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Introduction. T.SuguriandS. Nakavama [2] considered D-
conformal deforinations on almest contact metric siructure. The purpose
of this paper is to Intreduce a D—conformal transformation in a Lorentzian
paracontact manifold (an LP-Contact manifold) {1]. The conditions for an
LP Contact manifold to be an LP-Cosymplectic manifold are also obtained.

T
The main purpose of the present book is to give an exposition of the
fundamental results on the differential geometry of Poisson manifolds.
A Poisson structure on a C'%-manifold M is given by a skew-sym

metric bivector field w = (w'/) that satisfies the Jacobs R i.Preliminaries. An n-dimensional differentiable manifold M, on

which there are defined a tensor field F of type (1.1), a vector field ¢, a
whiahwjk + whjahwk: +w“6hw'j = 0. 1-form A and a Lorentzian metric g satsifying for arbitrary vector fields
XY, Z, ..

Thus (M,w) is said to be a Poisson manifold. The Schouten-Nijenhuis
bracket is expressed by means of Koszul formula and it provides an in-
variant meaning of the above identity. As any Poisson manifold carries
a symplectic foliation, the author presents a very useful background for
general distributions (planes do not have necessarily the same dimension)
and the corresponding folliations. Before continuing the general theory
of Poisson manifolds, the author devotes a whole chapter to examples of
Poisson manifolds. This is a real support for reader to check some theo-
retical results on concrete Poisson structures. It follows chapters on the
topics: Poisson calculus, Poisson cohomology and Poisson morphims. As
an important motivation for the study of LP cohomology of Poisson mani-
folds the author presents the quantisation of Poisson manifolds. Then there |
are exposed symplectic realizations of Poisson manifolds and realizations of |
Poisson manifolds by symplectic groupoids. The last chapter is devoted to
Poisson - Lie groups. 15

This is a fascinating subject, and Vaisman’s book is informative and,
well written. In conclusion, this book is highly recomended both for first-
time readers in Poisson manifolds and for those who enjoy a certain famil-|
iarity with the subject.

(1.1) X=X = A(X)t, A(t) = —-1,9(X,Y) g(X,Y)+ A(X)A(Y), where

(1.2) X =FX, "F(X,Y) = ¢(X,Y), A{(X) = g(X.4),

then A, is called a Lorentzian paracontact mantfold {an LP - Contact
manifold ) and the structure (F 1, 4,9) is an LP - Contact structure.
¥ Inau LP - Coutact manifold we have

1.3) t=0,4X)=0,rank F = (n - 1).

In an LP - Contact manifold M, with the structure (F,t,A,g), it is
asily seen that

4)

(D

x 'F)Y.2)+(Dx 'F)(Y,Z) = A(Y(Dx A)(Z) + A(Z)(Dx A)Y),

Aurel Bejancu ere D denotes the Riemannian connexion on M,.

|
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An LP - Contact manifold is an LP - Cosymplectic manifold if , From (2.7), (1.4) and taking into account that X = X, we have
(1.5) DxF =0. 1% (2.8) '"H(X.Y,Z)+ 'H(X,Z,Y)=0.
. . . ) b Now
2. Affine connexion. Let D be the Riemannian connexion and B 4
be an affine connexion in My If we put gy YG.2) = (Bxa)Y.2) + g(BxY,Z) 4 gV, Bx2) =

(2.1) BxY = DxY + H(X,Y), =9(DxY,Z) +g(Y,Dx 2).

Hence, by using (2.1) and (2.8) , we obtain (2.6)(a). With the help of (2.1),
(2.6)(a), (2.7)(a), (2.8) and (2.9), we obtain (2.6)(b). (2.6)(c) follows from
(1.5) and (2.7).

Theorem 2.2. Let B satisfy

then the torsion tensor of the connexion B is given by
(2.2) S(X,Y)=H(X,Y)- H(Y, X).

