi-ordering <, the local U-normality property
equals its global counterpart.

Proof. Assume < is locally U-normal; that is, (cf. (D7)) for each
z € X,U e U, there exists y = y(a,U') > x with

(1) y <u<wv implies (u,v)e U

Let (Ux)a<s be an enumeration of U, existing by the Zermelo Well Ordering
Principle [1,ch.3, Sec.5]; here, of course, § = &(U ), because card (W (8)) =
card (I{). Let x be arbitrary fixed in X. There exists by (1), a g > & with
the property

9 < u < v imples {u,v) € Uy.

Of course, it might very well happen that (D) be verified with = = xy (and
then we stop the process): otherwise, we go further. Namely, suppose that,
for the ordinal v < § we obtained an ascending net (zx)}x<, in X so0 as, for
each A <

(P()\)) Ty =< u<wv implies (u,v) € Uy.

If v is a first kind ordinal, then, by (1) (with v = ¢, -, 17 = U, }. we zet a
point &, = x._; with the property (P{y)). Otherwise {when ¥ is a second
kind (limit} ordinall, use (€} to get an upper bound, ', of (rx)rc, and
then (1) (with (2',U,) in place of (x,U)} to get & point », = ' which
should satisfy (P{+4)). As above. if r. is (<. U) -naximal. then we are done;
otherwise, we are passing to the (5 -+ 1) step, ete. Sumining up, we either
end the process after a "number” of iterations less than & or construct an
ascending net (xy)acs in X satisfying (P{\)}, for each A < 4. Let = he an
upper bound (existing by {C) )} of this net. It is clear that = € max(X. <.4)
and r < z. The proof is complete. g.e.d.
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It 1s not without importance to say that the property of Theorem A
is stifl refinable, in the following sense. Let A(L) be a family of pseudo-
aniformities {over X) whose union is just 4. We call the underlying quasi
ordering <, globally A{l{)-normal when it is globally V-normal, for cach V
wm AU ). In particular, if

AlU) = {ULU € U} (vespectively ,A(U) =U)

it 15 clear that globally A4(Z{)-normai is identical with locally #/-normal
(respectively, globally U normal). But , i general, the introduced property
is mtermediary between these extreme ones, in the sense

{ globally & - normal = globally A({/} — normal =

locally 4 — normal.

Now, in view of the above result, the extreme properties of this chain are
rquivalent. Hence

globally A(U4) — normal ¢ globally & — normal
(for each family A(If) taken as before).

This. for an individual A(), continues to hold, even if, in (C;) we replace
x{U) by k{ A(lf)). Indeed. assume < is globally A(Uf)-normal and let (V3)a<s
be an enumeration of A(l{), where § = x(A(U)). Then, for the arbitrary fixed
r € X we may construct (by the same way as in Theorem A) an ascending
net (zxy)acs in X with 2 < 2y and

zx € max(X, <, V,),for each A < é.

By the accepted variant of (C)) there exists at least an upper bound, z,
for this net which, evidently, has the required properties (in (D,) }; this
proves our assertion. The procedure subsumed to this remark is preferable
{(in arriving at the conclusion of Theorem 4) only if it is known that < is
globally A(U)-normal and

R{AU)) < x(U) (hence card (A(U)) < card (U)).
et (i s e e P

card (A(U)) > card (V), for all ¥V € A(U);
because the double inequlity

cird (A(U)) < card (U) < card (A(U)) x A(U)) = card (A(U))
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{which is known to be fulfilled whenever A(I() is at least denumerable; see,
eg.,Sierpinski[22, ch.XV, Sec.8] ) contradicts the requirement (about
cardinals) we just formulated.

As a matter of fact, the local &-normality assumnption introduced by
Theorem A cannot be directly used in practice. So, we must find appropriate
substitutes for it. In this direction, let us term the (ascending) net (z5)xca
in X,U—Cauchy when, for each U € I there exists an index AU} < a such
that

(zp,2,) €U, for all p,v < o with MU) < u < v

Of course, for an (ascending) sequence (2,)n<. in X, this property is, in
general, stronger than that of being I/-asymptotic, in the sense: for each
U € U there exists n(U) < w such that

(Tn,Tnt1) € U, for all n >n(U).

However, when all (ascending) nets/sequence are involved, the reciprocal of
this implication also holds, in the form: the global conditions

(C?) each ascending net (z)acq is #-Cauchy

(C3) each ascending sequence (zn )<y is U - asymptotic

are equivalent each other. In fact, whenever (z,)x<q is not Y-Cauchy, we
have that, for some U in I the following property holds: for each A < «
there exists a couple g, in W(a) with

A< p<vand (x,,x,) € US.

{(Here (cf. a previous notation), U¢ stands for the absolute complement of
U € X?). Then, an ascending sequence (yy, )n<. may be constructed (with
the terms of the initial net) so that

(2) (Yon,Y2a+1) € U for all n < w.

But this contradicts (C}); hence the assertion follows. This equivalence is
no longer valid when the term ”net” is taken as in Kelley {op.cit.). Precisely,
let (z:)ics be an (ascending) net, indexed after a (generally) directed quasi-
ordered set (I, <). By convention, it will be called ¢/—Cauchy when, for each
U € U there exists 1(U) € I such that

(z;,z¢) € Udor all jk € 1,5,k > i(U).

Assumme now that (C3) is to be replaced by
(C3) each ascending (Kelley) net (z;);cs is Y-Cauchy.
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Clearly, (C3) = (C); but, the reverse implication is not (in general) valid.
To explain this, assume that (z;)ie7 is not {-Cauchy. ‘ThC{l, for some
U € U, the property below is valid : for each i € I, there exists j, k € I with

k=1 and (x;,xx) € U

Now, it might very well happen that j and & be incomparable; that is, nfai—
ther j < k nor k < j is holding. But, in this circumstance, we cannot b‘ulld
up the sequence (yn)n<. as in (2) and this proves our claim. The obtained
conclusion has, of course, no impact for our developments. But, from a
methodological viewpoint, it tells us that the notion under consideration
must be handle with care over different classes of nets.

Now, returning to the above development, we note that, under either
of the mutually equivalent conditions (C2)/(C}), the underlying quasi-order
< is necessarily locally /f-normal. In fact, suppose this is not true. Th'en‘
a couple € X,U € U may be found so that: for each y > z there exists
u,v € X with

y<u<v and (u,v)e€ US.

From this, an ascending sequence (yYn)n<w may be constructed with the
property (2) above. The contradiction at which we arrived proves our as-
sertion. A natural question is to determine of whether or not the converse
implication is true. To give it a more adeuqate formulation, let us call the
quasi-ordering <, strongly locally {-normal, when for each (nonempty)
part Z of X, the restriction <z of < to Z (introduced as

(<2) =(L)n Z%)
is locally Uz—normal, where
Uz ={UNZHU e U}

is the trace of I over Z. In this perspective, the above argument shows that
(C3) ( or (C})) is a sufficient premise for

(C3) < is strongly locally & — —normal

But, the reciprocal is valid too. In fact, let (.’1:,,),1(?, be an ascending se-
quence in X. By the accepted hypothesis, we have (in Z = {2, : n < w})
that, for each n < w and U € U there exists m(n,U) > n so that

m(n,U) < p <gq¢ implies (x,,%q) € U.
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This, by definition. tells us the sequence m question is I-Cauchy (hence 24
asymptotic) and the assertion follows. In other words, (C3) is but a variant
of (C2)/(C3) and the above question may be phrased as to what extent it
is true that locally ¢#-normal nnplies (Cy). We conjecture that the answer
is negative.

As an immediate consequence of these facts, we have the following
practical result.

Theorem B. Under the same boundedness assumption (C1), let us
admit that either of the mutually equivalent conditions (C2)/(C3) 13 holding.
Then, for each x € X there i3 o (=.Uj-mazimal element 2 € X with <z
If, in addition,

z 18 (<, {U}) —mazumnal, (for some U ¢ U)

then, necessarily, (z,2) e U.

Let us now return to the framework of Theorem A. It is our main
aim in the following to give a counterpark if it which - at least from a
methodological viewpoint - may be of some avail for these developments.
Let us call the point = € X, (£,U J-semi-maximal, when

S w wmplies (z,w) € NY.

Of course, this notion includes the already introduced one of (<, U)—maxi
mality. To give an instance in which the converse is also valid, call the

pseudo—uniformity U, (<)-triangular when, for each U € i there exists
V € U such that

ey <z (2y)(2,2) €V = (y,2) e U
Now, an assumption like
(C4) U is (<)-triangular

makes these maximality properties equivalent each other, as it can be dj-
rectly seen. This conclusion may be also expressed as: under the structural
assumption (Cy), global U-normality equals the global U-semi-normality
property of the underlying quasi-ordering, introduced as

(D) for each x € X there is a (<,U) — semi — maximal element
! z € X withz < 2.

