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Abstract An element a € R is very clean provided that there exists an idempotent e € R such that
ae = ea and either a — e or a + e is invertible in R. A ring R is very clean in case every element in
R is very clean. We explore the necessary and sufficient conditions under which a triangular 2 x 2
matrix ring over local rings is very clean. The very clean 2 X 2 matrices over commutative local rings
are completely determined. Applications to matrices over power series are also obtained.
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1 Introduction

A ring R is strongly clean provided that for any a € R there exist an idempotent e € R
and an element u € U(R) such that a = e + u and ae = ea, where U(R) is the set of
all units in R. Recently, strong cleanness has been extensively studied in the literature
(cf. [2,3,6-8]). We say that an element a € R is very clean provided that there exists
an idempotent e € R such that ae = ea and either a — e or a + e is invertible in
R. A ring R is very clean in case every element in R is very clean. Clearly, strong
cleanness implies the very cleanness. But the converse is not true (see Lemma 2.4).
Very recently, very clean rings were extensively studied by Tat [10]. The motivation
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of this note is to explore very clean matrices over local rings, which also extend weak
cleanness from commutative rings to noncommutative rings (cf. [1]). We will construct
a large class of very clean rings which are not strongly clean. Let A and B be local

rings, let V be an A-B-bimodule, and let R = gz la € A,be B,v e V} . We

prove that R is very clean if and only if 2 € U(A) and 2 € U(B); or R is strongly
clean. The characterization of the very cleanness of 2 x 2 matrices over commutative
local rings are completely determined. Let R be a commutative local ring, and let
@ € My(R). We prove that ¢ € Msy(R) is very clean if and only if 2 € U(R); or
¢ € M3(R) is strongly clean. Let R be a weakly bleached local ring. We further show
that A(z) € My (R[[z]]) if and only if A(0) € Ms(R) is very clean.

Throughout, every ring is associative with an identity. If ¢ € M, (R), we use x(¢)
to stand for the characteristic polynomial det(tl,, — ¢). M, (R) and T, (R) denote the
ring of all n X n matrices and the ring of all n x n upper triangular matrices over R,
respectively.

2 Triangular Matrix Rings

A ring R is local in case it has only one maximal right ideal. As is well known, a ring
R is local if and only if a + b = 1 in R implies that either a or b is invertible. The
purpose of this section is to consider very cleanness for a kind of triangular matrices.
Let a,b € R. The notation a £+ b in a ring R always stands for the sum or difference
of ¢ and b in R. We have

Lemma 2.1 Let A and B be local rings, let V' be an A-B-bimodule, and let

R:{<gz) aeA,beB,ve}.

Then the following are equivalent:

(1) R is very clean.
(2) Ifat1le J(A),be J(B) orac J(A),bt1e J(B), and v € V, there exists x € V

such that ax — xb = v.

a —v

Proof. (1)= (2)Ifa+t1e J(A),be J(B) and v € V, then r =: (0 b > € R is very

clean. Thus, we can find an idempotent e, such that re, = e,r and either r+e, € U(R)
or r—e, € U(R), where e, = <8 :16> As re, = <8 a:cb— U) = <8 :l;)b) = e,r. Hence
ar —v = zb, and so ax — xb = v.
Ifae JA),b£1 € J(B)and v € V, then r =: (82) € R is very clean. Thus,
we can find an idempotent f, such that rf, = f,r and either r + f, € U(R) or
lz a ax a v+ xb
r — fz € U(R), where f, = (00>. Asrf, = <0 0 > = <O 0 ) = f,r. Hence,

axr = v + xb, as required.
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(2) = (1) Clearly,

U(R):{ g}; |an(A),beU(B),veV},

- fon (37)- ()}

We easily check that every element in R is very clean, hence the result. 0O

Theorem 2.2 Let A and B be local rings, let V be an A-B-bimodule, and let

R:{(Sé’) yaeA,beB,vev}.

Then R s very clean if and only if

(1) 2€ U(A) and 2 € U(B); or
(2) R is strongly clean.

Proof. Suppose that R is very clean. If 2 ¢ U(A), then 2 € J(A). lfa € 1+ J(A),b €
J(B), then a £1 € J(A). By Lemma 2.1, ax — xb = v is solvable. By virtue of |8,
Example 2], R is strongly clean. If 2 ¢ U(B), then 2 € J(B).If a € 1+J(A),b € J(B),
then a — 1 € J(A). Further, (b—1)+1 € J(B). Let v € V. By virtue of Lemma 2.1,
(a—1)x—xz(b—1) = v is solvable. Thus, we can find some z € V such that az —xb = v.
In view of [8, Example 2|, R is strongly clean.