Let us define
(23)  'S(X.Y,2) = ¢(S(X,Y),Z), "H(X.Y,Z) = g(H(X,Y), Z) (210) (@) (Bx 'EYNZ)=0, () 'HX.Y.2)+ 'HZY.X)=0.
Then 'F is closed and an LP - Contact manifold i3 an LP - Cosymplectic

then equation (2.2) neans manifold if

I U r _ ] :
(2.4) S(X,Y,Z)= 'H(X,Y,Z) H(Y,X, 2). (2.11) 'S(Y,Z,X): 'S(Z.X.7).
Theorem 2.1. Let D be the Riemannian connezion and B be an

affine connezion in M, sutisfying Proof. In consequence of (2.10)(a), we have

(25) (a) (Bx 'F)Y.Z)=0, (b} 'H(X,Y,2)= '"H(X,Z,¥) X('F(Y,2))= 'F(BxY,Z)+ 'F(Y,BxZ) -
Then = (Dx 'F)Y,2)+ 'F(DxY,Z)+ 'F(Y,Dx Z).
(2.6) From which, we obtain

- . - 1 - —

(a) (Bxg)(Y,2) =0, (5) o(BxY,Z) = ¢(Dx¥V,2) + 2(Dx 'F)(T.7), __ )

- (2.12)(e) (Dx 'F)Y,Z) = 'H(X,Y,Z)+ 'H(X,2,Y).

(c) An LP - Contact menifold is an LP - Cosymplectic manifold if
'H(X,Y,Z)= 'H(X,Z,Y)=0.

. Similarly, we can write

Proof. In consequence of (2.5) we have - (b) (Dy 'F)(Z,X)= "H(Y,Z, X) + 'H(Y,X,Z) and
X('F(Y,2)y= 'F(BxY,2)+ 'F(V,BxZ) = I
=(Dx 'FXY,Z)+ 'F(DxY,Z)+ 'F(Y,Dx2). (<) (Dz 'F)X,Y)= "H(Z,X,Y)+ 'H(Z,Y,X).

By virtue of (2.1), (2.3) and (2.5)(b), this equation assumes the form
(2.7) _ ' —
(a) (DXF)Y,2)=2H(X,Y,Z), o (b) (DYF)Y,Z)=2H(X,Z,¥

By virtue of (2.10)(b) and (2.12), we have

(Dx 'F)Y,Z) +(Dy 'F)Z,X)+(Dz 'F)XX,Y) = 0.

p—

18
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Consequently 'F is closed.
From (2.4), (2.10)(h) and (2.12){¢), we find '

{(2.13) (Dz 'F)X.Y)= "S(Z.X,Y)— 'S(Y, 2, X).

Inserting (1.5) into (2.13) , we get (2.11).

Theorem 2.3. Let D be the Riemannian connezion and B he an
effine connezion in M, setisfying
(2.14)

(a) (Bx 'F)(Y,2)=0, (b) 'H(X,Y,Z)+ 'H(Z,Y,X)= "H(Z,X,T).

Then
(2.15) :
(a)'S(Z,X, Yi+ 'S(Z, Y X)=2 'H(Z, Y, X),

(b)'F is closed if 'H(X,Y,Z)+ 'H(Y,Z,X)+ 'H(Z, X,Y)=0,
(¢)An LP — Contact manifold is an LP — Cosymplectic manifold if

'H(X,Y,Z)= 3 'H(Y,2,%),

Proof. As in theorem (2.2), we have

(2.16) (Dx 'F)Y,Z) = '"H(X,Y,2) + 'H(X, 2,¥),

hence
(2.17)
(@) (d'F)X,Y,Z)= "H(X,Y,Z)+ "H(X,Z,V)+

+ 'H(Y,Z,X)+ 'H(Y, X, Z)+ 'H(Z,X,Y)+ 'H(Z, Y, X).
Substituting (2.14)(b) into (2.17)(a), this equation is equivalent to
(2.17) B

() (d'F)X,Y,Z)= "H(X,Y,Z) + 'HY,Z,X)+ 'H(Z,X,Y).

From above equations, we get

YH(Z,Y,X)={"H(Z.X,Y) - H(X.Z.Y)}+

+{'H(Z,YX)~' H(Y,2.X)} - {'H(Z.X,Y)+' H(Y. X. Z) 4+ H(Y,Z,X). |

Use of (2.4) and (2.14)(b) in this cquation, yields (2.15)(a). By using the |
fact that if 'Fis closed then 'F = 0, we obtain (2.15)(1). Making the use

of (1.5} and (2.14)(b) in (2.16). we got (2.15)c).
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Let us note one niore obvious fact.