However, this equivalence is no longer valid for the local variants of these
Properties; that is, for an individual member U of U, the (global} {T}-
normality property is stronger, in general, than its corresponding {global )
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{U'}-semi-normality (even if (C}) holds). Sn.‘ we may ask of which ad-
ditional hypotheses must be imposed to the triplet .(J\. <, U} so that con
clusion of Theorem A be valid with local ¢{-normality replaced by a local
i -semi-normality of the quasi ordering <, expressed as

(DL) { for cach x € X, U € U there exists a
2

(<,U) — semi — maximal element y € X with x < 7.

To discuss this, we need some new conventions. Let us call the (asc:endmg)
net (ry)aca in X, U-semi-Cauchy when, for cach U7 € U there exists A =
MU) < o such that

(eaytpe) € U, for cach p < a with X <.

This property is, for an individual (ascending) sequence (2, )n<w, stronger
than that of being /-semi-asymptotic, expressed as: foreachn € N, U € U,

(Tm, Timt1) € U, for some m = m(n,U) > n.

The converse of this assertion is valid in a global sense only: that is, condi-
tions

(Cs) cach ascending net is U --semi—Cau.chy ‘

{C3) each ascending scquence is I -semi asymptot]c. o

are equivalent each other. (The proof of this fact being very s.nmlar to_the
preceding one, we omit the details). Moreover, cither of these is a sufficient
condition for the local - semi- normality property (D}). Indeed, assume
this would not be true. Then, a couple 2 € X, U € U is to be found with
the property: for each y > «

{y.v) € U°, for some v > y.
: ; e I
From this, an ascending <equence (y, )n<. mnay be constructed so that
{yn,ynp1) €U, for all n < w,
lcti ith respec C3). This proves our claim. Concerning the
a contradiction with respect (o (C4). This proves : '
= 1 i +
converse implication, we nole that (cf. a previous argument) either of the
g v ] o i,
conditions (C5)/(C) is equivalent wit!
(e < is strongly tocally U — semni - normal

{That i for each (nonempty) part Z of X, the restriction <z of < to Z
15 locally Uy —semi normal, where iz is the trace of U over Z). Hence, the
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implication to be englighten is that between the global /-semi-normality
property (defined by (C})) and (C3). We again conjecture that the answer
is negative.

Now, to complete these considerations, the following are in effect.
For the (arbitrary fixed) pseudo-uniformity i/ over X, let us introduce a
U-convergence structure ” — " on the ambient space by saying: (za)a<a
converges {(mod U ) to x (and we denote this as £ — = (mod U)) when for
each U € U there exists M(U) < a so that

(zp,z) € U, forall p < a with A(U) < p.

The class of all such points (if any) will be denoted by U — lima({zx)r<a)
or, simply, limx(z). As a quasi-order variant of this, let us put

xx T x(mod U) if and only if x) — x (mod ¥ ) and
a <z, A< a

the class of these points is being indicated as U — olimy{(zx)r<a) (or, di-
rectly, as olim(z) when no confusion can arise). It must be noted that.
in general, an information like

lii'n(x a) is nonempty (or, even, oli}l\n(x;\) is nonempty)

cannot imply the ¢{-semi-Cauchy (hence, a fortiori, the f-Cauchy) property
of the (ascending) net in question. However, in the presence of a certain
counterpart of (Cy), namely

) for each U € U there exists V € i/ such that
e x <y <zand(x,z)},(y,z) € Vimply {x,y)} € U,

this is possible, in the sense

each (ascending) convergent (mod &) net in X is
necessarily ¢4 — Cauchy (hence ¢ — semi — Cauchy).

As a consequence, the convention below is technically correct. We call the
underlying pseudo-uniformity U, weakly (<) -separated, in case

lima({xa)acs) is (<,U) ~ flat, for each ascending
U — semi — Cauchy net (x3)acs in X, with & < &(2).

{Here, a subset Z of X is termed {<,{} -Hlat, whenever

w,v € Z,u < v = {u,v)eNU).
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For example, a sufficient condition for this property is the (<) - triangular
assumnption (Cy). As a matter of fact, the prefix "weakly” is not very well
chosen; that is, the (<) -separation property defined at the beginning of this
scction does not in general assure the one described by (Dj). It, however,
does under a condition like

(Cs) < is U — self — closed

(in the sense: the limit (mod &} of each ascending net in X is an upper bound
of it). The proof is almost evident; so, we do not enter into details. Finally,
we call the pseudo-uniformity i, decreasing when it may be represented as
(Ux)acs (for some admissible ordinal § depending on U ) where A F Ul is
decreasing from (W(§), <) to (X?,C). The admissible ordinal in question
satisfies

(U < 6 < B(U),

where, for each nonempty part Z of the ambient universe we put
#(Z) = min{a € W;card(Z) < card(W(a)).

With these conventions at hand, let us now return to the matter into dis-
cussion. As a first completion of Theorem A, we have

Theorem C. Suppose (Cy) is accepted with &(U) in place of x(U)
and, n addition

U 15(<) — separated and decreasing.

Then, conclusion of Theorem A is retainable if local U-normality is replaced
by local U -semi-normality.
Proof. Let (Us)acs be the representation of U assured of (C7). We

also take an arbitrary point x (in X). By the accepted hypothesis about <,
there must be a ry = x with

(3) ' re < w implies (xg,w) € Up.

This process may (eventually) continue as follows. Assume that, for the
ordinal 4 < & we obtained an ascending net {zx}a<y 50 as, for each A < 7.

(Q(A)) zx < w implies (xy,w) € U,,.
If v is a first kind ordinal then, by using (3) {for r = z,_,,U = U} we

get a point z, > w,~; with the property (Q(v}). Suppase v is a second
kind (limit) ordinal. By (C)) we firstly get an upper bound, x°, of {zx )} <+-
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This, again combined with (3) (for (z,U) taken as (z',U,)) yields a Ty 22
for which (Q(v)) is fulfilled. Hence, our iterative process is ( eventua_l]y)
continuable beyond W({é). Let 2 be any upper bound (existing 'by (Cy)) of
the obtained (ascending) i~semi-Cauchy uet (z))r<s, and assume L;., veX
are such that z < u < v. By (Q(A); A < §) plus (C7) (the second part) we
deduce u,v € limy(z,); this , in conjunction with the first part of the same
gives (u,v) € NU. The proof is complete. q.e.d.

'.I‘h.e decreasing property involved in (C7) is, in a certain sense, cha-
racteristic to the pseudometric setting. To be more specific, let us call the
function d: X? — R, a pseudometric over X when

d(z,z) =0, for all x € X.

Denoting .
Uldt) = {(z,y) € X*;d(z,y) < 1}, t >0,

the family H(d) = {U(d,t);t > 0} is a decrcasing pscudouniformity over
X. Concerning the associated ordinals entering in the boundeness condition
(C1) to be used in Theorem A (or Theorem C) let

27V P £ TAPOUINE /5 WA

be the aleph denumeration of all cardinal numbers {agp = the first transfinite
cardinal) and

WO, W,y Wiy e

their. associated initial ordinals (wy = w). (The possibility of this enumera-
tion 1s assured by the Axiom of Choice; see, in this direction, Alex an -
drov [l, ch.3, Sec.6].) Now evidently

card (U (d)) = a; (hence x(U(d)} = wy, KU(d)) = wa ),

if we accept the Continuum Hypothesis (cf. Sierpinski [22, ch.V, Sec.2]).
That is, working with 2/(d) in Theorem A (respectively, Theorem C) will
necessitate boundedness conditions involving (ascending) nets indexed after
ordinals in W(w; ) (respectively, W(w2).) But, a direct inspection shows this
may be considerably improved in the sense of replacing w; (respectively, wy
) by wo = w. Indeed, letting (%, ), <. be a (strictly) decreasing sequence in
(0, 00) converging to zero, the pseudo - uniformity V = fU(d tn);n < wlhis
decreasing and equivalent with Z(d), in the sense of a previous convention.
This, in conjunction with the denumerable character of V., proves our as-
swt?on, because all notions to be handled may now be related to V. These
are independent of the sequence (¢, ), <. appearing in this construction (i e.
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may be deemned as generated by d itself) and arc applicable to sequences
(rather than nets). For a list of these, see Turinici [23]. It would
be interesting to determine whether this construction exhausts the class of
decreasiug pseudo-uniformities; the answer seems to be negative. Another
question is the following: what happens with Theorem C when U is no
longer decreasing ? To give a statcment of this type, the remarks made
after the statement of Theoremn A will be useful. Namely, suppose that a
family A(I4) of pscudo-uniformities over X exists, whose union is just ¢/ and
(C3) each V € A{U) is (<)-separated and decreasing,.

