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Substitution of (3.9) into (3.3)(a) gives (3.4).
The authors are grateful to the referee for his kind suggestions.
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SOME NEW FIXED POINT THEOREMS
FOR WEAKLY INWARD MAPPINGS

BY

WENMING ZOU

1. Introduction. Recently, two kinds of fixed point index for weakly

inward and completely continuous mapping are defined under adequate as-
sumnptions (see [3,4]). Since these index theories require for their comprehen-
sion quite elaborate preparations and therefore cannot be absorbed quickly.
On the other hand, fixed point index for &-set. contractive (k > 0) and
weakly inward mapping is not avaijlable. Inspired by [5], avoid using in-
dex theory, we establish some new positive fixed point theorems for weakly
inward 1nappings.

In section 2, we obtain further itnprovements and generalizations of
Deimling (5] and Deimling-Hu [6]. Also, we obtain two fixed point theorems
of generalized expansion and compression of conical shells with norm type
for completely continuous and weakly inward mappings. In section 3, we
investigate the existence of positive fixed point for semidifferentiable and
weakly inward mappings.
ding results of Petryshyn [7] and Amann [1).
- the new concept of ﬂ—semidiﬂ'erentiabiZity of a mapping and obtain some
. nonzero fixed point theorems for f-semidifferentiable and weakly inward
. mapping. As a consequence, we get some new eigenvector theorcms for
B-homogeneous weakly inward mappings.

Throughout this paper, X is a real Banach space and A" C X is a
cone, A given mapping F defined on a closed convex set C is said to be
weakly inward if Fz €Ic(z) for every z € C, where Ic(z) = {z + Ay - z) :
A >0,y € C}. In the case C' s a cone K, this becomes

Our results extend and nnprove the correspon-
In section 4, we introduce

T €K, 2" € ' and () =0 = 2*(Fz) > 0

ere K is the boundary of K and A'* — {z* € X*:2*(z) > 0 on K},
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For the definitions and properties of measure of nonconpactness and set-
contraction the reader may consult [2].
Now, for the sake of convenience, we set

K.={z e N:|z|| <}, K, ={z e K : || =},

Ker={zeK:p<iz]| <r}, K =K\ {0}.

2. Fixed point on annulus in cones. To prove our first result, we
shall need the following lemma.

Lemma 2.1, Let F: K C X be k-set-contractive with k > 0; then
foranyr >0, F: K — X defined by

Foo { EPGED) for flafl # 0
0 for |lzjl = 0.

15 also k-set-coniractive.
The proof of Lemma 2.1 is easy and therefore omitted.

Theorem 2.1. Let F : K, — X be a-condensing such that for
z € 0K, |z]| < v, 2* € K* and 2*(z) = 0 — z*(Fz) > 0. Suppose that
esther Condition (1) or Condition (2) holds:
1-(i) there exists @ compact continuous operator A : O, — X such that
forz € 0K, ||z|| =, z* € K'* and z*(z) = 0 = 2*(Az) > 0.
Az # Xz on 0K, forall A>1, and
Az # Fz 4+ (A —1)Ar on 0K, for all A > 1.
1-(ii) there exzists a compact continuous operator B : OK, — X such that
for z € OK, ||z}l = p, z* € K* and z*(z) = 0 = z*(Bzx) > 0 (if
0K 1is compact, we suppose B(OK,)C K.)

t—Fz #ABz on 8K, forall A>0, b= égf ||Bz|| > 0.
I \ﬂ

2-(i) there exmists a compact continuous operator A : OK, — X such that
for x € OK,, ||zl = p, 2* € K* and z*(z) = 0 = 2*(A4z) > 0.
Az # Az on OK, forall X>1, and
Az # Fr+4 (A - 1)Az on OK, forall )>1.
2-(ii) there ezists a compact continuous operator B : OK, — X such that
forz € 8K |iz|| =r, 2* € K* and z*(z) = 0 = z*(Bz) > 0 (if 0K,
is compact, we suppose B(GK,) C K).
- Fz#£ABz on 0K, forall A>0, b= Iégf{ |Bz| > 0.

Then F has a fized point in K, .

