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As an immediate consequence of Theorems 4.3 and 4.4 we can obtain ?.fmguliilf SS L;ITI\I,&:EE;;EE :JQI?;LVE:{S' AR PRS0
the following eigenvector theorem for S-homogeneous weakly inward map- ]
ping.

Theorem 4.5. 3K, ts not compact, let F : K — X be weakly
inward, k-sei-contractive (k > 0) and f-homogeneous with f > 0, B#1

(te. F(Az) = APFz forallA>0andz € K). Ifd = inf [F(z)| > 0,
€Ok, ON THE APPROXIMATION NUMBERS OF THE TENSOR

then PRODUCT OPERATOR

(1) f B> 1, then there ezists R > 0 such that for any r > R, there exist
zr € OK, and A, > 1 such that Fz, = Az, and lim A, = oo.

r—-+o00
(ii) #f 0 < B < 1, then there ezists p* > 0 such that for any p < p*, there

ezist x, € 0K, and ), > 1 such that Fz, = \,z, and li:al_i_ A, = o0.
p-—‘
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an(T) = inf{}|T — A]| : .1 € L(X),rank A < n}

For the algebraic tensor product X @ X we consider a cross-norm 7, [1],
(8}, (7(x ® &) = ||z|| - ]zlf) and we denote by X&.X the completion of the
topological tensor product X @, X relatively to the norm 7. Let S, T € L(X).
The cross—-norm 7 is called tensor-norm if 56, X 1 X@.X — X®.X is
continuous ([|SQ.T) < IS|[- §T|).

We also consider a real sequence o (an) such that: ap > apy; > 0
and a,2 < ap - ¢/n for all n € N, where ¢ is a constant.

The purpose of this paper is to prove some inequalities between the

. approximation numbers of the operator §&,T and the approximation num-

bers of the operators S and 7.

Main result. The main rcsult of this paper is the following.

Theorem. For S, T ¢ L(X), ke N,pe (0,00) and all sequences o
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k k
> andh(S@:T) < c(a,p) - Y. an(a(S) + a2 (T)).
1 1

Proof. First we prove that a,:($&,T) < M{an(S5) + a,(T)), where
< 2-max(}|S||, |ITI. To this end we use an argunient from [5].
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For € > 0 there exists A; € L(X), rank 4, < n (i =1,2), such that
1S — 41| < an(S)+¢ and IT — Az|| < an(T) +e.
Then we can write

an2($®:T) < |S&,T — 4,6, A|| = S - ANG: T+ 4,6 (T — 4,)) <

SIS = Al ITH+ HA - 1T ~ Aol < (an(S) + eI+
HiA1 = S+ Si(an(T) +¢) < (an(3)+E}."Tlf+(an(5)+€+IISII)(an(T)+€)

Since ¢ is arbitrary and Sl = ai(S) > ... > aa(S) 2 ... it results the
relation. Now we observe that for all k & IV there exists J € IN such that
P<k<(G+ 1)? and hence we obtain

k J
Z anab (56, T) < Z(ln + Day:a?, (S T) <
n=l n=l1
< 3i:n rap - c/nal, (§),.T) < 3ic can[M(an(S) + a. (T <
1 1
J k
S oap) ) an(ah(S) + al(T)) < cla,p) S avn(al(S) + a? (),
1 1

Remarks. A similar result we obtain if a = (a,) is replaced by an
other sequence such that max{a,2, a2y, s Q(ng1)2-1} < @y - ¢/n, where
¢ is a constant which depends on a.

Applications. (1) If o, = L it results, in a simple way, that

® 5 T ;

the approximation ideal L&‘;f,,(X ) = {T : Zf’%,l < o0} is tensor :
: .

product stable. (If §,7 ¢ Loop(X) then 5&,T ¢ Loop(X®, X)), This
oo P T . 5

problem is solved in [5], [1], [2]. We remark that Zg-’%)- < oo iff!

1

oo ap _I(T) o0
PP it il LA Y @k, \(T) < oo and hence Loop(X) = L3(X) =4

n—1
1 2 1

={T:3 al,_,(T) < o} [5].

[+ ]

o
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(2) If @, = L +logn)»
n

cﬁ,‘;},,,,(.’() ={T:3((1 + logn)Ya, (T))Pn—! < oo} which are also tensor
product stable for all 0 < p < 00, :—, <7 < oo.

we obtain the Lorentz - Zygmund ideals

(3) If ap = (1 + log n)7»(1 + log(1 +logn))!=? . n=' 5 e (1,00} we
obtain an other operator ideal

Lo (X):={T: Z(l + log n)"* (1 + log(1 +logn))!~?.p™? ~ah(T) < oo},
which is tensor product stable, In this way the last theorem from (1] s
improved.

(4) If ¢ is & symmetric norming function [3] we consider the operator
ideals ﬁg,a:{‘\') =T ®({anan(T)}) < co. Here a=12a 2. >0,
and a2 < a, - ¢/n. From the properties of the function ® and from the
above theorem it results that these ideals are also tensor product stable.
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