Suppose also that the boundedness coadition (C7) is taken as in Theorem
C. Then, for each V € A(l) we have that < is globally V-nonmal; this, plus
the remark in question shows the above result remains true in stich a case.
Finally, the local & -seminormality of the underlying quasi-ordering may be
replaced in Theorem C (or its variant we just described) by either of the
mutually equivalent conditions (C5)/(C5), to retain its conclusion.

We are now passing to the basic boundedness condition {C; ). Techni-
cally speaking, it may be viewed as a "local” onc in all these results, being
expressed in terms of a certain ordinal #ssociated to a particular pseudo-
uniformity (/). It would be desirable to remove this local character of this
condition (hence of these results). This may be done by the use of the
"universal” counterpart of it, namely

each ascending net (xa)ico » where a is an
( C#) g <
! admissible ordinal, has an upper bound.

Formally. (C}) is more restrictive than any variant of (C) we encountered
until now. Hence, the corresponding "universal” versions of the results
above will be particular cases of them. For example, the following "univer-
sal” maximality principle is rednctible to Theorem B above.

Theorem B~. Lei the quast-ordering < X be such that (C7) 1s ful-
filled. Then, < 1w globally U-normal, for each pseudo-uniformity U over X
which satisfics either of the mutually equivalent conditions (C2)/(C)).

However, this implication may be reversed. by the fact that Theorem
B~ - viewed as an independent result - is hat an cquivalent form of the
Zorn Maximality Principle (in the Bourbak! varant [3]}. Indeed. let {X, <)
he an ordered set in which any well ordered part is bounded above. Ve
denote by S(X, <) the class of all ascending sequences {zp)uen in X and
by NECYS) the family of ali Tunctions f @ S(X. <) -+ N. Let U be the
pseudo—umformity ever X, cousisting of all

Ur =U{(Z B S € S(X. <)) f e NS
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where, by convention,

(Zin) = {(.mn’wn+l)a(if‘n+|,3f,,+2,...},11. e N,

for each £ = (zp)nen in S(X, <) It is easily scen that (C}) is verified
for this &. Moreover, condition (C1) is holding too. Hence, Theorem B*
applies; and, the (<,{}-maximal element assured by it is necessarily shown
to be (<)-maximal (see T urinici[23] for details).

Now, for an individual &, the self-closedness condition (Ce) reduces
the universal boundedness property | C7) to convergence (mod U ) prop-
erties. On the other hand, by (C,) (respectively, (Cs)), each ascending
net is U~Cauchy (respectively, 2{- semi~Cauchy). So, the convention below
i3 motivated. We call the ambient space X, (<,2f )-complete {respectively,
(<,U)-super-complete) when each ascending U-Cauchy (/- semi-Canchy)
net is a convergent one. Then, the universal boundness condition in (uestion
is necessarily holding (under (Cs)) whenever (C2)/(C}) plus
(Cs) X is (<, U)-complete
(respectively, (Cs)/(Ct) plus
(Cy) X is (<,U)-super-complete)
is being accepted. Of course, in the context of (Cy), the completeness
conditions (Cg) and (C}) are equivalent. (In general, (Cs) includes (C})).
As an immediate consequence, we have the following practical result.

Theorem D. Let the quasi-ordering < and the pseudo-uniformity U
over X be such that the self-closedness condition (Cs) 1s fulfilled. Then

(a) under the specific assumptions (C2)/(Ch) plus (Cs), the quasi-ordering
< s necessarily globally U-normal.

(b) #f, in addition, (Cy) is admitted, then (C2)/(C3) have the same power
as (C5)/(Cs), and globally U-normal equals globally U - semi-normal.

To complete this statement, we need one more convention. Let us call
<, normal (or, Zorn) quasi-ordering when

for each x € X there is a(<) — maximal element z € X
(Dy) .
with x < z.

By the remarks at the beginning of this section, we therefore have

(¢} #f, in eddition , U is (<)-separated, then glebally U -normal equals nor-
mal.

In other words, Theorem D may be also viewed as a Zorn maximality prin-

ciple. In particular, this is the case when the pseudo-uniformity I is a

uniformity over X in the Bourbaki sense (4, ch.II, Sec.1] which, in addition,
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be separated {4 = A(X)) and < is an ordering over X. Then. the result

i il oved by a st - (Zorn
above coincides with Theorem 2 in V aly i [26] proved by a standar d( )
argument; see also I's a ¢ [11}. . _ ' ) -

Perhaps it is not without importance to specify that another Ee‘qu;ne.
lent ) langnage of expressing these resulis is the abstract pseudometric this,
sce Turinici[23 for conarete details. We prcferred., howeve{; i
pseudo-uniform language in view of some technical reasons imposed by the
setting of the main results,

co s o .

2. Almost minimality in ordered t.v.s. Let E_ be a lme?lfs’p.)l?c

over the reals. By a cone in E, we shall mean any part I of E, satisfying

(Ds) R+ LNCKitKNCHR(forallteR,t>0.

(In the Peressini’s terminology [19.ch.1, Sec.1], thi§ ob je«:tT is referr('ad to as
a wedge). Denote by < (mod K) the induced quasi ordering; that 1s

a<b{mod K)if andonly if b—a € K.

Also. indicate by lin(IX) the linear space I 1 (-—.K). When lin(Ié)Kz {O}I;
then K is termed acute {pointed); equivalently, this means < (mo ) }s a
ordering over E. A subset C of E will be said to be bounded (mod K) from

above {below) in case
CCb—K(resp.,, CCa+K), forsomebeE (a€ E).

The intersection of these properties will be referred to as €' is bounded (mod
K); hence, it means

C < (a+K)n(b—K), for some a,b € E.

In the following, we also work with a linear topology over E; that 1s, a

| topology T with respect to which the usual operations of the linear structure

on E are continuous. Usually, this may be gen.erated_be a certain family B
of neighbourhoods of zero, the members of w.h!ch satisfy
'(P) each B € B is balanced (hence symmetric)
- . . 0
" (P) (rB € B), whenever B € B and 1,,> : o
'(P3) for cach 4 € B there exists B € 5 with B+ B C A; ‘ .
see Cristescul6, chl Sec2| for details. Denote for simplicity

U(B) = {{a,b) € E*;b—a€ B}, B€B.

The following properties are immediate (if we take into account the prece
ding ones)
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(PYU(B)™ = U(B) for all Be 3
(Pz:) U(rB) =rU(B),r > G,BeB
(P;) U(B) - U(B) C U(A), where A, B are as in (Ps).
The ﬁlte.r U(T) over E? genecrated by the filterbase U(B) = {U(B);
B € B} is thergfore a }iniformity over E in the standard Bourbaki senst—;
(cf‘; tt:he pz'lecedl(;lg section), with the supplementary property (Pj). (The
notalion adopted is motivated by the fact that the ucti s
SRR ¥ ¥ iwct that the construction above js

Now, the symmetry property assured by (P{) allows us to consider
mon?tone (mod K) nets (where, by convention monotone means either as
cer:dmg or.desgendlllg). Also, the triangular ( tramsitivity) property given by
(P3) will simplify the concepts presented in the previous section. Precisely,
for the monotone (Ipod K) net (ax)acq in E, the property of being U(T )-
Slalzchy may be depicted as: for each B ¢ B there exists A = A(B)} < « such

a
Gy —ax € B, for all 4 < o with ) = i

Also, for a sequence (an)n th .
) 'n )Jn<w, the U(T }-asymptotic property becomes. for
each B € B there exists n(B) < w such that perty oo tor

@m+1 = am € B, for allm > n(B),m < w.

Moreover, as aiready said, the global version of these properties are equi-
w‘a,lent over any part of E. Actually, we have a stronger conclusion of this
kind. Pre.asely, suppose H is a subcone of K; that is, part of K fuifiling { D,

above (with H in place of IV). We claim that the global conditions R

c ‘each bounded (mod K) monotone (mod H) net in E
(Co) {13 U(T) — — Cauchy

() { faach bounded {inod K) monotone (1nod H) sequence in E
isU(T) - asymptotic

are equivalenF cach other. For, if the bounded {mod K) menotone {(mod H)
net (ay)ace is not U(T )-Cauchy then, for some B € B we must have the
property: for each A < a there exists i< o with

(4) A<pand e, —ay € B,

Consequently, a monotone (mod H}
equently, : } sequence (b may be found | wit
the aid of these termns ) so that ot Gl

(5) bnti — by € B°, for all n < w.
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In addition, this sequence is, by construction, bounded {mod K). But, in
this case, (C§) is contradicted. Hence the assertion.

By convention, (Cy) will be referred to as H is K — regular. We there-
fore obtained that an equivalent characterization of K-regularity is (C}); it
extends the one obtained by N e ni e t h (18} in the locally convex case.
Another characterization of the concept under discussion is contained in

Proposition 1. The subcone H (of K) is K-regular, if and only if

whencver (hy,)pco is @ sequence in H and B is an
c element of B with h, € B° for infinitely many n,
(Co) the partial sum sequence (k, = D icn Midny
cannot be bounded (modK). -

Proof. Suppose H is K-regular. Let (A,)n<w and B € B be taken as
in the above condition. Then, (kn)n<. defined by the same, is necessarily
ascending (mod H). Suppose it would be bounded (mod K). Then, by (C}),

there exists n{B) so that
homir = kg = ke € B, for all m > n(B).