Proof. First case: Condition (1) is satisfied. First of all, we claim
that the boundary conditions in 1-(i) and 1-(ii) cannot be violated for all
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kmF as ky, — 1—. In fact, since 4 is compact continuous and Az # Ar on

K, for all A > 1, we see that il';‘f;_ Jlo - Azfl = @ > 0. Now, if there exist
redh,

Tm € O, and X,, > 1 such that AT = ki Fry 4+ (A — 1)Az,,, then

(| Am (2 — Az | < §kyp Fa,n — Azn|| £ sup |Fell + sup “A-T*'”
TEIN, €N,

hence A\, < ( sup || Fe||+ sup | Az}f)/a. So we may assume that A, - A
€Ik, ICEON,

with Aj > 1 and that 4z,, — Yo hence
)\mmm - kmF-Tm = ()\m o I)A:Bm — (/\; - l)y(:a

thercfore o({Apwm :m 2 1}) = a({kpFapm : m > 1}) < o({xm :m > 1}),
{where a{:) is the measurc of noncouipactness). A, > 1 implies ol {zm :
m>1})=0,ie. Ty — af € AN, for some subsequence, and

Aoy = Frp + (A — DAz,

then, either F has a fixed point on 9K, or we have arrived a contradiction
to the boundary condition in 1-(i). Similarly, the boundary condition in
1-(ii) cannot be violated for all knF ashk, — 1 —.

Thus, by the preceding discussion, we may assume without loss of
generality that F' is k-set-contractive with k& < 1. Let's prove under this
asswmption,

By 1-(ii), whether 8K, is compact or not, we find an e € 3K, such
that - e ¢ E(OT,,') forall A > 0. Let »y > 0 and consider Fo i Keyry — X
defined by

B (1 4 22lely ey 4 del B2 A(12) for r< o)) Srtro

P Fr forp<|zl) <~
") BUFe (i ))B( ) for 2 <z < p
o Fo 4 nbl|z| B + walliz]])e for ||z < %,

wherew > (p+1)/p. § > (p+ M)/b, M = sup |Fal); is, - [1/n, o] - [0, 6}
€k,

. contmuous such that y,(p) = 0 and Ya(t) = §for 1/n <t < (1 - 1/n)p;

~ ¥n:[0,1/n] - [0, 8] continuous such that en(1/n) = 0 and ¢,(t) = & for

C0St<(1-1/n)/n with 6y > (1 + M/p + ém}/|lell, m = sup ||Bz|. By
TEAK,

I‘Lemma 2.1, it 15 easy to see that F, is k-set-contractive if F ig. Moreaver,

for 2 ¢ an, flzft < v +ry, 2* € K* and 2 (z) = 0 == z*(Foz) > 0
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Fpx # Az on 8N 4, for all A > 1. Therefore, by Theorem 1 of [5], there
exists £, € Kryr, such that Fre, = vy,

(a) if r < Jlan|| <7+ v, and ||z4|| = r + 7o, then we have
”:En” TTy TTya TIn
T Al T el T el

a contradiction to the boundary condition in 1-(i); if r < ||z,]| < r + ro set

zn = T oad An=(14 w)'l, then z, € R, A, > 1 and
ro

|
FaZn = Anza = Fzg + (An — 1)Az,

this is also a contradiction to the boundary condition in 1-(i).
(b if p(1 — 1/n) < lfzall < p, then fjzall — p and

n PEn
tn = Fozn = 120 po b (len ) BGEES).

p llzn

Since F is strict—set—contractive and B is compact continuous, then a({z, :

n>1})=0,1e. Tq; — Ty for some subsequence and xy € OK,. On the

other hand, we may also assume that ¥, (llza; ]|} — Ao and A¢ € [0, 86},

hence ¢ = F'zg + M Bxg and therefore x4 is a fixed point of F' by 1-(ii).
(c) if 1/n < ||zn|| € p(1 — 1/n), then ¥u(||znl]) = 6 and

p‘rn )

Tn = Fpoz, = 1|—%‘lt-l-l-F:n:,, + éB(
p flzall

Pn

hence 8b < || B( Tzl

the choice of 6.
(d) if (1 - 1/n)/n <|lz,| < 1/n), then 2, — 0 and

W< znli + "—?—'—u |Fzn|| < p+ M, a contradiction to

PTn
[EI

Ton=Fpzp === Fz, + 716”3:71“3( ) + ‘Pn("mn”)e
PLa;
x|l

some subsequences, then Ag > 0 and g, € B(8K,). Notice that nffz,| — 1,

Similarly, let us assume that @, (||z, ||) — Xo and B( ) — gy for

_ A —_— .
we must have dyp +roe = 0, 1.e. yo = —?D e € B(OK,), a contradiction to

the choice of e.
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(e)if 0 < flaafl < (1 - 1/n)/n, then ou(fxall) = &y and 2, = Fiz, =
"_rpﬂ Fay -+ néjle, || B( “Pfﬁ]) + dpe, henre

Ty L n
bollell < Jlxall + ”7“ HEwull + néllzalllBGE2)l < 1+ M/p + 6m,

lznll

a contradiction to the choice of &;.

In view of the above discussion, we claim that F,, i.e. F has a fixed
point in Kp ;.

