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INEQUALITIES RELATED TO HARDY AND COPSON

BY

. B.G.PACHPATTE

Lintroduction. In 1927, Copson (1], proved the following gen-
eralization of the Har d y’s inequality given in [3,4].

Theorem A. Let p > LA, > 0,a, >0, Z;’ll Anah converge, and
further let Ay = "0 A A, = S Nai. Then

i=1 =1

oo An P oo
E:Aﬂ___ip( PE: naP.
n=1 (An) -(]}-1) A -

ne=]

Nearly fifty years after, in [2], Copson himself give the following integral
analogue of the above inequality.
Theorem B. Let w(z) > 0, f(z) > 0 for z > 0. Let W(z) =

fs w(t)dt, F(x) = S w®)f(t)dt. Ifp>1,0 < b < oo and fob w(z)fP(z)ds <
o0, then

' Flz) P v ' P
|| e < 2oy [ e

The inequality given in Theorem B is a further generalization of the
well known Hardy’s integral inequality given in [3,4]. There exists a vast
literature on various generalizations, ~xtensions and variants of the above
inequalities, see [1-12] and the references given therein. The aim of this
paper is to obtaitl some new generalizations anc variants of the inequalities
given in Theorem A and B which provide new estimates on inequalities of
this type.

2.Statement of results. Our main results are given in the following
theorems.
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Theorem 1. Let H (u} be a real - valued nonnegative conves function
defined for w > 0. Let A, > 0,a,, > 0 and

An = i/\l L4, = iAiﬂa B QTI = i’\lH(ai)'
=1 i=1 =1

(i) If p > 0, > 1 be real constants and Yomey )\n[%]P[H(an)]" < oo, then

@ gxn[mf—:um < b5 3 AL,

n=1

where M = (p+¢)/(p+ ¢ — 1).
(11) If p,q,r be nonnegative real constants such that g+7 > 1 end
Z:o=1 Aﬂ[%]p[H(an)}ﬁ'r < 00, then

(2) Z ,\,.[H(‘:—:)]W[H(a,.)}’ <BTY /\n[g—:]”[ﬁ(an o+

where B=(p+q+r)/(p+q+r—1)
Remark 1. In the special case when p=0, inequalities (1), {2) reduces
respectively to the inequalities

®) S M S Lo Y Al ()l
1=1 " n=1

(4) gx\n[ﬂ(i—:)]?{H(an”r < (&_i_':"i_l)q g—; )\"[H(an)]q'”,

The inequality (3) is recently established by the present author in [9]. H we
take H(u) = u in (3), then it reduces to the Copson’s inequality given in
Theorem A, which in itself contains as a special case the series inequality
given by H a r d y in [3,4] involving best constant. We believe that the
bounds obtained on the right sides of the inequalities in {1) and (2) are new
and also of independent interest.

Theorem 2. Let H(u) be a real - valued nonnegative convesr function
defined for v > 0,. Let w(z) > 0, f(z) > 0 be real - valued and integrable
functions and

Wi(z) = /01 wit)dt, F(z) = /OI w(t)f(t)dt. Qlz) = /x wit)H(f(t))di.

0
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(i) If p> 0,9 > 1 be real constants and fooo w(rﬂ)[%]ﬂ[!f(f(m))]qdm < 0o,
then

© [ e s < 0 [ ue) @ s,

where M = (p+q)/(p + ¢ - 1).
(1) If p,q,r be nonnegative real constants such that g+r > 1 and
Iy w@|FEPH(f(2)]#* dz < oo, then

| @G e <

<8 [T uel B D Pz,

(6)
where B=(p+q+r)/(p+q+r-—1).

Remark 2. If we take p = 0, then the inequalities (5), (6) reduces
respectively to the following inequalities

D [ s < (Lo [T weimes,

|| v e <

<Ly [Temserta

Here we note that the inequality (7) is a further generalization of the in-
equality given by Copson in Theorem B and we believe that the inequality
(6) or its special version given in (8) is new to the literature.