Theorem 2.4. Let B satisfy

(2.18) (a) (Bx 'F)=0. (b) "H(X,2,Y)+ 'H(Y,X,Z) = 'S(Y,X.2).

Then a LP-Contact manifold is an LP-Cosymplectic manifeld.

Theorem 2.5. [Let D be the Riemannian connezion and B be an
affine connerion in M, satisfying

(2.19) (a) (d'FNX,Y,2)=0, (b) 'H(X,Y,Z)+ 'H(Z,Y,X)=o0.

Then
(a) (Bx 'FNY,Z)+ (By 'F)2,X)+(Bz 'F)(X,Y)=0.

C b 2z x ) = ST, 2) - 'S(Y,2,%) + LR 008

Proof.We have
X('F(Y,2))=(Bx 'FXY,Z)+ 'F(BxY,Z)+ 'F(Y,BxZ) =
= (Dx 'F)Y,Z)+ 'F(DxY,Z)+ 'F(Y,Dx 2).
Which implies
(Dx 'F)Y,2)=(Bx 'F)(Y,Z)+ 'H(X,Y,Z)+ 'H(X,2,¥).

| Writing two other equations by cyclic permutations of X .Y, Z and adding

these, we get
(2.21)
- @'FXX,Y,2) = (Bx 'F)Y,Z) + (By 'F)(2,X) + (Bz 'F)X,Y )+

+ 'H(X,Y, 2} + 'H(X,2,Y)+ 'H(Y,2,X)+
+ 'H(Y,X,Z)+ 'H(Z,X,Y)+ 'H(Z,Y,X).

' Using (2.19} in above equation, we obtain (2.20)(a). Finally to establish
:1(2.20)(1)), the equations (2.19)(a), (2.20)(a) and {2.21) imply

2H(Z,X,Y)={'"H(Z.X,Y)~"H(X, Z, Y +{'H(X,Y,2)-"H(Y, X, Z)}~

{H(Y,2,X)-"H(Z YX)} -2{'"H(X,Y,Z) +' H(Z,Y,X)}.
Lbmbining this equation with (2.4) and (2.19)(b), we obtain (2.20)(b).
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3. D—Conformal transformation. Let the corresponding Jacobian
map J of the transformation b transforms the structure (F,t,4,9) to the
structure { F\, V, v, L) such that

(a) JX = JX, (b) W(JX,JY)ob=e"g(X,¥)— 2" A(X)A(Y),

(3.1) _
() V=e7Jt, (d) v(JX)ob=e"A(X),

where ¢ is a differentiable function on M,,. Then the transformation is sald
to be D -conformal transformation. If ¢ is constant, the transformation is
known as D - homothetic.

Theorem 3.1. The structure (F,V, v, h) 1s Lorenizian para.contaht.
Proof. By virtue of (1.1) , (1.3) and (3.1)(b),(d), we have

R(JX,JY )ob = e”g(X,Y) = h(JX, JY Job + €27 A(X)A(Y) =
= h(JX,JY Job + {1{JX)ob} {v(JY Job}.

or
(3.2)(a) RIX,JY) = h(JX,JY) + (I X (JY).
Making the use of (1.1), (3.1)(a), (3.1)(¢) and (3.1)(d), we obtain

(3.2)(b) TX =JX = JX + A(X)Jt = JX + (JX)obV.
Also,
(3.2)(¢) V=eJT =0,

(3.2) prove the statement.

Theorem 3.2. Let E and D be the Ricmannian connezions with
respect to h and g such that
(3.3)
(a) E;xJY =JDyY + JH(X,Y), (#) 'HX,Y,Z2)= g(H(X.Y), 2Z).

Then

2EyxJY =2JDxY — J[2¢"{{Xo)A(Y )t + +(Y o) A(X )t—

~ (TLGYSAX)A(Y)} +(e7 = D{(Dx A)Y) + (Dy AYX)—
= 2A(H(X,Y))} + (¢” = 1{A(X N Dyt) + A(Y)(Dxt)-

— AX)(TIGVANY) - (A(Y)(T'GVAYNX))).