Second case: Condition (2) is satisfied. We now switch to the situation
of first case. B N _

Consider F,, : K’ — X given by Fpr = vo(||jz])FoPrz + @a(|lz]))e,
where Py : N - K is the radial projection, i.e. P,z = z for lz]} < r

; b I
and Prz = raf|z|l for |iz]| > r; e € K and ||| = 1; Foz = F(f((lllljllil))z);

@ (0,7] — [p/r,+00), &(t) =r/tlor 0 <t <p, g(t) = (r+p—t)/tfor p <
t < v 9o [0,400) — [0,1],4y(t) = Lfort > p, ho(t) = (t—po)/(p—po) for
po <t < p, holt) = 0 for t < po; a2 [0,4+00) — [0,6%], 6* large enough,
@a(t) = 8" fort < p—1/n, @a(t) = (p—t)nb* for p—1/n <t < p, Gu(t) = 0
for t > p. And 4 : 8K, — X, Az = S A(E); B: 0K, — X, Bz =
B(**). Then, by the same arguments as those in the Proof of Theorem 3 in

[6], F, is k-set-contractive if F is. Also, it is easy to check that ﬁn, A and

B satisfy Condition (1), hence F,, has a fixed point in K, , and therefore F
has » fixed point in &, .. We omit the details.

Remark 2.1. When R is compact (consequently, K, is compact),
"B(OK,) C K7 in 1-(ii) and "B(8K,) C K” in 2-(ii) cannot be concealed.
For example, let F = —lik,, A= -k, and B = —lox, (B(OK,)¢ K,
but B is weakly inward), then Condition (1) is satisfied, but F' does not
have any fixed point in K, ,.

Remark 2.2. Theorem 2.1 is a generalization of Theorem 2 in [5} and
Theoremn 3 in [6] (see also Theorems 1.2 to 1.5 in [8]). On the other hand,
when 9K} is compact, we set B = [ : 0K p» — K, then we get Theorem 1
of [6], therefore Theorem 2.1 is a further extension of Theorem 1 in [6].

Theorem 2.2. Let FF: K, — X be a-condensing such that for
T €O, lz|| < r, 2" € K* and z*(z) = 0 = z*(Fz) > 0. Suppose that
esther Condition (3) or Condition (4) holds:
3-(i) same as 1-(i) of Theorem 2.1.
*3-(ii) there ezists o compact continuous operator B : 0K, — X such that
3 for z € DK, ||z|| = p, * € K* and z*(z) = 0 => z*(Bz) > 0 (if
0K is coinpact, we suppose B(AK,) C ).
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b= inf ||Baff > 0 and v — Fz # \pgip on 9K, for X € [d, D],
z€B8h,

where d = inf ||z - Fzl|, D= sup ||z — Fz|.
redh, redk,
4-(i) same as 2-(1) of Theorem 2.1.
4-(i1) there czists a compact continuous operator B : ON, —+ X such that
forz € 8K, ||z|| = r, 2* € K* and 2°{a) = 0 == 2*(Bx) > 0 (if
O 1s compact, we suppose B(OK, C K;)'

b o= xé%g\', |Bz|| > 0 and  — Fa # /\”ij—f,“ on 0K, for A € [d', D],

where d' = inf |z — Fr|, D'= sup ||r — Fz|.
FEON, real,

Then F has a fized point in K, i

Proof. We give the proof for the first case. Without loss of gene-
rality we can assume that F' does not have any fixed point on 9K ,. then
d > 0. Consider B, : 8K, — X, Bz = "‘g—‘;'”. Then it is sufficient to
prove £ — Fz # ABjx on @K, for all A > 0. In fact, if there exist z¢ € oK,
and Ag € (0,d) such that o — Frg = AgBjxg, we have d < ||7g — Fuaol| =
Xo||Bizoll = Ao < d a contradiction. If there exist z; € OK, and Ay > D
such that ; — Fry = A\ By, then D > |lxy — Fz,|| = A; > D a contra-
diction. Hence F' has a fixed point in I, , by Theorem 2.1.

In the case F' is compact continuous, we can get following theorems
of generalized expansion and compression of conical shells with norm type.
For the sake of convenience, weset ' = inf |lr—Fz|,d= inf |z—Fz|,

T€8K, TEBK,

1+ L,L_rd;' for L' > d’,
14+ 4 for L' < d',

1

L' > sup [[Fz], L > sup |Fel, ™ < {
rEFNK, rEAN,

o> ﬁé? W > max{d,p}, v > 1— &, 7' (wrt. OK,), o' (w.r.t. OK,) and

v' (w.r.t. 9K, ) are defined as 7, o and v. We have

Theorem 2.3. Let F: I, — X be compact continuous such that _'
fora € OK, ||z|| < r,2* € K" and 2*(2) > 0 = 2*{Fz) > 0. Suppose that |

esther Condition (5) or Condition (6) holds:
5-(i) ||[Fzl|l < r|lz)| for r € OK,
5-(ii) | Fz|| < o||lz|| for z € OK,
(¢f QK| is compact, we suppose F(OK,) C IV)
6-(i) ||Fz| < r'|lz|| for z € K,
6-(ii) ||Fz)l 2 o'||z|| for z € oK,
{(¢f OKy 15 compact, we suppose F(OK,) C K)
Then F has o fized point in K, .. 2
Proof. We give the proof for the first case. Without loss of generality,

we can assumne that F' does not have any fixed point on dK, U 8K, then
d>0,d >0,
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Step 1. We claim that Fa # Az on 9K, for all A > 1. Otherwise, we find
o € A, and Ay > 1such that Frg = Agze, then [Aexo|| = || Fzo|l < 7||zol],
!

