Liq NEW BOOKS IN SEMINARY "AL. MYLLER” 8

CORSINI PIERGIULIO - PROLEGOMENA OF HYPERGROUP THE.
ORY (Supplement to Rivista di Mateinatica Purs ed Applicata, Aviani

Editore (1993), 215 pages}

The first hyperstructure was that of hypergroup (multigroup), a nat-
ural generalzati i i i

dently by H.S.Hall in 1937, Since then the mvestigation into hypergroup
theory knew no respite and it has developped in large sitting of hyperstruc-

(the heart of hypergroup H is the intersection of all subhypergioups of H
which are complete parts}. Sections fourth (Subhypergroups) and fifth (Reg-
ular Hypergmup.s) deal with some special types of subhypergroups {closed,
normal and invertible, con jugable). The hypergroups of type U and those of
type C are also briefly presented. In other 'fou;' sections, namely Join Spaces,

PErgroups are given. In connection with the hypergroup theory the notions
of hyperring, hypermodule, vectoria] hyperspace and the principal results
concerning them are presented in section Hyperrings, Hypermodules and
Vectorial Hyperspaces.

The book (which closes with Index of Symbols, Analytical Indes and
with an exhaustive bibliography of 384 titles) is self-contained and the or-
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A LINEAR H. -CONTROL PROBLEM WITH
IMPULSIVE DISTURBANCES

BY

GH. ANICULAESEI and S. ANITA

1. Introduction and problem formulation. Consider the fol-
lowing input-output system with impulsive disturbances

(L.1) y'(t) = Ay(t) + Byu(t) + ) Biw; ® 6(iT), t € R = [0, +00)
’ i=0

y(O) = Yo

(1.2) z(t) = Cy(t) + Du(t), te R,

v a . . N . A‘ Y B e
where A is the infinitesimal generator of a Cy-semigroup e4! on , By
€ L(W,Y), B, ¢ L{U,D(A*)"), C € L(Y, Z)and D € L(U,Z). HereY,
U, W, Z are real Hilbert spaces; we denote by (.,.), (., Ju, (. dw, (., )z the

scalar products and by [.|, [.|u, |.lw, |.|z the corresponding norms.
\}:\)’c have denoted by A* the adjoint of A4 and by D(A*) the dual of

D(A*). The pairing between D{A*) and D(A*) will also be denoted by

b In system (1.1)-(1.2), T > 0 is a given positive number, 8(iT),i € N
is the Dirac measure supported in i7; y(t) € Y is the state, u(t) € U is
the control, w; € W,i € IN are the disturbances and z(t) € Z is the control

output.

Hypothéses : . .
(i) For every T > 0,the map Bje*™! can be extended as a continuous

map from ¥ to L0, T;U ), 1.e.,there exists a positive constant C4# such
that .

T
[ B3eA B dt < Cplyl?, Vye Y,
40
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equivalently (see [9], [15]) the map
ri
(1.3) (Lou)(t) = / e Bou(s)ds,
0

can be extended as a continuous map from L*}0,T;U) to C( [0,T);Y).
(ii} The pair (C, A4) is exponentially detectable, i.e.,there cxists

K € L(Z,Y) such that A+ K'C generates an exponentially stable semigroup
e(ATKO o 7.,

(i) D* [C D) =[0 I
(iv) For each yy € Y, there exists @ € L* R*;U) such that y, the
mild solution of (1.1), with w; := 0,7 ¢ IV, satisfies

(1.4) / TUCHOR, + ) )dt < oo

It is easy to observe that {1.1) can be written in the equivalent form
(see (11])

y'(t) = Ay(t) + Bau(t), t€[iT,(i + 1)T),i € N
(1.5) y(iT+) = y(iT—) + Biw;, i € IN
y(0—) = yo

The mild solution of (1.1) (or equivalently (1.8)) is

t oQ
(1.6)  y(t) = etiyo + / e Bou(s)ds + Y x(t —iT)eAt T B,
0 :

1=0

te RV\TIN
where x denotes the Heaviside function {(i.e,x(t) =1, for t > 0 and 0, for
t <0).