The contradiction obtained proves the necessity. Conversely, assume {Cro)
is valid and let (¢a)ace be a bounded (mod K) monotone (mod H) net in
E which is not U(T )-Cauchiy. Then, there must be a B € B so that, for
each A < o there exists p < o with the property (4). Now, there is no loss
in assuining (aa)a<o is ascending (mod H). Then, by a previous argument,
one may arrive at an ascending {(mod H) sequence (b, )n<. (if we single out
the terms of the initial net appearing in (4)) so that (5) be valid. Denote

hy = bn-}-l = bu,ﬂ < W,
The sequence (hy ), <, is therefore in H and satisfies
h, € B®, forall n < w.

But, in this case, by (Cyo), the partial sum sequence

k" = Z h,‘ = b,,_,_] - bo,n < W,
i<n

is not bounded {(mod K). On the other hand, this sequence is necessarily
bounded (mod K) being a translate of (bg )y <w. The conteadiction at which
we arrived efuds the argument. q.e.d.
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As a technical consequence of this fact, we have that, in the charac-
terization (Cjo) of K-regularity onc may replace "infinitely many ranks”
with "all ranks” without affecting the sphere of the notion. But, for the
developments below, this will not suffice. To complete the "portrait” of
this concept, we need one more characterization of it, in termn of almost
minimum points. This requires some preliminary facts. Recall that, when
E = R,K = R4, a bounded from below part M of E adinits an mfirmum,
denoted inf(M), characterized as

(Py) inf (M) is a lower bound of M
(Ps) for each ¢ > 0 there exists a(t) € M with a{t) < inf (M) + t.

This last property may be also written in a form independent of inf(M);

namely

(P!) for each t > 0 there exists a = a(t) € M such that
5 a— b < t, whenever b € M satisfies b < a.

(By convention. a(t) above will be termed a t-almost minimum point for
M). Actually, { P!) includes ( Py). For. if (1, Jn<w Were a (strictly) descending
sequence in (0, 00) converging to zero, and (@, ) <. s a descending sequence
in M with

ay 15 ty — almost minimum , for all n,

then lim, a, is necessarily identical to inf{M). Hence, extending (in a vec-

torial sense) (Py) + (Ps) above ammounts to extending (P;). To this end,

return to the initial setting and suppose M is a bounded from below (mod

K) subset of E. The vectorial analogu~ of (Py) 4 (Ps) is

(Ps) {for each B € B there exists a = a(B} € M such that
6 a—beB, forallbe M, b<a. (mod K)

The points a( B) fulfiling this condition will be termed B -almest mimmum
points of M. And, the requirement in question will be referred to as M has
the almost minimum property.
The following characterization of K regularity in terms of this property
is to be noted. (See also N e m e t h [17] for related facts). Denote, for a
subcone H of I
H(B)=HnB" forany B& B.

Proposition 2. The subcone H (of K) s K-regular. of and only if

whenever B € B fulfils H(B) # 0, we have that each
(Ci1) bounded from below (1nod K) part of E possesscs at
least one (H(B) + K )¢ — almost minimwn pont.
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Proof. Assunie H is I -regular and let B € B be such that H(B) is
nonempty. If, for some bounded from below (mod K) part M of E, it is the
case that (H(B) + R)*-ahnost minimum points in M cannot exist, we have
that, for cach ¢ € M there may be chosen at least one b € M with

a>bimod K), a—be H(B)+ K.

We therefore, may constrnct a descending (mod K) sequence (ay )y« in M
with
ap = (pg S H|D) + N , < Wy

that is, for some sequence (hy)nco, in H(B) C H,
dp = Qpyy = My (mod K), for all n < w.

Now, the sequence (a,)n<. is bounded {mod K) because M is bounded
below (mod K); hence, the partial sum sequence

k,.=Zhg,n<w,

i<n

is bounded above (mod KK). On the other hand, H(B) C B¢, by defimition;
therefore
h, € B, for all n < w.

The obtained properties are, however, contradictory via (Cho); this proves
the necesity. Conversely , assume (Cy) is valid but H is not K-regular.
Then. by (Cs), there must be a bounded (mod K) descending (mod H)
net {ax)aca is E which is not (7T )-Cauchy. This (cf. the argument in
Proposition 1) vields a descending (mod H) sequence (bs)ncw in E and a
B € B with the property {5); that is (by the adopted notation}

by — by € H(B) C H(B) + K forall n < w.

(Hence, in particular, H(B) is not empty.}) This shows no point in M =
= {bu;n < w}is (H({B)+ K)°-almost minimun. In addition, M is bounded
from below {(mod K), being a part of (ax)sca. But, in this case (Cyy) is
contradicted. Hence {Cy) is valid and the sufficiency follows. q.e.d.
With these informations at hand, the question arises of determining
those subcones H of K for which the property of Proposition 2 is a sufficient
one for the validity of ( Ps). This implicitly requires the property subsumed
to {C'1) be consistent. For example, whenever
(RYHIB)=0, forall B € B,
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the implication above cannot be retained, because (Ch1) is without object.
We note that (Pr) is equivalent with

His 7 — bounded in the ambient space;

see, for instance, Cristescu [6,chl, Sec.2]. Another "disturbing”
property is
(Ps) H(B) = 0, for some B € B,

or, equivalently
H C n{tB;t > 0}, for some B € B.

(The (sub)cone H will be termed 7 - flat in such a case). The question
of whether or not is (Ps ) obtainable, via (Cy; ), under the limiting property
(Ps) of the subcone H. remains open. In the following, we shall eliminate
this possibility; that is, one assumes H is non flat. But, even in such a
circumstance, we are not sure that the property (P} is holding, because
the trace over K of the (nonempty scts) family {(H(B) + K), B € T} does
not coincide, in general, with the trace over K of the family B. It is therefore
natural to find conditions under which such a property be valid; that is,

(6) KN(H(BY+RK)Y=KnB, foral Be 7.

We note that, in the left member of this relation, the following hereditary
property is holding

a,b€ K,a <b(mod K) b € (H(B) + K)* = a € (H(B) + K.

So, the right member of (6) must have the same property. This suggests a
normality requirement for . More precisely, denote for each part A of E

[A] = (A+ K)rn(A - K} (the order covering of A),

and call the subset A, full, in case it is identical with [A]. Now, the cone K
will be said to be normal, in case 0 € E has a fundamental system of full
neighbourhoods. This ammounts to say that all B € B are full (see P e
ressini[l19,ch2 Sec.1] for details). Suppose K is normal in what follows.
It is also non flat, by the assumption about H plus the inclusion between
them. Hence

K (B} is nonempty , for all B € 3.

In adittion, these are K-invariant, in the sense

K(B)Y+ K = K(B), for all B € B,
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because the members of B are full subsets. We therefore have
H(B}+ KN CK(B)+ K = K(B), Be B,
wherefrom (again for all B ¢ B)
NN (H(B)+ K) CKN(K(B)=Kn(K°UB)=Kn B

that is, (6) is verified in « sense only. Concerning the opposite inclusion, we
note that, in view of

H(B)+ K CH(B), BeB,
one has
Kn(H(B)+ K)* CAN(H(B) =(KnNHYJ(KNB), BeB

Hence, the desired inclusion is holding whenever KNH® = § or, equivalently,
K = H; this will be reffered to as K being regular. (The question of whether
or not is this the unique choice of H to satisfy the discussed inclusion remains
open). We therefore obtained the following answer to the above posed
question.

Proposition 3. Let the cone K in E be regular, normal and non flat.
Then, each bounded from below (mod K) part of E has the almost minimum

property.

Au interesting particular case of these considerations is that described
by the initial topology T being locally convex. Then, the family B above is
to be identified with the one generated by the finite intersections of the sets

(7) Byt)={ec E;pla) <t}, peP,t >0,

where P is a certain family of seminorms over E. The normality of K may
now be expressed as all p € P being monotone, i.e.,

a,be K, a<b(mod K) = p(a) < p(b);

see i this direction P ere s sini[19.ch.2, Sec.1]. Also, the nonflatness of
K is equivalent with

(Py) p(N') # {0}, for all p € P (hence K # {0}),

as it can be readily seen. This requires K be very "large” from a dimensional
viewpoint; because, e.g., a sufficient condition for its validity is

E =K — I (referred to as E is K —generated).
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It remains now to discuss the regularity of K which, by the accepted con-
vention, may be introduced as
T each bounded and monotone (mod K) sequence in K
(Cy . .
is U(T) — asymptotic.