e, A ST L >, wehave \g <7 <1+ and therefore

L —d

, Fa 1 & &
d" < |lwo = Fuaol = HTUP“~FIL‘0|| = (1—};)||F%H < EIHF-’EOH <nl =d

a contradiction. If L' < o', then Mg € 7 <14+ % and we have

L

d' < llxo — Faof) = ||

FH:O 1 dr”F.'E() ” d'L
_F =1 — =) Fxqll <
Y~ Tol= 0= 0Pl < Fm < g

this is unpossible.

Bz

|| Bzl
on iV, for A € [d,+oc). If this is not true, that is, there exist z, € oK,
and A, € [d,+00) such that

Step 2. Consider B = F, then it is sufficient to show that ¢ — Fz # )

B:I:] F:!!l
ry=Foy+ Moo = Foi + A o,
LT By F O Fa ]
E by 5-(ii} and the definition of ¢, we have
- NFa ) + A | Fzi ] + Ay |Fzi]|+ X L
=z — ||Fz,|| 2 ——=——cfjz,|| >

HEzy |

' hence LL-HI < T < L-f)n and therefore A < d, a contradiction to the
. assumption of A; € [d, +o0).

Combining step 1 and step 2, we conclude that F has a fixed point in

K, ; by Theorem 2.2,

Remark 2.3. Obviously, if F' satisfies H : |[Fz| < ||zf for ||z|| = r

and C : ||[Fz|f > ||z|| for ||z|| = p, then F has a fixed point in K, r

However, we have following example which satisfies Condition (5) of

.'I_’heorem 2.3, but does not satisfy (H) and (C) just stated.

Example 2.1. Let X = I? denote the Banach space of all real

==
Bumbers sequences z = (z;,z;...) with norm |z = (Z z2)%. Cone
n=1
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Then F has a fized point in Ky,

Proof. We give the proof for the first case. Similarly, we may assume
that d and d’ are larger than zero. Same as the proof of Theorem 2.3,
Condition 7-(i) implies 3-(i) of Theorem 2.2 with A = 0. To show that 7 (i) -
implies (3-(ii) of Theorem 2.2, we set B = F, then it is sufficient to prove

K ={z =(x1,22,...) € X : z, > 0,n > 1}, then 8K, is not compact. Let
F : K — X be the mapping defined by

F$=(1+ w—l,-xg,—xg,{),(),...) for -1'3:(3:113:2:3;3"')

2 2

. . vy £ * o B
then F'is compact continuous, and it is easy to see that for z € 0K, z* € K that ¢ # Fzx + )\-—m- on dK, for all X € [d, +00). In fact, if there exist

1 1
and z*(z) = 0 = 2*(Fz) > 0. Now, we consider K,, with p = = + — |B=|
2. € 0K, and Ay > d such that Fag + Bz, Fro+ A Faq
. ; a s Iy = ——— = ——
(n 2 13), r = 2. Since e p = g A Bz * T M Fzoll
1 1 . hence
le = Fall = (3 + llall* + 325 + 35 - 3(2e1 +32}))} d d,
zoll = 1Fzoll + Ao = wlizalf + A0 2 (1 = )|l + 20 2 (1= 1zl +d
Lz, 9, 21,1 x 2,1
Fal = (3 + 2 4 a3 +e)d < (& + 2 4y}
IF=| ((2 2 ) 2+ 53) 4 2 i.e. p = |lzo]l > TV, this is a contradiction to the choice of W, therefore F
e have d' = inf ||z — Fal = 1 d= inf |o-Fz| = T __1_, has a fixed point in X', , by Theorem 2.2,
W T pali=2 2’ lzll=4+% 4 2n Remark 2.4. When 0K, is compact, "F(9K,) ¢ K” in 5-(ii) and

7-(ii), "F(8K,) C K7 in 6-(ii) and 8-(ii) cannot be concealed, otherwise,
F' = —Ijy, is a counter-example.