We observe that the mild solution y belongs to C(R* \ TIV;Y),
(TIN = {0,T,2T,3T,...}) and there exist y(iT—), y(iT+), for i € IN. De
note by I;(W) the space of sequences (wi)ien,which satisfy Yoo lwili, <
0.

Let F be the set of functions F(t) = B;Q(t), where Q : R — L(Y),
Q € C(Y;C([0,T); YY), Q) = Q(t—T[%]),¥Vt € R*\TIV and the problem

{ y'(t) = Ay(t) + B F(t)y(t), t € [0, T}
¥(0) = yo,
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has a mild solution for every yo € ¥ (i.e., there exists u € L2(0,T;U) and
y € C([0,T); Y) such that

¢

y(t) = ey, +/ A('_")Bgu(s)ds, vt € [0,T]

e
0
and u(t) = F(t)y(t) a.e. in (0,T)).
Now, for F' € F let S be the possible multivalued operator defined
on L{W) by
(Srw)(t) = {2(t) = (C + DF(t))i(t);

where § is the mild solution of (1.1) for yp := 0 and u(t) := F(t)y(t)}. Hence

- N
(1.7 () = f cA“"’)BgF(s)g}(s)ris-{-Zx(t—z'T)eA(“‘TJB]w;.
0

=1

According to the theory of standard H-problems (see e.g. [13]) we
define the Hoo—control problem for system (1.1)-(1.2) as follows: Given
7 > 0, find F' € F such that for every w € [,(W) there exists z € Sp(w) :

(1.8) zll2mezy < pllollgiw,

where 0 < p < 7. In case of single valued Sr. (1.8) can be equivalently
written {|Sg|| < p ( here ||.{| is the norm in L(i(W); L*(R*; Z)) ).

For related results concerning the continuous Hy,-control problems in
the infinite dimensional case we refer to [8], [12], [13]-for bounded control
and disturbance operators and to [1}, (3, [5], [16}, [17)-for unbounded control
operators and/or unbounded disturbance operators. In [2] has been treated
a continuous H,, problem with unbounded observation.

As concern: the Heo-control problems with impulsive controllers and
disturbances we mention {7] (for bounded operators and finite dimensional
case},

The study of this kind of problems (with unbounded control operator)
has a practical motivation including among others: second order hyperbolic
equations with Dirichlet boundary control, Euler-Bernoulli equation with
Dirichict/Neumann controls; first-order hyperbolic systems. We refer to
the books [9] and [15] for more details.

2, Statement of the main result.

Theorem 2.1.  Suppose v > 0 and assumption (i)-(iv) hold. If
there epasts F € F auch that (1.8) is satisfied then there exist the operators
P(tye L(Y),t € [0, T] such that
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() P(t)=P*(t) >0, Vtel0,T]

(ii) P e CY;C([0,T];Y))

(33) PO}y ++7°BiB{P(T)y) = P(T)y, WyeY

(Gv) (P(0)Byw, Biw) € Y |wl},, Vwe W

(v)  There is a unique optimal pair u*(t,7iy0) € LY, T;U) and
y* (t,7i50) € C([r,T);Y), 7 € [0,T)] of the optimal control problem

T
Minimize [ (YOI + (o))t + (PTY(T),o(T))
subject to u € L2(7,T;U), where y 1s the mild solution of

{y'(t) = Ay(t) + Byu(t), t€lr,T]
y(T) = yo

and in addition
(vi)  wtimiye) = ~BiP(t)y*(t, 75 30) a.c. in [7,T]
(ij) (P(t)mﬁa yO) = ft (C'y*(s,t;iﬂg), Cy*(Saﬁyo))st +
+ ftT(u*(sa t; 3:0)1 ut('sa t; yo))f,rds + (P(T)y*(Ta txy )7 y*(T': t; yO))s VJTO, Yo €
Y, Vvt e [0,T]
Conversely, if there exists P(t) satisfying (j) (vij), then
F(t) = —B; P(t~-T[£]),t € RY, belongs to F and satisfies (1.8) with p = v,
Remark. If in addition to (¢) — (fv) we have:

(v)*  the map C*CeA'B, can be extended as a continuous map:
U— LY0,T;Y), ie.,

T
f |C*Ce? Byu(t)|dt < Cilulu, Yuel
0

(vi)* the map Bje?™ can be extended as a continuous map:

Y — L®0.T:U),ie.,

sup |Bie? 'yly < Cilyl, Wy eV,
0<i<T

then we obtain that P(t) also satisfies:

(a1) By P(?) € L(Y;C([0,T); V)

5 H., - CONTROL PROBLEM 279

B; P()e*'"""'B, e L(U; L*(:, T; U)) uniformly in 7 and

(az) O Ao ,
sup / |B; P(t)e Baulfdt < Cplul?, YueU
0<r<T Jr
d
(as) E(P(t):ro, yo) = ~(Czxo,Cy0)z — (P(t)zo, Ayo) — (P(t)Azo, yo )+

+ (B3 P(t)zo, By P(t)yo )u,Vt € [0,T], VYzo,yo € D(A)

3. Proof of the necessary conditions. Firstly we shall assume
that the H,-problem has a solution F € F. ;
Then, on the space R* x L2 R*,U)xl,(W) we define the function

Kt =27 [TACUOR, + )i e
(3.1) ’ w0
27192 "t — Ty, ®

=1

where y is the mild solution of the problem

i>max(1,t/T}

- { v(s)=Ays) + Bau(s)+ Y Biwi @ 6(T), s € [t,+00)
y(t) = yo

Denote & = L} (R*;U), U, = LE((t,00); U), W = (W), W, = {(wi) €
L(W); 1t € IN, i > maz {1,t/T}} and consider the max-min problem

(PP,) sup inf K(t,u,w) = 4(t).
wEW, u €,

Clearly, ¢(t) > 0. We shall prove that problem (PP;) has a solution
(u7,wy) € Uy x W,. For this, we consider the minimization problem

(Py) uié‘zf. K{t,u,w),

for w € W, fixed.
We shall prove first that (Py) has a unique optimal control u*. Indeed,
since the Ho-problem has at least one solution it follows the existence of a
u € U such that
K(0,4,w) < oo.
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Let us denote by d = inf {K(0,u,w);u € U} and let {un}neciv- be a
sequence such that

1
K(0,un,w) <d+ o Yne N*

By the definition of K it follows that {u,}nem- is bounded in ¢ and
that on a subsequence (also denoted by {u,}} we have

u, — u*,for n — oo, weakly in i.
Now, the continuity of the operator Lo defined by (1.3) implies
yn — y*,for n — oo, weakly in L2(0,T;Y),

(yn is the mild solution of (3.2) corresponding to u := u,) where y* is the
mild solution of (1.1) corresponding to u*.
Then Fatou’s lemma gives

¢ ] TUCY B + ()t <

o0
< liminf ] (CUOI + un(OfE )t < 2d + 7P By,
Tt—00 0

which implies the existence of a solutinn u* for problem (F;). The unique-
ness follows from the strict convexity of the functional © — K(0, u, w).

In the same manner follows (using (2v))} the existence of an optimal
control for (Py).

Theorem 3.1. The pair (uy,y:), which satisfies (9.2} and uy €
U, Cy, € LR} Z) is optimal for (P,) if and only if there exists py €
C(R*;Y) such that

(3.3) { ﬁ:@ )==-0A*p:(s) +C*Cyi(s), s € (t,00)

(i.e., pe(s) = eA (T p,(T)— ff eA =00 Cyy(r)dr, VT € R ,t < s < T)
and

(3.4) Bpi(s) = uys) ae s>t

Proof: Consider the minimization problem
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IR
int(5 [ (Cu +lus)h)ds
¢
y'(s) = Ay(s) + Bau(s) + Z Byw, @ 6(iT),y(t) = yo} = ¢n,l{t0)-
i>max{1.¢/T}

Denote by ¢¢(yo) the optimal value of the cost function in (Py).