We now prove the converse. If a =1 € J(A),b € J(B) or a € J(A),b£1 € J(B),
and v € V, then 2 € J(A) or 2 € J(B), thus 2 ¢ U(A) or 2 ¢ U(B). This implies that
R is strongly clean. Therefore R is very clean, as asserted. 0O

Lemma 2.3 Let R be a commutative ring with ezactly two maximal ideals and suppose
that 2 € U(R). Then R is very clean.

Proof. In view of [2, Proposition 16], for any a € R, there exists an idempotent e € R
such that ea = ae and a — e € U(R) or a + e € U(R). Therefore R is very clean. 0O

In view of [2, Example 17], Z3) [ Zs) is very clean. We extend this result and derive

Lemma 2.4 Let p,q # 2 be prime. If (p,q) = 1, then the ring Z () Z) is very
clean, but it is not strongly clean.

Proof. It is easy to prove that Z, (] Z(g) is in fact the ring Z,,) of all rational numbers
whose denominators are coprime with pg, and it is easy to see that for every x € Z,q)

we have x + 1 or « — 1 is invertible. Therefore R is very clean. As (p,q) = 1, we see

that % € R. Observing that R is an integral domain, the set of all idempotents

in Ris {2,1}. As ¢ f ¢ + 1, we see that % Z UR). As p 1 (p — 1)q, we get
% — % ¢ U(R). This shows that % € R is not strongly clean, as required. 0O
Theorem 2.5 The triangular matrix ring T (Z(g) ﬂZ(5)) 1s very clean, but it is not
strongly clean.

Proof. As % € Zs) () Zs), it follows by Theorem 2.2 that T (Z(g) N Z(5)) is very clean,
and we therefore complete the proof by Lemma 2.4. O
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3 The 2x2 Full Matrices

The aim of this section is to investigate very cleanness of 2 x 2 full matrices over local
rings.

Theorem 3.1 Let R be a commutative local ring, 2 € U(R). Then My(R) is very
clean.

Proof. Let ¢ € M(R). Suppose that I,—p, Ir+¢ & GLa(R). Then det(Ia+), det (I, —
¢) € J(R). Clearly,
det(Ir — @) =1 —tr(p) + det(p); det (I + ) = 1+ tr(p) + det(p).

Thus,
2det(p) = det(Iz + o) + det(Iy — @) — 2 € U(R).

This implies that ¢ € GLy(R). Therefore Ma(R) is very clean. O

Example 3.1 Let p € Z be a prime, and p # 2. Then <_1g> € MQ(Z(p)) is very

clean, while it is not strongly clean.

Proof. As p # 2, (2,p) = 1, we can find some k,l € Z such that 2k + pl = 1;
hence, 2 € U(Z)). In view of Theorem 3.1, M3(Z,)) is a very clean ring, and so

~10
16.4.33]. O

< Ip > € M, (Z(p)) is very clean. But it is not strongly clean from [6, Corollary

Let R = Zlx],) = {% | g(0) # 0} be the localization of Z[z] at (z). Then

R is a commutative local ring. Since 2 ¢ xZ[z], we see that 2 € U(R). It follows by
Theorem 3.1 that Ms(R) is very clean. Also we see from Theorem 3.1 that Ms(Zy,)(p(#
2) is prime) is very clean, but it is not weakly nil-clean by the work of Breaz et al.
(cf. [5, Theorem 25]).

Proposition 3.2 Let R be a ring, 2 € J(R), and let a € R. Then a is very clean if
and only if a is strongly clean.

Proof. If a € R is strongly clean, then it is very clean. Conversely, assume that a € R
is very clean. Then there exist an idempotent e € R and a unit v € R such that
ae = ea and either a = e+wuora=—e+u. If a = —e+ u, then a = e+ (u — 2e).
As 2 € J(R), we see that u —2e € U(R); hence, a € R is strongly clean. Therefore we
complete the proof. O

Ezample 3.2 Let Zy = {= | m,n € Z,2 { n}. Then Z) is a commutative local

86

ring with 2 € J(Zy)). In view of [11], (3 7

> € Ms(Z3)) is not strongly clean. Thus,

<§ g) € M3(Z2)) is not very clean, by Proposition 3.2. Therefore, M>(Z(3)) is not

very clean.
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For r € R, define S, = {f € R[t] | f is monic, and f(r) € U(R)}.

Lemma 3.3 Let R be a commutative local ring, n > 2, and let h € R[t] be a monic
polynomial of degree n. Then the following are equivalent:

(1) Every ¢ € My(R) with x(¢) = h is very clean.
(2) There exists a factorization h = hohy such that (ho,h1) = R[t] and hg € Sy and
hi1 €8 US—I-

Proof. (1) = (2) Since ¢ is very clean, we see that ¢ or —¢ is strongly clean. If ¢ is
strongly clean, it follows by [4, Theorem 12] that there exists a factorization h = hoh;
such that (ho,h1) = R[t] and hg € Sp and hy € S;.

