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L.Introduction. In previous paper [5], we studied the notion of
a dircction dependent f{s,#)— structure, the existence conditions of such
structure and the conncctions which are compatible with them. In the
present paper, we are going to find the integrability conditions of a direction
dependent f(s,t) - structure in the case s = 2k + 1, = 1, for k€ N*.

2.Preliminaries. Let N be a real differentiable manifold of dimen-
sion n. Denote by TN the tangent bundle over N and by 7 the canonical
projection of TN to N. Also, denote by dx : TTN -+ TN the differential
of = and define the verticai subbundle VTN of TTN as the kernel of dr.
. A complementary distribution HTN to TN in TTN is called a non lin-
. ear connection on T'N, Of course, the fibres of vector bundles VT'N and
- HTN are of the same dimension n. It is well known, VI'N is an integrable

- distribution on TN, '
_ Let {2°,y') Le a canonical coordinate systein on TN and {%,—, 6—5-:}
be a local field of frames on TN adapted to the decomposition TTN =

LHTN & VTN, where

é 7, ;
— = —— — N/ —
drt Ozt Ni(z,y) vy

Nl(z,y) are n? differentiable functions locally defined on TN. The

:_.L}ltomorphimn
P:T(TTN) — I(TTN)
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X 1 ( ) 1
l -:(V(J‘y)ﬁ } .LH ﬂf,y a fOI‘

- ] a
X =Xylz.y)ps + X{/{xay)a—y,

is the natural almost product structure on TN i.e. P? = I, where [(TTN) is
the F(TN) - modulo of all differentiable cross sections of TTN. We keep the
same notation for any other bundle. If we denote by v and h the projection
morphism of TTN to TN and HT N, respectively, we have

Poh=volP

The automorphism

6 - 0

for s 5
X = XH(x,y)E;; +Xv($,y)a—y,-

is the natural almost complex structure on TN,

Definition 2.1.[5] We cell Finsler f(s,t) - structure of rank r on N,
a non null Finsler tensor field f of type (1.1) and a class C® such that
f*+ft=0,s,t € Nys > 2t,t > 1 and rank f = r, where r s constant
everywhere.

Definition 2.2.[5] We call horizontal fi(s,t)— structure of rank r
on N a non null horizontal tensor field fr, on TN of type (1.1) satisfying
fa+fi=0, st €N, s>2, t>1 and rank fr, = r, where r is constant
everywhere.

The morphism

E=—f"", m= "+ Irurny

applied to the vertical vector bundle on TN are complementary projection
morphisms which satisfy the relations

(2.1) fl=1lf'=f, ffm=mfl=0, /=1t =L

According to the propositions 3.1, 3.2 of {5], if f is a Finsler f(s, ) structure
of rank r on NV, then an horizontal fi(s,t)-structure of rank r is defined on
N and an F(s,f)— structure of rank 2r defined on TV by the relations

(2.2) fpX = PFPX or §X = —JfJX , V X € [(HTN)
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(2.3) Fp=fph+ frorFj=1{h+fr.

Thus, if L and M are the complementary distribution corresponding to the
projection morphism ! and m respectively, we have the decompositions: [5]

TTN =HTN@VIN=PVLePVMaVL&EVM

or

TTN = (—JVL)® (-JVM)6 VLB VM.

3. Integrability conditions of a Finsler f(2k + 1,1) structure.
Let f be a Finsler f(2k + 1,1) - structure on N. In this case the identities
{2.1) are transformed as follows

fl=if=f, fm=mf=0, f*r=1f%* '—1,

where now | = —f?* and m = f** + Iy rp).
The Nijenhuis tensor of f is defined by

Ni(X,Y) = [fX,fY] - fllf X, Y] - fIX, fY]+ f*[X,Y],

for all vertical corss sections of TN. It is easy to see that:

(3.1) Nf(mX,mY) = INy(mX,mY) = f1[mX,mY],

(3.2) mNp(X,Y)=mNy{IX, 1Y) =m|[fX, fY],

(3.3) mN(fH*7LX, F2A71Y) = m[IX, 1Y),

(3.4) INFjIX,mY) = N(IX, mY ), mN(IX,mY) =0,
f f f

{(3.5) IN/(mX,IY) = Ne(mX,IY),mN(mX,IY)=0,
f . f f

Proposttion 3.1. The following conditions are equivalent te each
other:

%) mNy(X,Y)=0,
(3.6) i) mNp(IX,IY)=0,
1) m.Nf(f“‘lX. f*-lyy=0, VX,Y e I{(VTN).
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Proof. From (3.2) it is easy to see that if mN/(X,Y) = 0, then
mN(IX,lY) = 0 and mNp(f2*7 X, f2571Y) = 0. When mN({IX, 1Y) =
0, VX, Y € '(VTN), then