An appropriate answer requires the (accepted in the sequel) assumption that
the cone in question be normal. We denote by i'* the dual cone associated
to K; that is, the set of all f € E* with

fla) >0, foralla € K.

Under a convention proposed by Isac [11], the cone K will be termed nuclear
when for each p € P there exists a f = f, in K* with

pla) < fla), a€ K.

(For example, this is the case when 7 coincides with § = §(E, E*) (= the
weak topology over E induced by the natural duality between F and E* )).
It is now clear that, under

(Cy2) K is (norinal and) nuclear

the regularity of A" is assured (mod 7). As an alternative solution to this
question, let the ambient linear topology T over E be Hausdorff separated.
(Note that, by a result in Sc h ae fer [21,ch.V, Sec.3], K is necessarily
pointed in such a case). The introduced space E will be said to be se-
quentially S-complete (mod K) when each monotone and bounded (mod
K) sequence in E which is 4{8)-Cauchy, converges (mod §) to some point
of E. (Here, § = S(E, E*) is introduced as above, and U{(S) stands for its
associated uniformity).

Proposition 4. Suppose (Cy2) is to replaced by
(C12) K is (normal and) closed.

Let also E be sequentially S-complete (mod K). Then, K 13 necessarily reg-
ular (mod T ).

Proof. Let (a,)n<cw be a descending (mod K) sequence in K which
is bounded from below (mod K). For each f € K™, the (real) sequence
(f(@n))n<w 1s Cauchy (because it is descending in Ry ). This property will
remain valid over E* because (see, e.g., Schaefer [21,ch.V,Sec.3])it is

the case that, under (the first half of) (Cy,), E* is K*-generated. Hence, |
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(a3 )n<cw 15 $-Cauchy. As E is sequentially S—complete (mod K), (an)ncw
must converge {mod & ) to some a € E. But, for any convex part of E,
closed {mod 7 ) is identical with closed (mod & ); see Cristescu
[6.ch.I1I,Sec.3] for details. Therefore

a€Kanda, >a (mod K}, for all n.
This, combined with a result in Crist es c u [op.cit.,ch.VI Sec.1] gives
{(Gn)n<w converges (mod T) towards a.

And, consequently, (ayn)n<o is H(T }-asymptotic. The conclusion follows
now by the characterization (Cy) of regularity. q.e.d.

As a standard example, we let I be a (nonempty) index set and con-
sider the space E = R! endowed with the product topology; it is clearly
locally convex, being introduced by the seminorms

pia) =la;|, a=(ai)icr € E, jE L

Denote ¥ = Ry. That K is normal, follows immediately by the mono-
tonicity of p;, for all § € I. Moreover, K is non-flat, because ( Py ) is fulfilled.
(It is also pointed, as it can be directly seen). Finally, by the (sequential)
completeness of E, plus the closedness of K, one obtains (via Proposition
4) that K is regular. In other words, Proposition 3 is applicable to these
elements. Other examples may be found in N e m e t h [16,17]; see also
Isac(11].

It would be not without interest to see what happens in the normed
case. This is not only useful from a technical viewpoint, but also from
a methodological one, because the transition from the topological vector
setting to the normed one is, in many situations, abrupt {without passing
through the locally convex case). The statement below (to be found, e.g.,
inSchaefer [21,ch.IlSec.2]) will clarify these facts.

Proposition 5. Assume that the cone K is pointed, normal, and has
nonempty interior. Then, T i3 necessartly normahle,

Proof (Sketch). Let a be an interior point of K. The order interval
A =(—a+ K)n{a— K) is then a neighborhood of zero; it is also bounded,
as K is normal. Hence, by the Kolmogorov normality result (quoted in the
above reference) the linear topology 7 over E is generated by a norm. q.e.d.

So, let (E,|| - ||) be a normed space. The fundamental neighborhoods
system B is that defined by (7), where the family P of seminorms is reduced
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to {||-lI}. In such a case, the Cauchy property of a net («y)ace in E means:
for each ¢ > 0, there exists A(t) < a, such that

llay — aull <t , whenever A(t) < 4 < v < a.

Also, the asymptotic property of the sequente (dn)ucw in E may be de-
picted as : limy, Jlan41 — anfl = 0. Let H be a (nonzero) subcone of K. The
K-regularity of this object may be expressed by the normed versions {con-
structed under the above lines) of (Cy) and ( Cg)- It may be also described
via Proposition 1, in terms of (C1o), as follows

7

whenever the sequence (h, Jn<w 11 H and the number
) t > 0 satisfy ||ba|| > t for infinitely many ranks n,
10 the partial sum sequence (k, = Y ien hidncw
cannot be bounded (mod K), -

or, via Proposition 2, in terms of (Ci1); namely

for each t > 0 we have that any bounded from below
(C1y) (mod K) part of E possesses at least one
(H(t) + K)° — almost minimum point.

Here, H(t) stands for H(B), where B = By (%) is that introduced by (7).
Note that

H(t) # 0,t >0 (because H is a nonzero cone);

or, in other words, H is non flat. These characterizations remain valid when
H = E; that is, for the case of K being regular. Concerning the normality
property, the following converse to Proposition 4 is to be noted. Recall
that, be the considerations involving the locally convex case, K is a normal
cone if and only if an equivalent norm over E may be determined with the
property of being monotone. In terms of || - | {the initial norm over E) this
may be also expressed as (when K is, in addition, pointed)

v(K) = sup{[la]l/[[b]; 0 < a < b} < oo;

see in this direction Cristescu [6, ch.VI, Sec.1]. The normed structure
(£,1-1I) will be said to be complete (mod K) when each monotone (mod K)
Cauchy sequence in E converges.

Proposition 6. Assume K is a closed regular (pointed) cone and E
is complete (mod K). Then, K 13 necessarily normal.
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Proof. Suppose by contradiction K is not normal. Then, for each
t > 0, there exists a couple a,, b, € K with

0<ar <be . |lag] = ¢||be]]-

And, from this, a couple of sequence (@n)ncws (bnncw in K may be deter-
mined in such a way that

an <by, llanfl =1, jibal| <27, n < w.

Denote,
th =@+ ..+a,, dy=by+...+b,, n < w.

As (dn)acw is ascending (mod K) and Cauchy, it must converge (by the
completeness hypothesis we admitted) to some d € K. Moreover (as K is
closed)

dy <d{mod K) , for all n < w.

This, along with
¢n <dp (mod K), n < w,

gives (cn)n<w is bounded above (mod K) by d, in contradiction to (Cle)-
Hence, K is normal. q.e.d.

As a consequence we have that, in (the normed version of ) Proposition
3, the normality of K may be substituted by the closedness of the same, plus
completeness (mod K) of the ambient space. (The non-flatness property is,
as above said, trivially valid whenever K is different from {0} ). We do not
know whether the statement above (originally dueto Krasnoselskii
[13, ch.1, Sec.5}) is valid beyond the ncrmed setting.

3. The main result. Let X be a nonempty set. Given the (real)
linear space E, the (nonzero) cone I in E and the subcone H of K , by a
H-pseudometric over X we shall mean any mapping d : X? — H with

(8) d(z,x) =0, for all x € X.

In this case, the couple (X, d) will be termed a H — pseudometric space.
Now, technically speaking, the objective to be reached is that of applying
the results in Section 1 to such structures. Hence, we must introduce the
class of quasi-orderings and pseudouniformities over X involved in these
statements. Let F': X' — E be a mapping. The relation < over X defined
as

¢ < y if and only if d(x,y) < F(x) — F(y) (mod K)



252 MIHAI TURINICT 28

is clearly reflexive, by (8). To have transitivity as well, as must imposc a
condition like

(9)  d(z,2) <d(z,y) + d(y,2) (mod K), whenever x <y, y <(F) %
where, by convention,
2 <(py y if and only if F(x) > F(y) (mod K).

(The initial H-pseudometric d will be termed (I, F)-fransitive in such a
case). This solves the first question. For the second, we suppose that a linear
topology, 7 has been introduced over %. Denote by A the family of alt zcro
neighborhoods in the sense of 7 (see, eg., Schaefer [21,ch]Sec.1)).
The pseudo-uniformity under discussion is then defined as the class U(d, 7))
of all

U(d, A) = {(z,y) € X*;d(z,y) e A} , Ae A

As a variant of this construction, let B stand for a neighbourhoods basis of
o € E with the properties (P,) — (P3) of the preceding section. Then, the
pseudo—uniformity (over X)

U(d,B} = {U(d,B); B € B}

is equivalent with U(d. 7 ) above (in the sense of Section 1); therefore, it may
be used in all notions related to U(d, T). For example, the fact that U(d, B)
is or is not) (<) -triangular may be deemed as a property for U(d, 7).
Concerning this fact, it is interesting to note that, whenever d fulfils

(9" d(y,z) < d(x,y) + d(z,2) whenever x <(py ¥ <(p) 2,

and the cone i is normal, this necessarily happens. Indeed, for each B € B
there exists, by (P3), a C € T with " + C € B. This shows that, if one
accepts the premises

r<y<z and d(x,y),d(x,z) e C

one has d(z,y) + d(«,z) € B. Now, the normality of K ammounts i saying
that all members of B are full subsets. Hence, combining with (9], we
necessarily derive d(y,2z) € B, aud the assertion follows. As a matter of
fact, the usual device is to substitute (9) and (9°) by their common stronger
{(amorph) counterpart

(10) d(z,z) < d{z,y) + d(y,z) (mod K), for all x,y,z € X.