If —¢ is strongly clean, it follows by [4, Theorem 12] that g() := det (ul, — (—¢)) =
gog1 where (go,91) = R[p] and go € Sg and g1 € S;. This implies that

h(t) = det(tI, — ¢) = (—=1)"g(—t) = (=1)"go(~t)g1 ().

Set h() = (—l)deggogo(—t) and hl = (—1)degglg1(—t). Then h = hohl with (h07h1) =
RJ[t]. Further, ho(0) = (—1)9¢990g,(0) € U(R); hence, hg € So. In addition, hy(—1) =
(—1)%991g,(1) € U(R). This implies that h; € S_;. Therefore hg € Sy and h; €
S1US-s.

(LQJ) = (1) By hypothesis, there exists a factorization h = hohy such that (hg,h1) =
R[t] and hg € Sg and hy € S1JS_1. If hy € Sy, it follows by [4, Theorem 12] that
¢ € M, (R) is strongly clean, and so it is very clean. If h; € S_1, then hi(—1) € U(R).
Set g(u) := (—1)"h(—p). Then g(u) := gog1 where go(p) = (—1)%9h0ho(—p) and
g1(p) = (=1)49Mpy(—p). As go(0) € U(R), we see that gy € Sp. Further, g;(1) =
(—1)%9hpy(—1) € U(R), and then g1 € Sy. Clearly, g(u) = det(ul, — (—¢)). In view
of [4, Theorem 12], —p € M, (R) is strongly clean. Therefore ¢ € M, (R) is very clean,
as asserted. 0O

In what follows, we consider more explicit criteria for very clean 2 x 2 matrices over
commutative rings.

Theorem 3.4 Let R be a commutative local ring, and let h € R[t] be a monic poly-
nomial of degree 2. Then the following are equivalent:

(1) Every ¢ € Ma(R) with x(p) = h is very clean.
(2) There exists a factorization h = hohy such that hg € Sy and hy € Sy |JS_1.

Proof. (1) = (2) is trivial from Lemma 3.3.

(2) = (1) By hypothesis, there exists a factorization x(¢) = hohy such that hg € Sy
and h; € S US,l.

Case 1. deg(hg) = 2 and deg(hy) = 0. Then hg = t? — tr(p)t + det(p) and hy = 1.
Hence, (ho, h1) = R[t].

Case II. deg(hg) = 1 and deg(h1) = 1. Then hg = t — o and hy = t — /3. Since
ho € So, « € U(R). As hy € S1|JS_1, we see that f € 1+ U(R) or 8 € -1+ U(R).

If B—a € U(R), then ho(8 — )™t — h1(B — a)~! = 1; hence, (ho, h1) = R[t].

If 83—« € J(R), then 8 € U(R). Let hfy = t> — (o + B)t + aB and h} = 1. Then
h(, € Sp and R} € S;. In addition, (h{,h}) = R][t].
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Case III. deg(hg) = 0 and deg(hy) = 2. Then hg =1 and hy = det(tI2 - gp). Hence,
(ho, h1) = RJt].

In any case, there exists a factorization h = hgh; such that hg € Sg,h; € S;JS_1
and (ho, h1) = RJt]. Therefore we complete the proof by Lemma 3.3. O

Corollary 3.5 Let R be a commutative local ring, and let ¢ € Ma(R). Then ¢ is very
clean if and only if ¢ € My(R) is strongly clean; or Iy + ¢ € GLy(R).

Proof. Assume that ¢ € My(R) is strongly clean; or Iy + ¢ € GL2(R). Then ¢ is
very clean. Conversely, assume that ¢ is very clean and Is + ¢ ¢ GLy(R). In light
of Theorem 3.4, there exists a factorization x(¢) = hohy such that hy € Sy and
hi € S1US—1. If hy € Sy, as in the proof of Theorem 3.4, we may assume that
(ho, h1) = 1. In light of [4, Theorem 12], ¢ is clean. Suppose that hy € S_1 —S;. Write
ho =z —aand hy =z — b witha € U(R),1 —b € U(R) and 1 +b € U(R). Then
be U(R). If a € U(R), then det(p) = ab € U(R), and so ¢ is clean. If a € J(R),
then det(I, + ¢) = (-1 — a)(—1 — b) € U(R). This shows that I> + ¢ € GLy(R), as
asserted. 0O

4 Matrices over Power Series

Let a € R. Then [, : R — R and r, : R — R denote, respectively, the abelian group
endomorphisms given by l,(r) = ar and r4(r) = ra for all » € R. Thus, I, — 1 is an
abelian group endomorphism such that (I, —r)(r) = ar — rb for any r € R. Following
Diesl, a local ring R is weakly bleached provided that for any a € 1+ J(R),b € J(R),
by—1p, by —14 : R — R are surjective. The class of weakly bleached local rings contains
many familiar examples, e.g., commutative local rings, local rings with nil Jacobson
radicals, local rings for which some power of each element of their Jacobson radicals
is central (cf. [3, Example 13]). The goal of this section is to investigate very clean
matrices with power series entries over local rings.