N([f?k—IX,If‘l’k ly) =0
because of 1f2¥~1 = f2k=1] — f2k-1 we have
mN(ka_lX, ka-ly) =(

When mN(f2*-1X, f3*1Y) = 0, ¥ X,Y € T(VTN} it is clear that
mN(fP* X, FA71fY) =0 and mN(IX,1Y) = mNg(X,Y)} =0

It is well known that the distributions VL and VM are integrable if
and only if m[IX, Y] = 0, and {[nX,mY] = 0 respectively, for any vector
field X, Y € T(VTN). From (3.2), (3.3) and (3.6) we have:

Proposition 3.2. A necessary and sufficient conditron for the distri-
bution VL to be iniegrable is that

mNyH{X,Y)=0

Proposition 3.3. A necessary and sufficient condition for the disiri
bution VM to be integrable is that

Ni(mX,mY)=0 or INy(mX,mY)=0.
Proof. Let VM be integrable, then {{mX,mY] = 0 and
FlmX,mY] = fimX,mY] =0.
Taking account (3.1) we have
NymX,mY) = INf(mX,mY) = 0.
Conversely, if Ny(mX,mY) = 0 we have from (3.1)
fiimX,mY) =0

and
471 2 imX, mY] = ~l[mX,mY] = 0.

Because of I + m =1, X =1X + mX, VX € I(VTM) and (3.4), (3.5) we
have

N{(X,Y) = IN;IX,IV) + mN(IX, 1Y) + Ng(IX,mY) + Np(mX, 1Y )+
+ Ny(mX,mY).
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Thus we have

Proposition 3.4. A necessary and sufficient condition for both dis-
tributions VL and VM to be integrable is that

NHX,Y) = INf(IX,IY) + Nf(IX, mY) + Ny(mX, 1Y),

for any vertical vector fields X, Y.

Definition 3.1. We sey that f(2k + 1,1} - structure is partmlly
integrable if the distribution VL iz integrable and NfLIX Y)=0.

Proposition 3.5.Suppose VL and VM are both integrable and that
an adapted coordinate system has been chosen. The components of f are in-

dependent of the coordinates which are constant along the integral manifold
of VL if and only iof

N{(X,Y)=IN(IX,IY), or N(IX, mY) = 0

The proof is analogous to the proofs (1.6), (1.7) p.390 [6].

Definition 3.2. We say that the Finsler f(2k + 1,1) structure is
integrable if

a} The f(2k + 1,1} -structure s partially integreble,

b) The distribution VM 15 inteysable and

¢) The components of f arc independent of the coordinates which are
constant along the integral manifold of VL.

Combining the proposition 3.2, 3.3, 3.4 aud 3.5 we obtain the following
theorem:

Theorem 3.1. A necessary and sufficient condition for the Finsler
F(2k 4 1,) - structure 1o be integrable 1s that Nj(X,Y) =0 for any vertical
vector fields on TN,

Let CTTN be the complexified tangent bundle to TN. A C R-struc-
ture on TN 1s a complex subbundle H of CTTN, such that H N H = {0},
where H is the complex conjugate of H and H is mvolutwp [6]-

Let f be a partially integrable Finsler f(4k — 1)-structure on N.
From the relation (2.1} we have

FRTr = o,

so the tensor f2~1 defines an almost complex structure on VL, which is
called induced alinost complex structure of f. We suppose that this almost
complex structure is integrable 1. Ny o(X)Y) = 0. for any X,Y €
[{VL). Then we can define the complex subbundle H of CVTN by

H={X-JVZIf*'X. X e(VL)}.
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Then Re H = VL and HNH = {0} HU = X — V=1f%'X and V = where
Y — V=1f%*-1Y are two cross sections of H, by direct computation we U=X+v-1Y e I(H).
obtain: B 33 L
(3.7) . ;(g;l( -8) we have
- . ‘Zk—lxx- 2k—1+v- — s r2k—1vr 21:—1)[ Y. { sl . B 5 . B S .
GAI=X=IF0 A FUE Ao B Vi Ly e - x oy =X, f4X) =¥,

From Nz (X,Y) = 0 we obtain: Fo b YY) =

[f?k-l‘Y,ka—lyl + f-ilk—?[‘)(,y] — ka_l([‘Y,ka—]Y] + [f?k—-lAr, y]). and

LI AT — X, V) = RN PR Y ) + (XL Y)). (3.10) FE Y f=0, k=123 .

Because of 2417 = [f26=1 = {241 e have So we see that the morphism, which is defined by (3.8) is a Finsler f(4k —
L, 1)~ structure on N such that the distributions VI and VM, which are
defined by f coincide to Re H and i respectively.