3. Nonzero fixed point for semidifferentiable weakly inward
mappings. For the sake of convenience, we first recall some definitions (see

(7
Definition 3.1. A mapping F : K —+ X is said to be semidif-
ferentiable at oo along K if there exists a mapping Foy such that Fo, is
continuous, bounded and positively homogencous (i.e. Foo(Az) = AFy(x)
* for all A > 0 and x € K) for all h € K F(h) = Foo(h) + wool(h) with
- weo(h) = oli|h]]) as [|h]] — .

Definition 3.2. A mapping F: K — X s said to be sernidifferen-
tiable a1 0 along K if there exists a mapping Fy such that F is continuous,
bounded and positively homogeneous (i e. Fo(he) = AFp(«) for all X > 0 and
z € K), for allh € K, F(h) = F(0)+ Fy(h)+ w(0, L) with w(0, h) = o({lh|])
s ||h]| — oo.

Remark 3.1. In Definitions 3.1 and 3.2, we give up the increasingness
‘and linearity of operator.

Theorem 3.1. Let F: I — X be a-condensing, weakly inward
and sermidifferentiable at co along IV. Assume that:

9-(1) F(z)# Az on OISy for all A > 1.

9:(ii) there cxist p > 0 and @ compact continnous operator B : 0K, —» X
such that for € OR, ||z =p, 2* € K* end z*(x)=0=>z*(Bz)>0
(¢ OK) is compact, we suppose B(0K,) C K).

Vi n-2
sup ||Fzl <12, mip . [Fzf| < > <30

lizli=2

Hzl= 3 Sr .
if we choose L' =12, L = (n—-2)/8, 7 = 1+1-,-‘_-’_-:—d—, =24/23,0 = LL-M = 3t
then we claim that Condition (5) is satisfied, in fact:
2 1 1:
if [lz]] = 2, then |[Faff = (}+ 2+ +2d+20)7 < (44148 -3 o)}
Va+ i< 8 ==
) 1

if ol = L+ L, then §Fal = (L + 5 + 2 + 3 + 2D} > L = o|ja].
On the other hand, o .

if we choose z = (0,22,27,0,0,..., then ||Fz|| = (4 + )7 ]!:r||] = 12;

if we choose z = (0, 0,0, -;—-i—,l—l,O,(},. .., then |Fr| = ; E ”.’1:“ =3+m
so F' does not satisfy (H) and (C), but F' still has a fixed point in K, ; by

Theorem 2.3. _
Theorem 2.4. Let F: K, — X be compact continuons such that 3
for z € OK, ||z}l < 7, 2* € K* and z*(x) = 0 = z*(Fz) > 0. Suppose |
that either Condition (7) or Condition (8) holds: 4
7-(i) |[Fzl] < 7{lz}| for z € K,
7-(i1) || Fz)| 2 viz|| for x € 0K,
if 0K is compact, we suppose F(OK,) C K)
8-(1) ||Fz)| € r'jlz|| for x € IK,
8-(i1) || Fz| = v'||z|| for z € 0K, )
( if 0K, is compact, we suppose F(OK,) C K)
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b= 13{ |Bz|| >0, and r — Fux # ABx on OK, for all X > 0.
e v p

Then F has a fized point in K.

Proof. Since the boundary conditions cannot be violated for all &,, F
as kp, — 1—, we may assume without loss of generality that F is k-sct-
contractive with k € (0,1) and therefore F. is also k-set contractive (sce
[7]). To prove this theorem, it is sufficient to show that 9-(ii) implies that
there exists R > p such that Fz # Az for all A > 1 and le]l > R. Indeed,
if there exist z, € & with [zall — oo and A, > 1 such that Az, ~ Fua,.
then, in view of the definition of F, we have

In €y woo(-rn)
ap oy T Lool T = T — O,
Bl el = T

hence )\, is bounded. Furthermore, since F, is strict-set-contractive and

An > 1, we must have a({”m‘u” i n 2 1}) = 0. So we may suppose
Tn
. . _
nf—"—ﬂ — Ty € I, and Au; — Ag 2 1, hence we have AoTe = FiooTp,
L]

a contradiction to 9-(i). Theu F has a fixed point in K, p C I by Theorem
2.1.

Remark 3.2. In the case F is strict-set-contractive cone mapping

=}
(le. F(KYCK)andB=w ¢ K, similar result was obtained by Petryshyn
[7]. His arguments cannot be extended to weakly inward mappings.

Theorem 3.2. Let F: K — X be a condensing, weakly inward and
semidifferentiable ot x = 0 along I, F(0) = 0. Assume that:
10-(i) Foz # Az on 9K, for all A > 1.
10-(ii) same as 9-(ii) of Theorem 3.1.