In a standard way it is possible to prove the existence of a unique
optimal pair (itp ¢, yn,) corresponding to {Pp ).

From the obvious inequality ¢. (yo) < ¢i(yo) it follows the bounded-
ness of the sequence {u,,} in ;. We infer that on a subsequence (also
denoted by {u,,}) we have

Up,t — iy, for n — oo, weakly in U, y
and

Cyn,: — Cy,'i',for n -+ oo, weakly in L2(t,T; Z), VT € (t,00)

(here yi* is the mild solution of (3.2) corresponding to ;).
These convergences imply

liminf ¢n,i(30) 2 $1{vo)-

Since ¢, (yo) < ¢¢(yo), we may conclude that lim ¢, (y¢) = ¢¢(yo) and
as a consequence n-—=co

j [wn,o(s)iE ds "’j |i4(s)|%ds, for n — oo
t t

The last convergence and the weak convergence of {u, } to @, in U; allow
us to conclude

Un,t — Uy, for n — oo, strongly in LZ(R;"; U)
Yn,t — Y2t for n — oo, strongly in L2(t,T;Y)
Cyn, — Cyl,for n — oo,strongly in L*(t,T; Z.

We conclude that (ug,ye) (% = uy, y;—“ = y;) is an optimal pair for (P).
By standard device follows the existence of p, ; € C([t,n]; ) such that

P a(8) = —A Pr,i(8) + C*Cyn(s), s € [t,n]
(3.5) {Pn l( )
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(3.6) Un,i($) = Bipn ((s) a.e. in (t,n)

Qo

(see {14], [15]) where (3.5} should be viewed in the "mild” sense i.e.
(3.7)

= -~ ’j-‘ - -
Pre(s) = eA"T=o0p () _ / e Oy a(r)dr,t < s < T < .
3

The function yo — @n,e(yo) is convex and differentiable. Moreover, we have
p“'t(s) = —V¢";3(y",f(s)): Vs € [t’n]

Indeed, since (un 4, yp 1) is also optimal for (P, ,), where yo := Yn,e(5)
(s € {t,n]) we have

¢“-’(y“st(3)) - ¢n,s(-§o) =
-1 / (1Cn ) = ICT(r )Y + 1 f (lums ) = [u(r), ) <

</ (), ) = 7))z 4 (un(r), () — u(r))o)dr,

where

T() = AT0)+ Bu(r)+ 3 Brus@56T),  5(s) = 70
St
and u is the optimal control for (Pn,s) with §(s) = 7,. By (3.7) we see that
(38)  bna(yn,e(5)) = buo(F) < - (Pri(s) yne(s) =), Vg ey
as claimed. If in (3.8) we take Yo = pb,with |6] = 1 we get
(3:9) 1lPn,t(S)) < [, e()l[Pn e(5)] + B a(16), for all s € [t,n] and 4 > 0.

On the other hand we have
1 /<= N .
bna(u0) < 5 [ (CHI3 + 183 Pogly o,

where -
{ F(r)= (4~ ByByRo)ig(r) + %=1 Byw, ® SGT),r > s
i23/T
§(s) = ué.
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Here Py € L(Y) is such that Ap, = A— By B} Py generates an exponentially
stable semigroup and B Petrotyy € U Vyy € Y (the existence of such a
Py follows from (1v)-see [10]). After an easy calculation we obtain

(3.10) Sns(k8) S c(u®+ D wildy),
=1

izs/T

where c is a constant independent of t and 4.
Using (3.9) and (3.10) we may infer that

(B1) ool S el lymes )Nt 4 3 s € [l
=1

i>s/T

Since y, ; — v, uniformly on bounded subintervals of R;" we infer
that {p, ¢} is bounded in L=(t,T,¥) and so on a subsequence (also denoted

by {Pn,t}) i
Png — p; weakly star in L=, T; Y).