29 VECTOR EXTENSIONS OF THE VARIATIONAL EKELAND'S RESULT 253

(The corresponding object, d, will be termed a H-semimetric in such a case.
For a topological investigation of these structures we refer to Collat z
[5,ch.1,Sec.4]). But, for the results in Section 1, the (<) -triangular prop-
erty is not essential. So, we shall ignore (9’) in the sequel, to maintain a
reasonable degree of generality for the present exposition.

Now the basis assumptionus encountered in Section 1 are those codified
as (C1)/(Cy) or (C2)/(C3). To give appropriate interpretations of them in
our (vector) pseudometric setting, we shall follow the line of (Cs) + (Cs)
in that section. Precisely, by the considerations above, the (d, T )-Cauchy
property of a net (zx)aco in X may be described as: for each B € B there
must be a A(B) < « s0 that

d{x,,x,) € B, for all 4, v < o with AB) < p <

Also, the convergence (modulo d} of » net (Tx)ace in X towards a point
z € X is, by definition, equivalent with the convergence (modulo 7 ) of the
net (d(zx,7))rco in E towards o € E; that is, for each B € B there exists
A(B) < a so that

d(zy,z) € B, for all u < a with M(B) < p.

After the model of Section 1, we shall denote this property as z) — z; if,
in addition, r is an upper bound (mod <iry ) of the net in question, the
resulting property will be depicted as z» T z. The quast-ordering (<(p))
over X' will be said to be d-self-closed when, for each ascending (mod <))
net (xa)ace in X and each z € X,

xx — 2 if and only if xy T x.
(That, is whenever the left part of this relation is holding, the right part is

holding too). By convention, this will be referred to as F being d—sel f —Isc;
and, by the definition of <(Fy, it means

(De) whenever (F(x1))aco is descending (mod K) and x5 — x,
6 we have that F(xx) > F(x) (mod K) , A < a.

This notion is of the sathe nature as the one introduced by Nemet h [16]
13 a more restriction (modulo d) context. It may be viewed as a weakened

form of the usual d — lsc property for the function F, expressed as

(Dg) zx — x and F(zy) < ¢(mod K). A <a,imply F(z) < a (mod K).
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The d-convergence property we introduced is, in general, not reductible
to the U(d,T) -Cauchy property. (With some extra conditions, however,
this is possible, if we restrict our considerations to ascending (modulo <(F))
nets. For example, whenever I\’ is a normal cone, F is d-self-lsc and the
H-pseudometric D satisfics

(9") d{.l’,', y} S d(ZI!,Z) + d(ywz) ) if x S(F‘) Y S(F) Z.

we have that each ascending (mod <(r) ) convergent (modulo d) net in X
1s necessarily U{d, 7T )-Cauchy. (The proof being almost evident we omit
the details). But, in the sequel, (3") will be not accepted, because it is
not essential to the argument). However, we shall term the amnbient space
X,(d, F) — —complete, when ench ascending {mod <)) U, T )-Cauchy
net in X converges (modulo d). This notion is trivially comprising the
standard one, attached to the H-semimetric setting (expressed by (10)). Its
technical interest consists in the intervention of the function F' at the level
of this structural property of the ambient space (which, as & rule, is of a
pseudomietric nature only). -

Under these preliminaries, a first answer to the above posed question
is that concerning the couple of conditions (Cy)/ {C}). It may be given in
the forn: below.

Lemma 1. Suppose the subcone H (of K) is K-reqular. Then, eazh
ascending (mod <) net (£x)aca 1 X for which (F(x3))rca 18 bounded from
below (mod K) is necessarily U(d, T)-Cauchy.

Proof. The ascending (mod <) property of the net in question means
(11) Axr,wp) < Flaa)— Flz, )(mod K),A < pt < a,

Of course, (F(zx))aca is, by this property, a descending (mod K) net in
E. We shall show that rejecting the conclusion above yields a contradiction.
For, suppose the net (71)a<o would be not ¢(d, T)~Cauchy. Then, for some
B € B, it is the case that, for each A < o there exists p, v < « with

A= p=v and d(x,,x,) e B
As a consequence, an ascending (mod < | sequenice (yq hne., in X may be ob-
tained (via these tetms of (ra)aca ) so that, for the SeqUence
(hn = d(¥n, ¥nt1))n<w in H, the following property be verified
how € B, for all n < w.
On the other hand, we have, by (11), that

ha € Flyn) - Flynsimod K}, n < w.
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This, combined with the boundednees (inod K} of the sequence (F{yn)n<w,
tells us the partial sum sequence (k, = 3, . hi)ucw is bounded (mod
K). The obtained conclusions, are, however, contradictory in the light of
Proposition 1. Hence , (z))xco 15 necessarly U(d. T)-Cauchy, as claimed.
qed.

Now, the second answer to be formulated concerns the boundness
condition (C{). The assumption in Lemma 1 are being maintained. Also,
we admit that K is an ord-closed cone; that is

the limit of any convergent net in K is an element of K.

Concerning this fact, remember that, by the conventions in Section 1, the
term "net” is reserved for those mappings defined over some ordinal segment
W{(a) (where « is an admissible ordinal). Hence, the above convention in-
cludes the standard closedness property of the cone K obtained (cf. Kelley
[12,ch.2, Sec.2]) by replacing the word "net” by "Kelley net” in the dis-
cussed convention. This inclusion may be very well effective. But, for the
developments below, this has a marginal importance only. The announced
answer may now be given as follows.

Lemma 2. Assume F is d-self-Isc and X is (d,F) - complete. Then,
each ascending (mod < ) net (z3)aca tn X for which (F(2a))a<a s bounded
below (mod K) has necessarily an upper bound (mod < ).

Proof. By the above lemma, (z:)x<q is 2(d, T)-Cauchy; and, on the
other hand, it is ascending (mod <) ). These, plus the (d,F)-completeness
assumption about X, yield

zx — « (that is, d(zy,z) = 0), for some z € X.

Moreover, by the d-self-lsc property about F,

*ax S(r) T (hence F(z)) > F(z) (mod K)), for all A < a.

We have now, by the (K, F)-transitivity of d that, for the arbitrary fixed
A< a,

d(z2,2) < d{2a,2,) + d(24,2) < Fon) = F(za) + dlzg, ) <
< F(za) - F(z) + d(z,,7) (mod K) , A € pt < a.
Hence, passing to limit over p we derive (by the ord-closedness of K)
d(zx,z) < F(z)) — F(z) (mod K), for each A < a;

that is, x appears as an upper bound (mod <) of the net in question. The
proof is complete. q.e.d.

We are now prepared for stating the main result. Let X be a nonempty
set. One takes a H-pseudometric d over X and a mapping F' : X — E. The
usual hypotheses involving these elements are contained in

(Hy) dis (K,F) — transitive, F is d — self — Isc and
! X is (d, F) — complete.
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Here, the triplet (E, K, H) is that introduced at the beginning of this sec
tion. Precisely, E is a (real) topological vector space and I is a cone in E,
admitting H as a subcone. The following hypotheses are in use (about this
couple)

(Hz) K is an ord-closed cone and H is I - regular.

We also denote by B a certain neighborhoods basis of 0 € E, satisfying
(£1) = (Ps). Remember that, by H(B) we denoted the intersection H N Be,
for all B € B. The hereditary property of the family ((H(B) + K')*; B € B)
has been precised in Section 2. We also note the homogeneous property (of
the same)

(H(tB)+ K)* = t(H(B)+ K)° , t > 0.

Finally, by the specific form of the auxiliary statements above, we are forced
to introduce an appropriate admissibility notion. Precisely, we say v € X
is (F, K')-admissible, when

(F(x) — K)yn F(X) is bounded below (mod K).

The set of all such points will be denoted X(F, K). Now, the last hypothesis
to be accepted is
(H;) X(F,K) is not empty.

The main result of the present paper is

Theorem 3. Let the hypotheses above be admitted. And, for the
arbitrary fized v > 0, let < be the quasi - ordering over X introduced at the
beginning of this section, with (1/7)F in place of F; that is

t <y if end only if d(z,y) < (1/r)(F(z) - F(y)) (mod K).
Then, the following conclusions are valid:
(A1) For each y € X(F, K), there exists a z € X(F, K) with y < z and

(13) z < u < v implies d(u, v} € NB.