Then F has a fized point in on'

Proof. Similar to the proof of Theorem 3.1

Remark 3.3. Theorem 3.2 is a generalization of the corresponding
results due to Petryshyn [7] and Amann (1].
In the case F is compact continuous, we have following

Theorem 3.3. 9K, is not compact, let F : K — X be compact
continuous, weakly inward and semidifferentiable at oo along K. Assume
that:

11-(i) there exist r > 0 and a compact continuous operator

A: 0K, — X such that for 1 € 9K, =zl =r, 2* € K* and z*(z) = 0

= z*(Az) 2 0. Az ¢ Az on OK, for all X > 1, and

Az # Fz + (A —1)Az on 8K, for all X > 1.
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11-(3i) Feor # Ax on OK, for all ) € (0,1] and élalf [[Foo(z))f > 0.
Then F has o fized point in I‘:'.

Proof. Let B = F, then B is compact continious (see [7]), and by
applying arguments similar to those in the proof of Theorem 4.3 of (3], it is
casy to sce that B is weakly inward. Now, we claim that there exists R>r,
such that

r—Fe#ABx on OKp forall A>0.

Otherwise, we have x, with flzs]| = 0o and A, > 0 such that Ty — Fz, =
= ApBap = A Foo(z,), by the definition of Foo we get

o = /\n Foo _.T'E wOO(‘Tn),
Teal] — W ¥ 0Pl + =05

since naxfl' NFoo(2)]] > 0 and F is compact continuous, we have
rEd

(@, ) l2n; || — 20 € BK, and V/(An; +1) — Ao € (0,1] for some subse-
quence and therefore Fo(2e) = Ayxy, a contradiction. Hence F has a fixed
point in i by Theorem 2.1.

Similarly we have

Theorem 3.4. K, is not compact, let F: K — X be compact con-
tinuous, weakly inward and semadifferentiable at x = 0 along I, F(0) = 0.
Assume thai:smallskip
12-(i) same as 11-(i) of Theorem 3.3.
12-(ii) Fy(x) # Az on QK| for all A € (0,1] and e‘gf\ [[Fo(x}]] > 0.

Then F has a fized point in IV

Proof. Similar to the proof of Theorem 3.4.

Remark 3.4. It is easy to see that Theorem 3.3 and 3.4 is wrong if
N, 1s compact.

4. (B-semidifferentiable mappings. In this section, we introduce
the new concept of 8 semidifferentiability of a mapping and show how it can
be used to obtain nonzero fixed point theorems for weakly inward mappings.

Definition 4.1. 4 mapping F: K — X is said to be G-semidiffe-
rentiable at oo along I if there exists @ mapping F® : K — X such that

- F s continuous. bounded and B-positively homogeneous with B >0 (ie.

Foodr) = ME®(¢e) for all € K and A > 0) and for allh e K
F(h) = F(h) + w™(h) with w(h) = o(||h||?) as Ri — 0.
We call F>° a §-semiderivative of F at co along K.
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Definition 4.2. A mapping F: k' — X is said to be B-semidiffe-
rentiable at z = 0 along K if there exists a mapping FO : ' — X such
that F° is continuous, bounded and B-positively homogeneous with B >0
(1.e. F'(Az) = APF°z) for all z € K and A >0), and for all h e K

F(h) = F(0)+ F(h)+w"(0, k) with w*(0, h) = o([lR)|#) as ||| — O.

We call F* a B-semiderivative of F at & = 0 elong K.

Remark 4.1. If F : K — X is continuous bounded and there
exists 8 > 0 such that F(Az) = MP(z) for all z € K and A > 0, then
Fe=F=F

Example 4.1. Let X = C[0,1] be Banach space of all continuous
real function z(t) on R! with norm |[z|| = [2lfc = sup Jz(t)|, K = {z €

0<t<1

C[0,1] : x(t) > 0} a cone, f(z,t) is continuous on [0,1) x K (need not
nonnegative). Consider F': K — X defined by

Fz(t) =j0 f(s,z(s))ds, te[0,1].

Then: .
(i) if there exists # > 0 such that Iir_;x_l f(—:;) = b(t) uniformly with
r—+o0 I

respect to ¢ € {0, 1] then
F(a(t)) = fy b(s)(z(s)) ds.

(ii) if f(¢,0) = 0 for ¢t € [0,1] and there exists B > 0, such that

lim f—(t:ﬁfl = ¢(t) uniformly with respect to ¢ € [0,1] then

e
FO(a(t) = [y e(s)(x(s))Pds.

"The proof of example 4.1 is trivial and therefore omitted.

To establish nonzero fixed point theorems, we shall need the following
lemmas.

Lemma 4.1. Let F: K — X be weakly inward and B-semidifferen-
tiable at 0o along K, then F° : K — X i3 also weakly inward. Moreover,
if F is k—set-contractive (k > 0) and § > 1, then F™ i3 compact continuous.

Proof. For any = € I, by the definition of F* and notice that [ 5 { )
is a wedge (see Lernma 4.2 [3]), we have

F(Az)

)=, X8

lim_'_o'a Ef;;(:z:),

——

this proves the first of our assertions. To prove the second part, let D be

any bounded subset of K.