3.Proof of Theorem 1. Since H is a convex function, by Jensen’s
inequality (see,[5,p.133]) we have

(9 H(=") <

&l
zIe

We write o, = @uA;! and agree that any number with suffix 0 is 0.
Now by using the elementary inequality ( see, 4,71) 2™ 4yt >
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(m+1)zy™ , z,y > 0 reals and m > 0 we observe that

Apa?Tt — Matteo 1) H{a,) =
= Apa?T9 — Mot apA, — an_1Any] =

= Ay = MAL)ET + MApjan-alti7! <
(10) An_y ;
< (An — MAy)ab ¥ 4 ﬁ[ it +(p+q-1)alt =
1

— A aP+¢I ) p+q
A )
By substituting n = 1,2,..., N in (10} and adding the inequalities we see
that

N
(1) Y [Paelt — MAH(an)elt17] <

n=1

—_ A P+e < ),
prg—1 "=

From (11} and using Holder’s inequality with indices ¢, ¢/(¢ — 1), we observe
that

N N
D Aeab* < MY N/ 1ol/ H an )N a1l

n=1 n=1
(12) ” .
< MUY~ Mk {(Han)l)/7 - (3 Anal o) 0=0/s.
n=1 n=1

Dividing the inequality (12) by the last factor on the right of (12) and then
raising the result to the ¢ th power, we have

N N
(13) Y AnabT < MY Aol [Han))".
n=] n=1
Now from (9) and (13), we have
Y An
+
(14) Z,\,,[H = P < Me Z,\,.[ ]P[H (@)]e.

By letting NV tend to infinity in (14), we obtain the desired inequality in

OF
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By rewriting the left side of (2) and using the Holder’s inequality with
mndices (¢ +7)/r and (¢ +r)/q, the incqualities (9) and (1), we observe that

‘"+"[H(an)]

n

n=]

Mz

[,\r/(q+r)[H( ]pr/(q+r)[H(a NNE [,\q/(q+r)[H( )]p+q—,,+,] <

i

Fﬂs

MR IH @)% (32, [ et <

1 n=]

[ ]P{Ha ) LA EALARIE [Bq"""ZAn[ ]”[H( o )]7HT)9/ (e

n=1

=
1l

A
Ma

Fl
1l

= Z_j P H @)

This is the required inequality in (2} and the proof is complete.

4. Proof of Theorem 2. Since H is convex, by Jensen’s inequality
{see[5,p.133]) we have

Flz) | _ Q)

- e < way

Let 0 < a < b < oo and define

Qu(@) = [ wOH(E) , Gofe) = Qle)

a

Integrating by parts we have

y Qa(2) o W(a:)'(P+?)+1 -

(16) / )1 = o gy Q@ et
b QG(E) g—1

s [ W@ B 1 da.

From (16) and using the Holder’s inequlity with indices g,q/(qg — 1) we
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observe that

(17
b o b o
[ e rde < | W) H () TP e =

' Qa(x) —13/q1Qa(Z) 1 py g2
— w(z)/ 12X /e e)fw(z)d- /92T prg-1-2)
= [ fu(z) Wy P U @iota)0 /o ettt <

b . A .
< M[/; w(“’)[%((—mj)]p[ﬂ(f(w))]qdm]l/"[/ u’@)[%%]””dw]““””.

Dividing the inequality ( 17) by the last factor on the right of (17) and then
raising the result to the ¢ th power, we have

b T b T
09 [wtenglirnie < [ wer LD sayypas.

Now from (18) and using the arguments as in the proof of Theorem 1 given
in (8,pp.270-271], we obtain

(19) ]0 h w(m)[;?,%lmdm < M / - w(m)[%mmﬂx»]w

The desired inequality in (5} follows from (15) and (19).

The proof of the inequality (6) follows by the arguments as in the proof
of inequality (2) in Theorem 1 given above with suitable modifications. We
omit the details,

Remark 3. We note that the inequalities established in Theorems 1
and 2 can also be extended to the sequences and functions involving many
independent variables by using the methods employed by the present author
in [10,11]. However, the precise formulations and detailed discussion of such
inequalities is left to another place.
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