The last convergence and (3.11) imply that

oo
P < el =y N+ S fwilly), Vs >4,
=1
z_';.sl.-'T
Using the detectability assumption (22) (which implies lim lye(s)| = 0) the
8=
above inequality leads to

QO

limsp [p(s)] < (14 17" S oufly), Voo >t
i =1

1280 /T

o)
Cloosing now s = ( Z fur1$, 1172, in the last inequality we obtain
=]
128, /T
oo
limsup [pi(s}] < 2¢( Z il )72, Vs € R
L iands’s]

=i

1239 /T
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Since w = (w;) € Wy, the preceding inequality implies
slim pe(s) = 0.

By (3.7) we have

T T o
[ (Prels), (s))ds = ] (Pt ), AT =) p( )3
T T .
“‘f ((s), f AT Oy, (1)dr)ds, Vi € CU([t, T ).

For n — oo we get

T T i}
[ (pi(s), ¥(s))ds = (py [ AT~y g)ds)—

7 Fo
f (d)(s),/ e (”"’)C*Cy,(r)dr)ds,
t 3

where pp = w- lim p, (T") (on a subsequence). Hence
T == O

7'\
pi(s) = e (F")pT - / et (T_S)C*Cy,(‘r)dr, a.e. § € (fT)
3

We extend p; by continuity on [¢, 7] and we get pr € C(RY,Y) and

T ~ '1-‘ - =
pils) = e T=9p(T) - / e TNCH Cyy(r)dr, Vi <s < T < oo,

i.e., py is a mild solution of (3.3).
On the other hand

tni(s) = Bipn (s) = ByeA T=ohp (F)-
T
(3.12) —f B;c’l‘(r_’)C*Cyn',(T)dT,

3

fort<s<T<n
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Since the map ¢ — BjeA (T=9)4 is continuous from Y to L2(0,T; )
and the map v ~» — LT Bie? (m=9)y(7)dr is continuous from L0, T;Y) to
LY0,T;U) (sce !15]) we may pass to the limit in {3.12) to get

w(s) = Bapls) ae. s>t

thus concluding the Theorem 3.1.
Consider T'y : Wy ++ U, defined by T'vw = uy (w = {w,);). We shall
prove that I'y is an affine function and

313) Ftw = Fﬂg'w + fm,\?’w = W[
where for = erg imf KN(t,u,0) and
Fm = L(Wt,Ug).

Indeed, Theorem 3.1 allow us to conclude that Ty is an affine function.
More difficult is to prove that T'; is a bounded operator.

Consider i, the nuld solution of (3.2),with #o¢(t) = yo, corresponding
to = for,w; == 0 and let g, be the optimal control of { Py) corresponding
io the itial value yg := 0 and to the input disturbance w = (w;);. Denote
by gy the mild solution to (3.2} corresponding to yg := 0,u := ¥, and w. We
get

f (ICyf% + IDaol?)dt < f (IC o + 70)1% + Lo + 5l ) dt <
] H

<2 / (CH0:|% + 1 foelFr)dt + 2 / (UCHl% + 15:8)dt < Ci + 297 ||wlly, »
Jt t

Yw € Wh

where Cy > 0 is a constant independent of w {we have used (1.8)). Tt means
that Cop € L{W,, U,). Let ny : W, — R be defined by

nifw) = —K(t, Ty(w),w).
By (3.13) we may reprezent 7, as
m(w) = [|Dwlff, + (. ) + 6,
where D € LW, Uy ), {(...)) is the scalar product of W;, f € W, and é§ € R.
(the proof of this fact is the same as in [3] and uses ingredients from [4] and

[6]). Relation | 1.8} implies

olw) = a |w§ifmt b B, Ywe e W,
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where o > 0 and # € R (see for the argument [3]). In a standard way we
can prove the existence of a unique w} € W, such that

wy = (wy,)i = arg inf{n(w); w € W,}.
Theorem 3.2.
(3.14) w;, = —y *Bip(iT), Vie N*,i>1T.