H
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Step 1. If 1@16112 [l#ll = d > 0. Then for any ¢ > 0, by the definition of Fo°,

there exists R > 0 such that flw(e)l| < eflz))” for all z € K with ||| > R.
If we choose A > max{1l, R/d}, then |Az]l > Md > Rfor all z € D and
therefore [w™(A2)| < ellAafj? < eMNMP where M = sup ||z||, hence

z€ED

a(w=(AD)) < diam(w™>(AD)) < 2 sup |[w™(Az)|| < 2e NP M7,
rel}

using the definition of F* again, we have Ma(F=(D)) = a(F=(AD)) <
o(F(AD}) + a(w>(AD)) < Aka{D) + 2e A8 MP | therefore o F=(D)) <
A ~%%ka(D) + 2eMP. Notice that 8 > 1, setting A — 400, ¢ — 0, we
get o F>°(D)) = 0.

Step 2. If ;EE lzfl = 0. For any € > 0, we set Di{z :z € D,jjz| < e},

Di = Di\ {0}, Da{z : 2 € D, ||z > €}, then a(F®(Dy)) = a(F=(D})) <

< dinm(Fe(D})) < 2 sup [F=(2)] el
zeD;

< 2:F sup |[F<(z)|| = 2¢?|F>), where |[F°] = sup ||[F*(z)||, there-
zealn xeah';

[zl
fore o(F(D)) = o(F>°(D, U D,)) < max{a(F*(D1)),a(F*(D,))} <
max{2:#|F°|, 0} = 26?|F>| since ¢ > 0 is arbitrary, this implies that
a(F*(D)) = 0, this completes the proof.

Lemma 4.2, Let F: K — X be weakly inward and f-semidiffe-
rentiable at * = 0 along K, F(0) =0, then F* : K —» X is also weakly
wmward. Moreover, if F is k-set-contractive (k>0)and B < 1, then F° is
compact continuous.

<

2 sup ||F>(
zel

i

Proof. For any r € K, since ] K(z) is a wedge, we have

F()z)

0 _
FY = P

A — 04

€ f{"(ﬂ.’),

ie. F?is weakly inward.

‘ﬂ To prove the second conclusion of the lemma, we take any bounded

I!subset D of K and any ¢ > 0, then, by the definition of F?,

show that a(w®(0,AD)) < 2eAM? for

M = sug lzll. Therefore A8a(F°
TE

[

it is easy
sufficiently small A > 0, where
(D)) = oF*(AD)) < a(F(AD)) +

'a(!;a(w"(o, AD)) € Mka(D) + 2N\ M5 e, a(F*(D)) < M=Pka(D) + 2e MP,
sil}ce B <1, X\ — 0 and ¢ is arbitrar , we conclude that o F°(D)) = 0 and
t1 § completes the proof,
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Theorem 4.1. 9K s not compact, let F: ¥ — X be weakly in-
ward, a-condensing and F-semidifferentiable at co along K, 8 > 1. Assume

that:

13-(i) there exist p > 0 and @ compact continuous operator A : 0K, —
X such that for 2 € 8K, ||z|| = p, 2* € K* and z*z) = 0 =
z*(Az} 2 0. Az # Xz on 0K, for all A > 1, and Az # Fz4(A-1)Ax
on 0K, for all A > 1.

13-(ii) d*° = :égf\' | F*°(x}|| > 0.

Then F has a fized point in K.

Proof. We set B = F™>, then, by Lemma 4.1, B is compact con-
tinuous and weakly inward with respect to K,ie z € 9K, 2* € K* and
z*(z) = 0 = z*(Bz) > 0. We claim that there exists r > p such that
€~ Fz # ABz for [[z]l > r and all A > 0. If not, then we find =, € K with
lzall = oo and A, > 0 such that z, — Fz, = An By = AyF®(z,). By the
definition of F**°, we have

zn = (14+ A)F>(z,) + w™(z,),

hence ( )
Tn Ty w®(zTy,

— " = (14 A )P )+ .
llzall? lizall®” " lleall®

Notice that § > 1 and [fz,[| — oo, we must have FW(”T”HIF;) ~— 0, this

contradicts 5° > 0 in 13-(ii). On the other hand, 13-(it) implies that |
inf [|F*(z)]| = r’»* > 0. Thus, Condition (2) of Theorem 2.1 is satis- |

T€EAK,
a
fied, hence F has a fixed point in K,, CK.

Remark 4.2. The following example shows that Theorem 4.1 is |
wrong if K is compact. Consider F: K — X defined by Fz= e ‘la:;
(3 >1). Then F is compact continuous if K, is compact, and weakly
inward with respect to . Moreover, F = F™ by Remark 4.1. Now, if we
set A = F, then the all conditions of Theorem 4.1 are satisfied. But F does

=}
not have any fixed point in K.