(A2) For each x € X(F,K) and cach B € B with H(B) # 0, there exists
y € X(F,K) with z <(F) ¥ and

(13) F(y) -~ F(w) € r(H(B) + K)°, whenever ¥ <(F) w.

Moreover, if z € X(F,K) is the point given by (4,), we have, in addition,
the localizing relation

(14) d(y,z) € B.
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Proof. (A;) Denote, for simplicity
Xy, <) ={ve X;y <ul;
here, y € X(F, I} is arbitrary fixed, By the evident inclusion
F(X(y,<)) € (Fly) ~ K)n F(X),

we deduce that the left part in this relation is bounded from below (mod K).
Moreover, the property in question will remain valid when F is replaced by
(1/7)F. These, combined with Lemma 1, yield

() each ascending (mod <) net (x))rco in X(y,<)
W 1s necessarily U4(d, T) — Cauchy.

Now, the property of being d-self-lsc may be transfered from F to (1/r)F,
as results by the definition of this concept. At the same time . X 1s {d,F)~
complete if and only if it is (d, (1/r)F)-complete; in fact, <(p) and <(c) are
identical whenever F' = rG (or viceversa). Adding to these the boundness
property above, it will follow by Lemma 2 that

2) 15 bounded from above (mod <).

{each ascending (mod <) net {x))req in X(y, <)

Hence, conditions of Theorem B are fulfield in X (v, <) (endowed with the
induced quasi-ordering and induced pseudo - uniformity). The conclusion
in that statement (with y in place of 2 ) is just (12) above.

(42) Let B € B be as in the statcment. By a previous remark H(¢B)
1s nonempty too; this, combined with Proposition 2 in the preceding section
shows that, for each € X(F, K), the subset (F(z)- K)NF(X) has at least
one (H(rB)-+ K')°-almost minimum point, say F(y); that is, (13) holds if we
take into account the homogeneous property we already precised. Finally,
by the relation

d(y,z) < (1/r)(F(y) — F(z)) (mod K)

(where z € X(F, ) is given as in the statement) plus (13) (with z in place
of w) one derives (by the hereditary property of the subset (H(B) + K)©,
cf. Section 2)

d(y,z) € (H(B) + K)°* C H° U B,

But, the codomain of d is H. Hence, (14) follows. The proof is thereby
finished. g.e.d.
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Concerning this statement, some remarks are in order. Firstly, the
normality of the cone K is not entering among the working hypotheses; hence
it is not indispensable to the substance of the argument. However, under
such a supplementary assumption, some inprovements of the conclusions
above may be obtained. Precisely, let us admnit that, in { H,). ord—closedness
is replaced by closedness plus normality, and

(H4q) d fulfils the requirement (9’).

An immediate consequence of this fact is {cf.a previous remark)
U(d, T )is (<) - triangular.

Here, < is the quasi-ordering over X defined as in the statement above. As
another sequel, we have

(15) lin (K)=nB8.

Indeed, the normality of A ammounts to saying each B € B is a full subset
of E. On the other hand, the closedness of I may be also expressed as (cf.
Cristescul6, chl, Sec.2))

K =n{K + B;B € B}(=n{K - B;B ¢ B}).
Therefore

lin (K) = KN (~K) =n{(K + B)N (~K +B); B € B} =
=n{[B];B ¢ B} =B

and the assertion follows. Putting together these informations we have that,
in the statement above, conclusion (A1) may be written in the form

(A}) For each y € X(F,K) there evists a z € X(F,K) with y <z and
(12%) z S w implies d{z,w) € lin (K).

This, in the particular case of K being pointed, says our main result is
a direct extension of Nemeth’s (codified as Theorem 2). Of course, an
alternative assumption to this one is the the ambient linear topology T over
E being Hausdorff separated (if we take (15) into account). A second remark
about these developments is related to the eventuality that (H;) - (Ha) be
fulfilled with H = K. More specifically, let us adjoin to the initial working
hypotheses

(Hs) K is regular and non flat.
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The, by the considerations in the preceding section, it is clear that conclu-
sion (A2} in our main result will become

(A3) For cach x € N(F,K) and cach B € B there ezists y € X{(F,K)
with & <(pyy and

(13" F(y) — F(w) € rB, whenever y <(p) w.

Note that the localizing relation (14} is trivially obtainable in this case. The
important aspect to be emphasized is that, under (Hs), almost minimum
points {y) for the function F may be determined, with any preseribed "ac-
curacy” (B} And. the corresponding ~ersion of our main result is a true
vector extenston of the vaiational Ekeland’s principle subsumed to Theo-
rem 1. (It. however, canmot include the smooth version of this principle
obtaived by Borwein andPreiss|[2)) Finally, we nast remark that,
m case r=1. the scalar-multiplication properties of the ambient space are
not used in the avgument. In other werds, he conclusions of the main result
will continue to hold in the case of E being a topological abelian {additive)
group and A A seraigroupsin E (that is, patts of £ satisfying (Ds), with R
substituted by Z). The yuestion of further enlarging these results, beyond
the group setting. scens to be ditfeult. Some elementary facts have been
discussed in Tu -1niei[23]

4. A variational interpretation. The information contained in
the main result is, technically speaking, variational in nature. It is our
matn aim in tie following to clarify this aspect. These developments may
be also deemed as a characterization - in terms of Gateaux derivatives - of
tiic almost ninimum points of the non-constrained minimization problem
(attached to the function F: X — E)

(M P) min {F(x);z € X).

To begin with, let X be a (real) lincar space. We also give a (real} topological
vector space (E,7), a cone K in E and a subcone H of K. By a H —
=scnnnorn over X we shall wmean any mapping ¢ : X — E with the

Eroperties

(8'] e(tr} = te(z), forallt > 0,x € X

(o) clr 4 y) % o(z) + e(y) (mod K) , for 2,y € X.
The introduced object induces a H-semimetric over X by the formula

dlz.y) =e(ly—u), z,y € Y.
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In this perspective, it is natural to consider all notions related to d, as e
notions. For example, let F': X — E be a mapping. The quasi-ordering <
over X induced by d and F under the model of Section 3 is depicted as

r <y if and only if e(y — x) < F(x) — F(y) (mod K).

(That < is indeed quasi-ordering is a consequence of the fact that, by (10°),
d is (K, F)-transitive.) Also, the pseudo-uniformity over X associated to
d is now introduced as the class U(e, 7'} of all

Ue,A) = {(z,y) € X%ie(y —2) € A}, A€ A

(Here, A is the family of all zero neighbourhoods (mod 7).) It is readily
shown to be equivalent with

Ule, B} = {U(e. B); B € B},

where B is a neighborhoods basis of 0 € E endowed with the properties
{(P1} — (Ps). Moreover, under a normality assumption about K, a stronger
triangular property is to be verified for this pseudo-uniformity ; namely (cf.

also (P}))
U(e,B)-Ule,B) C U(e, A), where A,B are as in (P3).

This may be retained in the sequel, because the working liypothesis about
the couple (K,H) is

(H3) K is a pointed normal closed cone and H is K-regular.

(Note that, in view of (15), T is Hausdorff separated). As a consequence,
the i (e, T)-Cauchy property of a net (z)x<q on X may be expressed as:
for each B € B, there must be a A = A(B) < a with

e(z, —z)) € B, for all u < o with X < 4.

The convergence property of the above net towards a point in X has an
obvious interpretation in our context. Also, for the quasiordering < over
X introduced as in Section 3, e-sclf-closed will mean d-self-closed, where
d is the associated H-semimetric; equivalently, this will be referred to as
F being e-self-Isc and described by (Ds). It is worth notting that, in view
of (Hy) plus (10), the e-convergence property of a net is reductible to the
U(e, T)-Cauchy property of the same. The ambient space X will he said
to be e-complete when the converse implication is also true: that is, any
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U(e, T )-Cauchy net converges {(mod e). The working hypotheses about the
triplet (X,e.F) may now be phrased as

(H{) Fis e-self-lsc and X is e-complete.

Finally, the notion of (F,K)-admissible point has the same meaning as in
Section 3, and (H;) is again accepted in our context.

Under these preliminaries, we have, as an immediate consequence of
Theorem 3, the following practical result.

Theorem 4. Let the hypotheses (H}),(H}) and (H3) be admited;
also, let r > 0 be arbitrary fized. Then, the conclusion below are valid:

(A7) For cach y € X(F, LK) there ezists = € X(F,K) with the properties
{(a) =(F(z) = Fly) + re(z —y)) € K (hence F(y) > F(z) (mod K))

(b) ~(F({w) — F(z) + re(w — z)) € ¢, whenever e(w — z) # 0.

(A3) For each x € X(F, ') and B € B with H(B) # @, there exists

y € X(F,K) with F(z) > F(y) (mod K) and

{c) Fly) — F(w) € r(H(D) + K)¢, whenever F(y) > F(w) (mod K).