Proof: The inequality

o0
[ (ICY2 1% + [P} [3)ds — 12} By,

w -
> / (CY G 4Ty} + ew)yds — 2wt + cwlly,
i

Ve > 0 (where y; is the mild solution of {3.2) with y7(t) = yo and the
inputs u := Tyw},w := w} and ¥, T*" is the mild solution of (3.2) with
Yy +Ew(t) = Yo, corresponding to the inputs u := [(w} + ew) and
w = w; + cw) implies

[ ((Cwi(5),Ca(5))z + (Torto? + for, Torw)y)ds—

(3.15) ©
_72 Z (wt.i’wi)w <0,
i=1

i>T

Vw = (w;); € Wy, where z is the mild solution of

z'(s) = Ax(s) + Bo(Torw)(s) + Y Byw; @ 6(T), s € (t,00)
ST
z(t) =0
and satisfies Cx € L2(R}; Z).
By (3.3) we deduce that for all T > ¢ we have

T
[ (Cyi(s), Ca(s)) 2ds = (pe(F), ()~

(3.16) T
"[ (B2(Locw)(s), pu(s))ds + z (Biwi, pe{iT)w.

i=1

TIT>i2 /T
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Since (A, C') is exponentially detectable and Cz € L*(R}; Z) we infer
that lim z(s) = 0.

Letting T — oo in (3.16) it follows
| (i) Catopzds = - | (@a)(6), (Coru ) + fur(sD)uds

- > (wo BIp(iT)w.
i=1
i>)T
We set
P(t)ze = ~pt), t€[0,T].

The uniqueness of the optimal control (u},w}) for (PP;) and the
optimality conditions (3.3), (3.4), (3.14) imply that P(s)y;(s) = —pi(s),
Vs >t and

T
P(t)yo = —eA"(T=0,(T) 4 ] A =00 Cyr(r)dr
t

T
:/ MmO Cy(r)dr + T TTOP(TYy}(T).
t

Consider now the following minimization problem with finite horizon

T
T /(|cw;s)|§+-u<s)|?,}ds+(P(T)y(T:u,ycT))
t

subject to u € L%(¢, T;U), where y is the mild solution of

y'(s) = Ay(s) + Bau(s) s € [t,T]
(3.17)
y(t) = yo
Problem (P;) has a unique optimal pair. A standard result says that
(u™(s,t: 90), (s, ;y0)) (where y*(s,1; yo ) is the mild solution of (3.17)
corresponding to u := u*(s,t;40)) is an optimal pair for (P;) if and only if
there exists ¢ € C([t,7];Y), a mild solution of

{q’(S) —A*q(s) + C*Cy*(s,t;y0), s € [t,T)
o(T) = —P(T)y*(T,t;50)
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and in addition
u*(s,t;90) = Byq(s), ac. s € (¢, T)

(see [10]).

Using the optimality conditions we get that (u},y’) ((u),w},y})
is optimal for (PF)) is an optimal pair for (7)) and g¢(s) = pe(s),
Vs € [t,T]. This implies that P(t)y, = —¢(t) { it means that the operator
P(t) introduced by us is the same with that constructed in the proof of
Theorem 3.1 in {15]) and taking into consideration the Theorem 3.1 in [15)
we c?nclude that P(t) € L(Y'),Vt € [0, T] and satisfies (5}, (55 ), (v),(vj) and
(vj5).