By applying Theorem 2.1 and Lemma 2.4, we easily cbtain the fo_Ir-_r'

lowing nonzero fixed point theorem, its proof is similar to those of Theor

4.1, so we state it without the proof. i

Theorem 4.2. 0K, is not compact, let F : K — X be ‘weakf
inward, a-condensing and f-semidifferentiable at z = 0 along K, # € (0,1
F(0) = 0. Assume that: g
14-(i) same as 13-(i) of Theorem 4.1.
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qr I} . i) .
14-6i) & = _inf |[F()]) > 0.

b
Then F has a fired point in K.
As further consequences of the preceding theorems and lemmas we

have the following new eigenvector/eigenvalue results.
Theorem 4.3. 9K, is not compact, let F: K — X e weakly mward,
a-condensing and B-semidifferentiable at oo along K with 3=1. If

d™ = mf ||F®
b NF=()] >0,
then there ezists R > 0 such that for any r > R, there ezist x, € K, and
Ay 2 1 such that F>(z,) = A,x,.
Proof. Putting A=B=F>~. X, it follows from Lemma 4.1
that A and B arc cqmpact continuous and weakly inward with respect to
K. By applying arguments similar to those in the Proof of Theorem 4.1,

we find By > 0 such that

(*) Az # Foz+(A-1)Az  for |jz]| > Ry and A > 1

(#%) t—Fz#ABx for |z|| > Ry and A > 0.

. Now, if the conclusion of Theorem 4.3 is not true, that is, there exist r, > Ry

{rn — co) such that F®(z) = Ar # Az on OK., for all A > 1. Combining
(*#), (+*) and Theorem 2.1, we have z, € I with |£n]] — oo such that

Fz, = z,, hence

Tn Fz, Tn w®(z,)
o= ()5
lzal®  faal? lzall /) 2

therefore, F2(qE25) — 0 as ||lza]| — co. This contradicts the fact d* > 0.

. Theorem 4.4. 8K, is not compact, let ' : K — X be weakly
nward, a-condensing and B-semidifferentiable atz = 0 along K, § € {0,1),
(0)=o0. 1t

] dﬁ E_— f 0

) nt £ > 0,

Ren there exzists p* such that for any p < p*, there exist x, € 0K, and
2 1 such that FO(g,) = ApZp.

: Proof. Similar to the proof of Theorem 4.3 by means of Lemma 4.2
d Theorem 2.1.
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As an immediate consequence of Theorems 4.3 and 4.4 we can obtain
the following eigenvector theorem for A-homogeneous weakly inward map-
ping.

Theorem 4.5. 0K, 13 not compact, let F : K — X be weakly
mward, k-set-contractive (k > 0) and B-homogeneous with § > 0, 3 #1
(t.e. F(Az) = APFz for allA> 0 andz € K). If d = éjalf\ IF(x)} > 0,

4 1

then
(i) if B> 1, then there ezists R > 0 such that for any v > R, there exist
z, € OK, and A, > 1 such that Fz, = A,z and lim )\, = co.

r—-+oo
(ii) if 0 < B < 1, then there ezists p* > 0 such that for any p < p*, there

exist x, € OK, and A, > 1 such that Fz, = \,z, and lixtl)l_i_ Ap = 00.
p—‘
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ON THE APPROXIMATION NUMBERS OF THE TENSOR.
PRODUCT OPERATOR

BY

NICOLAE TITA

Introduction. Let X be a real Banach space and let T' € L(X)bea
linear and bounded operator T': X — X. The n-th approximation number
of T is

an(T) = inf{]|7 — A : 1 € £(X),rank A < n}

For the algebraic tensor product X @ X we consider a cross-norm 7, (1],
(8}, (r(z @ &) = ||z|| - ||lzl|) and we denote by X&.X the completion of the
topological tensor product X @, X relatively to the norm 7. Let S, T € L(X).
The cross—-norm 7 is called tensor-norm if 56, X X@. X — X®.- X is
continuous ({|$&, T} < IS IT|).

We also consider a real sequence a = (a,) such that: a, > aps1 >0
and a2 < ap - ¢/n for all n € N, where ¢ is a constant.

The purpose of this paper is to prove some inequalities between the
approximation numbers of the operator $&,T and the approxitation num-
bers of the operators S and 7.

Main result. The main rcsult of this paper is the following.
Theorem. For S, T € L(X), ke N.pe (0,00) and all sequences o

'_ as above 1t holds

k k
> andh(S&.T) < c(e,p) - Y an(al(S) + a2 (T)).
1 1

Proof. First we prove that a,:(§&,T) < M(an(S) + a.(T)), where
M < 2. max(}S|, [I71). To this end we use an argument from [5).