Consequently every cross section of H can be written in the form

U=X-vVTifx

PRI Y] - G YD) = U £ Y]+ [ ).
But f is partially integrable, so VL is an integrable distribution and

[X, fzk_]Y],[fzk_lX', Y} € I-.(VL)

Or

Thus we have U=X - /o1ty V=2 \+1,Vie N

or

PRI Y - X YD) = ~(X, £ Y] - [0, Y), U= X 4 VII1X vk s

Then from (3.7) we take: If V is another cross section of H it can be written in the form

[U.V] =X Y]-[f571X, Y-V (X, Y] - [0 X, £y, V=Y - V-1ff or V=Y - VIIPK1Y, vk =20 11, VA€ N

or

that is [U,V] € H, H is involutive and H defines a CR - structure on TN.

Conversely: Let H be a CR-structure on TN such that ReH ¢ VTN
and K be the complementary distribution of Re H to TN , that is TN =
ReH @ K. We define a morphism of vector bundles

V=Y4+ V1Y, Yt=2\and Ae N.
Then we have
(U, V] =[X,Y] - \/—_I{IX,fY]HfX,Y]}~[fX,fY]
f:D(VTN) = T(VTN)

or

given by
f(Z)=0, ¥ ZeT(K) B (U V)= [X. Y] - V=T{[x, 224y + [0 X, V) [FH1X, -1y
and Vk=2i4 or
1 5 . _
(38) f{X} = 5\/——1({] U), ! [I, 1’_ = ._\", }} + \/__1{[“'. f‘lkhl}.'] 3 [Jtll—l‘\'l }', B -f.z.&:—l-;i-q fzk IY]
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Yk=2A\
Taking account of H is involutive we have

Corollary 3.1. If ReH = VTN then we have a direction dependent
integrable almost complez structure on N.

(3.11) FUX Y] = [fX, fY]) = [X, fY] + [fX, Y], Similarly we can prove.

Theorem 3.3. 4 neccessary and sufficient condition for an n-dimen-
sional manifold N to admit e partially ndegrable horizontal fh(4k —1,1)-
structure with integral induced almost compler structure is that TN has ¢

CR-structure Il such thet Re Il  HTN.

(312) FENX Y] [FA7X, PR = X £ Y ) 4+ [ RLY),

for every k =1,2,3, ..
.From (3.11) implit

FUXYT = [FX, FY]) = FIX, fY) 4+ fI£X, Y]

and by virtue of (3.9) we find

Theorem 3.4. A neccessary and sufficient condition for the tangent
space TN of an n-dimensional manifold N to admit a partially integrable
horizontal F(4k—1,1)-structure with integral induced almost complex struc-

ture is that TN has a CR-structure. '
PUX Y= [FX, YY) = [f X, fY] - [X, Y] = fIX, fY] + f[fX, Y],
[fX,fY]+ 21X, Y] = fIX, fY] + fIfX,Y). N
Thus,
(3.13) Ni(X,Y)=0.

I. Bejancu, A - Geometry of vertical vector bundle and its applications, Math.

Also, from (3.12) for any X,Y € I'(V L) we have Rep. Toyama Univ. Vol. 10(1987), 133 - 168,

2. Bejancu, A Complex Finsler spaces and Ol - structures, Anal. 5t. Univ

_ i k— 2k—1 2k--1 =
(X Y] = [FA570X, 4] = FANIX £RY) 4 (XL ) "ALLCuza" Iagi, Tomul XXXIII, s.1 a, Matematics, 1987, {2,

or 3 Demetropoulou-Pso mopoulou, D - Onintegrability conditions of a
structure f satisfying F2v+3 L — 0, Tensor N.S. Vol 42(1985).
2k—1 2k—1 r — §2k-1 2k—1 2k—1 4y ¢~
[f X, f Y] - [-X ’ Y] =f (['X' f Y] + [f X, ¥ ]) 4. Miron, R. - Techniques of Finsler geontetry in the theory of vector bundles, Acta
Sci. Math. (1985), 119 - 129.
and

5. Tamia-Dimopoulou, P.- Cn direction dependent f - structure satisfying

[F2570X, 257V 4 PR X Y] = PR PR Y) 4 (51X, Y)). f% 4 f' =0, Riv. Maih. Univ. Parwa (4) 17 (1991), 279 - 293.

6. Y ano, K.- Strctures on manifolds, World Scientific Publishing Co. Ple. Ltd.
i Singapore, 1984,

Hence
Nfzk-l(X,Y) =0, VX,Y¢ VL)

Gathering the results, we have Received 23.V.1994 Department of Mathematics

£

Theorem 3.2. A necessary and sufficient condition for an n—di-§
mensional manifold N to admit a purtially integrable Finsler f(4k ~ 1,1)_—
structure with integrable induced almost complez structure is that TN has L
CR-structure such that
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