Moreover, if = € X{F, K} 1s the point given by (A,), we have, in addition,
the localizing relation

(d) e(z —y) e B.

It may be also emphasized that (cf. the developments in the preceding
section) relation (¢) in (A3 ) 1s valid with B in place of (H(B)}+ K )° whenever
H = K. Moreover, condition H(B) # @ is fulfilled in (A3) provided H is non
flat.

As a matter of fact, a more general version of this result may be
stated. We are, however, not interested in this device, but in deriving
an appropriate variational consequence of (A}). To do this, we need some
notational conventions. It will be assumed further that X is endowed with a
certain linear topology S. We denote by AF(z)(v) (the upper Dini derivate
of the mapping F at the point z € X, in the direction v € X) tye set of all

an((1/ta }(F(z + tav} = F(2)lncw);

with {t,)n<w in {0,00) converging to zero. Also, call the considered map-
ping, F, upper Dint derivable when

AF(a)(v) is not empty ,for each x € X,v € X.
In particular, AF(a)(v) may consist of a single point

F'(2)(v) = lim (1/)(F(z + tv) = F(2)),
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called the Gédteauxr derivative of the mapping F at the point € X in the
direction » € X. This happens, ¢.g., 1 the convex case, described as

Fsz + (1 —s)y) < sF(x}+ (1 — 5)F(y) (mod K), 0 < « <1,y € X.

Precisely, the following statement is true (cf. also Valadier[25]). Let
us call the (image) space E, sequentially 7 - complete (mod K) when each
monotone and bounded (mod K) U(T )-Cauchy sequence in E converges
(mod T). (Here, (7)) is the natural uniformity over E, attached to 7 ; cf.

Section 2),

Lemma 3. Suppose K iz a closed regular normal cone and E is
sequentially T -complete (mod K). Then |, F is Giteauz derivable (et any
point and in any direction) whenever it is convez.

Proof. Denote, for a fixed couple z,v € X
flty=F(z+tv), te R

By the convexity assumption we admitted, f is convex too. As a conse-
quence, the associated mapping

9(t) = (1/)(f(t) — f(c)) , t #0,
is increasing (mod K) from R\{0} to E: hence its restriction to (0,00) is
mcreasing and bounded from below (mod K). Let {¢,),<. be a (strictly)
descending sequence is (o, oo) converging to zero. As (g(tn))n<w 1 descen-
ding and bounded below (mod K}, it is necessarily (7)) Cauchy, because

K is regular. Therefore, g(t,) — b, for some b € E (by the sequential
completeness of E). Moreover, as K is closed,

¢(tn) 2 b (mod K),for all n < w
In other words,
0<g(t) b < g(tn) — b (mod K) . whenever o < ¢ Tty < w,
This, in conjunction with the normality of K, gives

tli1n+(g(t) —b) =0 {that is, g(t) — b as t — o+ i

But, the existence of a limit for g as t — o+ is equivalent with the existence
of F'(z)(v). The proof is completed. q.e.d.

39 VECTOR EXTENSIONS OF THE VARIATIONAL EKELAND'S RESULT 263

Now, it is the moment to specify that the working hypothesis we
accept in the sequel is
{He) F is upper Dini derivable.
The result above may therefore be viewed as a wotivation of the fact that
such a hypotlieses s not without object. We, however, shall not use any
sort of convexity for the mapping F, in the variational type result to be
stated below. But. as alast ingredient, we need

Lemma 4. For the nonzero cone K in E. we have

Z—-NCZ whenever 7=K or Z = ¢l (K°).

Proof.The first part is immediate: if ¢ € K¢ and b € I, thena~be K
gives @ = a —h+ b € K, an impossible fact. For the second part, let
« € cl (K9),b € K, be arbitrary fixed. ¥a- b is not belonging to cl(K*)
then

(¢ —b+B)N(K°) =9, for someB € B,

Hence « — b+ B C K (for that B € B). But then,
a+B=a—b+B+b§I\'+b§I(,

which tells us @ € int(K'). This , however, is in contradiction to a € cl{ K*),
So, necessarily, « — b € cl(K), s claimed. q.e.d.

Under these preliminaries, the following variational consequence of
Theorem ¢ is to be noted (¢f. Nemeth [15]). Let Ky stand for the set of
all nonzero points in K. :

Theorem 5. Let the hypotheses (HY),(H3),(H3) and (Hg) be admit-
ted. Let also r > 0 be arbitrary fized. and z ¢ X(F,K) be the point claimed
i (A]) unth v/2 in place of r. Then, the following conclusions are true
(As) —(AF(2)(v) + (r/2)e(v)) C cl(K°), for each direction v € X with
C('U) (S I\-()

(A1) —(AF(z)(v) + re(v)) C cl(K°), for each direction v € X with
e(v) € int (K).

Proof. Let b € AF(z)(v) be arbitrary fixed. As an easy consequence
of the relations in (AY) plus the homogeneous property (8') of the ambient
H-seminorm,

(16)  —(1/ta)(F(z + tav) — F(2)) = (r/2)e(v) € K¢ , forall n < w,
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(Here, (tp)n<w is the zero convergent sequence in (0, c0) promised by the
definition of b). It suffices now to take the limit (as n — oo ) in this relation,
to get (A3). Now, assume by contradiction that

~b—re(v) € K (hence b+ re(v) e -K).

By the above lemma one gets, via ( 16)

(1t )(F(z + t,v) — F(2)) + b+ (r/2)e(v) € K¢ |, n<w.

Since the left member of this relation tends to (r/2)e(v) € int (K), one L

arrives at a contradiction provided n is large enough. This ends the argu
ment. q.e.d.
The latter conclusion in this result requires (implicity)

wnt(K) is nonempty;

this, by (Hz) plus Proposition 5, is not valid unless T js normable. Con-
cerning the former conclusion, a useful interpretation of it may be obtained
in case

« — e(z) is a sufficient mapping (e(z) = 0 = z — 0) and

v = AF(z)(v) is univalent,.
To this, let (X, E) indicate the class of all mappings from X to E. For
G € F(X, E), denote by A.(G) the set of all s 2> 0 with

—(G(z) + se(z)) € cl(K®) , for all x € X.
We denote that, by Lemma 4,
8 € Ae(G) and ¢ > s imply t € A.(G).
So, the convention below is (technically) justifiable. We put

IGlle = co, when Ae(G) is empty
=inf A.(G), in the opposite case.
The extended real valued function G — iG||e is readily shown to be po-

sitively homogeneous; unfortunately, it is not sub-additive unless K¢ is a
cone in £ or, equivalently (¢f. Cristescu [6, ch.V, Sec.1]), unless

the image space E is one-dimensional (hence isomorphic with R). In other
words, G + |G|l does not in general act as an extended seminorm over |
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F{X, E). Nevertheless, it becomes an interesting mathematical object once
it is noted that conclusion (Az) may be written in the form

(A3) JAF(z)(v)fle < (r/2).

For, in the particular case we just evoked, it is nothing but Ekeland’s ne-
cessary condition of almost extremality [7].

Summing up, the variational interpretations of the main result are not
very productive beyond the normed/real setting. This motivates, in part,
the limited interest in these vector extensions of Theorem 1 obtained along
the preceding section. The difficulty in handling conclusions like (As) or
(A4) in the general case (modulo (E, T)) must be added to the fact that, a
genuine subdifferential theory for vector valued functions is not obtainable
beyond the normed lattice framework; we refer to P a pagedorgiou
[18] for details. Nevertheless, it is our firm conviction that the situation will
change in the future.
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INEQUALITIES RELATED TO HARDY AND COPSON
BY
. B.G.PACHPATTE

LIntroduction. In 1927, C o p s o n [1], proved the following gen-
eralization of the H a r d y’s inequality given in [3,4].

Theorem A. Let p > 1,X, > 0,a, > 0,302, Ana? converge, and
further let Ay = 37 Aj A, = Y Aiai. Then

i/\n(iﬁy’q L2 )”iz\na”.
n=1 A" - ])—1 n=|] "

Nearly fifty ycars after, in [2], Copson himsel give the following integral
analogue of the above inequality.

Theorem B. Let w(z) > 0,f(z) > 0 for x > 0. Let W(z) =
{5 wit)dt, F(z) = fozw(t)f(t)dt. Ifp>1,0<b< o0 and f: w(z)fP(z)ds <
oo, then

b
/ bw(z-)({;‘%)vdz <2y [ u@ras.

p

The inequality given in Theorem B is a further generalization of the
well known Hardy's integral inequality given in [3,4]. There exists a vast
literature on various generalizations, ~xtensions and variants of the above
mequalities, see [1-12] and the references given therein. The aim of this
paper is to obtain some new generalizations and variants of the inequalities
given in Theorem A and B which provide new estimates on inequalities of
this type.

2.Statement of results. Our main results are given in the following
theorems.