(uf, (W, )i>1,¥7) is optimal for (PPp) (where y3 is the mild solution
of (3.2) with ¢ :== T,u := u%} and w; := W12 1) if and only if there exists
pr € C(RE;Y), a mild solution of

(3.18) {i;éi )==—0A"pr(s) + C*Cyz(s), s € (T, 00)

and in addition

(3.19) ur(s) = Bipr(s) a.e. s € (T,00)

(3.20) whi =~y *Bipr(iT), i € N*.

Y7 is also a mild solution for the following problem

(e 0]

y5'(s) = Ayi(s) + Boul(s) + ZBlw;‘ ®6(:T), s €T, +o0)
;=2

yriT+) = yo — v *B1Bipr(T) = yo + v B B{ P(T)yo

(we have used the definition of P(T)).

As pr satisfies (3.18),(3.19) and (3.20) (for i € IN*\ {1}), it fol-
lows that these conditions are necessary and sufficient for the optimality
of (up(. — T),(wh;_y)iz2,¥5(. — T)) in (PPy), with initial value yq :=
yo + Y 2B1 By P(T)yo. As a consequence we get

pr(T) = —=P(T)yo = —P(0)(yo + ¥~ 2B1B; P(T)yo), Yip € Y

(we have used the definition of P(0)). This concludes (5 1)
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An easy calculation involving the optinality conditions implies
i
(P(t)zo,y0) = f ({Cz7, Cyg)z + (uf, vy v )ds—
t

_72 Z (UJ:‘!',TD:',')W

izmar {1,¢/T}

(where (v7, (] ,}, x7) is optimal for (PP, ), corresponding to yo := zo).
For ¢y = yy = By and t := 0 we obtain

o0 o0
(POBi, Bro) = max i [ (Cul + e =73 bl

y being the mild solution of

{y'(s) = Ay(s) + Byu(s) + 372 Byw; @ §(iT), s € RT
y(0) = Bia

o0
1 2 2 o0 2 ) . .
- (w.-l)T.-l;:{ew EIGIE/; (|Cy|22 + U,-U)d.s =7 Zizﬂ thIW +y ’amﬁ y being

wo=a
the mild solution of

(3.21) {y'(s) = Ay(s} + Bou(s) + 5.2, Biw; @ §(:T), s € R*
- ¥(0) =0

which is less or equal than

[a'w] o0
2y .12 : 2 2 2 2
oliy + max min Cyl% + luly))ds — E w;liy:
‘T| |w (w.).zaewmeu{/o (I Yz ! IU) ¥ .‘=o' =|w

y being the mild solution of (3.21)}

{if we translate the argument ¢ — ¢t — T we can see that the last max-min
problem is in fact the (P Pr}-problem with g := 0} = %|al?, +(P(T)0,0) =
2|2
= 7|aliy.
The last considerations show that (jv) holds.
If in addition (v)* and (vi)* hold, then applying Theorem 3.3 in [15]
we get that P(t) also satisfies (a1),(az),(a3).

4. Proof of the sufficiency. Let w = (w;)i>o € l2(W) be fixed and
consider the problem (1.1) with the feedback control u(t) = F(t)y(t), where
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F(t) ;= —B; P(t ~ {]),Vt € RY (P(t) satisfies (j) — (vj;)) and the initial
condition y(0) = 0.
(4.1)

V() = Ay(t) - B BiP(t)y(t) + ) Baw, @ §(iT), t€ R = [0, +o0)

y(0) = 0, =

Using (jj7) and (4.2} we may write

(P(O)y*(iT—)+ Byw;), y*(iT-) + Byw,)

= (PO)y™(:T—) + 4B By P(T)y* (iT~)), y“(:T—) + Byw;)

+ (PO} Biw: — v 2B, By P(T)y™(iT~)),y*(iT—)) + B, w;)

= (P(T)y*(:T-),y*(iT—) + Byw;)

— 7 H(P(O) By w; - 7*23131‘1’(1")3;‘”(%7‘—)),BIBIP(T)y“'(iT ))
+ (P(0)(Byw, — v 2B By P(T)y™ (+T-)), Byw;)

+(PO)(Brwi — ¥y 2By B P(T)y" (iT~)), y* (iT—))+
+972(P(0)(Byw; — 2B, By P(T)y*(iT-)), B1 B; P(T)y" (iT-))
= (P(M)y*(:T~),y”(iT-)) + (wi, B} P(T)y* (:T-))

+ (P(0)By(w; — v 2By P(T)y" (:T-)), By (w, - Y 2By P(T)y*(iT-)))
+ (Biw; - v B By P(T)y" («T-), P(T)y“ (iT-)).