(3.4)
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Proof. In consequence of (3.1)(b), we have
JX(R(TY, JZ))ob = X(g(Y,Z) — e A(Y JA(Z)).
Consequently
WE N JY, JZ)ob+ h(JY,E;x T Z)ob = (X o)e” ¢(Y, Z)+
+e79(DxY,Z)+e"g(Y,Dx Z) ~ 2 Xo)e*” A(Y)A(Z)~

(.55) 2o 2o
— e (Dx ANY)A(Z) — " (Dx A)(Z)A(Y )—
~ 7 A(DXY)A(Z) ~ " A(Y)A(Dx Z).
Also,
WMEx JY,JZ)ob+ W(TY,E;x JZ)ob = c"¢(DxY, Z)~
xg) - e*" A(DxY)A(Z) + e“g(H(X,Y), Z) - 2° A(H(X, Y)A(Z)+

+e7g(Y,H(X, Z)) - 2 A(Y)A(H(X, Z))+

+eglY, DNZ) - e* A(Y)A(Dx 2).

The equations (1.4), (3.5) and (3.6) ir.ply

(X0)g(Y,2) - 2(X0)e® A(Y)A(Z) -

(e” = {(Dx ANYVA(Z) + (Dx AN Z)A(Y)] =

= "H(X,Y,Z)+ "H(X,Z,Y) — (¢* - 1)[{(H(X,Y))A(Z)+
+ A(H(X, Z))A(Y)).

(3.7)

Writting two other equations by cyclic permutation of X , Y, Z and subtrac-
ting the third equation from the sum of the first two equations and using
the symmetry of 'H in the first two slots, we get

2'H(X,Y,Z) = —2¢°[(X0)A(Y)A(Z) + (Y o) A(Z)A( X )—
= (20)AX)AY)] - (7 - DIAZ)N(Dx ANY )+
+ (Dy ANX) = 2A(H(X,Y))} + A(XH(Dy A} Z)~-
= (DzANY)} + AYV){(Dx A)(Z) ~ (DAY X)),

(3.8)

which gives
(3.9) 2H(X,Y) =
= =2e7[(Xa)A(Y)t + (Yo)A(X )t — (T'GVo)A(X)A(Y)]-
= (" = D{(DxAXY) + (Dy A)(X) — 24(H(X, Y ))}¢ + A(X)Dy t+
+ A(Y)Dxt — A(X)(T'GVAYY) - AY)(T'GV A X))
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Substitution of (3.9) into (3.3)(a) gives (3.4).
The authors are grateful to the referee for his kind suggestions.
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SOME NEW FIXED POINT THEOREMS
FOR WEAKLY INWARD MAPPINGS

BY

WENMING ZOU

1. Introduction. Recently, two kinds of fixed point index for weakly
inward and completely continuous mapping are defined under adequate as-
sunptions (see [3,4]). Since these index theories require for their comprehen-
sion quite elaborate preparations and therefore cannot be absorbed quickly.
On the other hand, fixed point index for k-set. contractive (k > 0) and
weakly inward mapping is not available. Inspired by [5], avoid using in-
dex theory, we establish some new positive fixed point theorems for weakly
inward appings.

In section 2, we obtain further improvements and generalizations of
Deimling (5] and Deimling-Hu [6]. Also, we obtain two fixed point theorems
of gencralized expansion and compression of conical shells with norm type
for completely continuous and weakly inward mappings. In section 3, we
investigate the existence of positive fixed point for semidifferentiable and
weakly inward mappings. Our results extend and itnprove the correspon-
ding results of Petryshyn [7} and Amann [1). In section 4, we introduce
the new concept of P-semidifferentiability of a mapping and obtain some
nonzero fixed point theorems for B-semidifferentiable and weakly inward
mapping. As a consequence, we get some new eigenvector theorcms for
f-homogeneous weakly inward mappings.

Throughout this paper, X is a real Banach space and K C X is a
cone. A given mapping F* defined on a closed convex set C is said to he
weakly inward if Fz €Ic(x) for every z € C, where Ic(z) = {z+ My —2) :
A2 0,y € C}. In the case C is a cone K, this becomes

i r€OK, v e K* and 2z} =0 = 2™(Fz) >0
here OK is the boundary of K and K* — {z* € X*: 2*(z) > 0 on K}.