This problem can be equivalently written as

y'(t) = Ay(t) ~ BaB3 P(t)y(t), te [iT,(i + 1)T), s € IN
(4.2) y(iT+) = y(:T=) + Byw,
y(0-) =y(0) =0

Using (v) — (vj) we get that there exists at least one mild solution yv
for (4.1) (or (4.2)) and that (=B3 P(t)y™(t),y*(t)) (w = (w;)ien) is the
optimal pair for the minimization prohlem

Now taking into account ( Jv) the last quantity is majorized by
P(TW*(eT-),y" (:T-)) + v*|jw, — YEBYP(T)y  (iT—-)[},
+ 2w, BEP(T)y"(T-))w — =25, B P(T)y* (iT—), P(T)y* (iT—))
= ¥ willy + (P(T)y* (:T-),y™ (iT-)).

(i+1)T
Minimize [T (ICYO+u(8) 3 )dt-+(P(TY{(i+1)T—), p((i+1)T—)),

subject to u € L*((:T, (i + 1)T); U), where y is the mild solution of
This fact and (4.4) imply

(4.3) y(eT+) = y(iT~) + Byw,

{ y'(t) = Ay(t) + Byu(t), t € [iT,(i + 1)T)
y(0~) =y(0) = 0

(41T
/T (ICY™ (% + B3 P(tyy™ (1)]}))dt < (P(Tyy*(:T—), yP(iT—))~

=(P(T)y™ (0 + )T =), 4" (i + )T=)) + 72 josl?,

fromn which we get

This fact implies (via (vj))

, TUCY OB, + 1B POy O )it < 1ot Ve e W,
[ tovm o + B3P o e = [ e imzrawine s iy, voe

(PO (T 4),4"(T 1))

= (P(DW® (G + )T =), (6 + 1YT-)) =

= (PO)(Y™(T=) + By, y"(T=) + Byw,)
- (P ( 4 1T-), 4 (G + 1)7-)

The last relation shows that F(f) belongs to ¥ and satisfies (1.8) with
pP=1.
5.The case of bounded control operator. In the particular case

of bounded control operator B;, we obtain a more refined for w for the main
Theoren, - i

(4.4)
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Theorem 5.1. Suppose v > (0 and assumption (u}-(iv) hold. [f

there exists F € F such that (1.8) is satisfied then there crist the operators

P(t) € L(Y),t € [0,T] such that

(3) P(t)y=P*(t)20, Yie[0,T)

(3) PeC(Y;C(0,T};Y))

(3i5) PONy+r BB P(T)y' = P(T)y, YyevY
(Gv) (P(0)Byw, Biw) < ¥*lwly, YVweW

(V) S P20, 10) = ~(Co, Cyo)z — (P(1)20, 4v0) —

- (P(t)Aﬂfo,yu) -4 (B;P(f)lu,B;P(t)yu)U, Yt € [O,T], V.‘Eg, Yo [ D(A)
Conversely, if there exists P(t) satisfying (7)-(v), then F(t) = —B;P(t -
T[+]).t € RY, belongs to F and sat:sfies ||Srl < v .

The necessity has been proved in Section 2.

For the proof of the suficiency we have to notice first that if P(t)
satisfies (j) — (v) in Theorem 5.1, then (v),(vj),(vjj) from Theorem 2.1
also hold (see [9]). From this point the proof has been done in Section 4.
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