Lemma 4.1 Let R be a ring. Then f(x) € R[[z]] is very clean if there exists an
idempotent e € R such that

(1) f(0)e = ef(0);
(2) f(0)—e € U(R) or f(0)+e € U(R);
(3) for any b € R, there exists an x € R such that [f(0),z] = [e, b].

Proof. By hypothesis, there exists an idempotent e € R such that f(0)e = ef(0)
and either f(0) —e € U(R) or f(0) + e € U(R). Assume that f(0) —e € U(R). For
any b € R, we can find an x € R such that [f(0),z] = [e,b]. Applying [9, Theorem
3.3.2] to f(z), we see that f(x) € R[[z]] is strongly clean. If f(0) +e € U(R), then
—f(0) —e € U(R). For any b € R, we can find an € R such that [f(0),z] = [e, b].
Choose y = —x. Then [—f(0),y] = [e,b]. Applying [9, Theorem 3.3.2] to —f(x), we
see that —f(z) € RJ[[z]] is strongly clean. Therefore f(z) is very clean, as required.
O

Theorem 4.2 Let R be a weakly bleached local ring. Then the following are equivalent:
(1) A(z) € My(R|[[z]]) is very clean.
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(2) A(0) € Ma(R) is very clean.

Proof. (1) = (2) This is true in a more general context (for ring surjective homomor-
phisms).
(2) = (1) Clearly, M2 (R[[z]]) & M>(R)[[z]]. We may assume that A(z) € Ma(R)][z]].

Set S = Ms(R). Then A(0) = (g Z) € S. Then there exists an idempotent e =

<Z; zZ) € S such that A(0)e = eA(0) and either A(0)—e € U(S) or A(0)+e € U(S).

In view of [5, Lemma 16.4.10], there exists some u € U(S) such that ueu™! = <601 22) .
Clearly, e; = e2,e3 = €2. As Rislocal, e; and es are trivial idempotents. If e; = €5 = 0
ore; = ey =1, then e =0 or e = I5, and so for any s € S, there exists an z = 0 such
that [A(0),z] = [e, s]. Thus, we may assume that e; = 1 and e = 0. It follows from
A(0)e = eA(0) that (uA(0)u!)(ueu™t) = (ueu ') (uA(0)u'); hence, uA(0)u™! =

<a61 a22>’ where aze € U(R) and either a;; € 1 + U(R) or a;; € —1+ U(R). Set

= (aél a22>. Assume that a17 € 1+U(R) and agz € U(R). If ags € 1+U(R), then

we choose f = I, then a — f € U(S),af = fa and that for any g € S, [, 0] = [f, 5].
If a;; € U(R), then we choose f = 0, then o — f € U(S),af = fa and that for
any 8 € S, [a,0] = [f, 5]. Thus, we assume that a;; € J(R), a2 € 1+ J(R). Choose

= (89) € R Then a1 € US).af = fa. For any § = (8;) € S, as R s
weakly bleached, there exist some z1,22 € S such that aj121 — x1a22 = B12 and

a22%2 — x2a11 = —[21. Choose x = <£2 :%1> € R. It is easy to verify that

= (o ™57 = (8, 75) -0

Assume that a;; € —1 + U(R) and age € U(R). If ags € —1 + U(R), then we
choose f = Iy, then a+ f € U(S),af = fa and that for any 5 € S, [a,0] = [f, 5]
If a;; € U(R), then we choose f = 0, then o — f € U(S),af = fa and that for
any 3 € S, [a,0] = [f, 8]. Thus, we assume that a1; € J(R),a2e € —1 4 J(R). Thus,

—a11 € J(R),—az € 1+ J(R). Choose f = <68 € S. Thena+fcU(S),af = fa.

For any 8 = (B;;) € S, as R is weakly bleached, there exist some z1,z2 € R such that
0 I
i) 0

S. Then we check that [o,z] = (a22x2 9 s ai1xi 6 x1a22> _ (_221 ﬂ52> _

[f,B]. The case e; =0, e = 1 is similar.

For any s € S, it follows from the preceding discussion that there exists an x € S
such that [uA(0)u~?!, 2] = [ueu™!, usu~"]. Therefore [A(0),u"'zu] = [e, s]. According
to Lemma 4.1, A(z) is very clean. O

(—a11)r1 —x1(—a22) = — P12 and (—ag2)r2 —x2(—ai1) = P21. Choose x = c
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Let p(# 2) be a prime number. In light of Theorem 4.2, the ring My (Z ) [[x]]) is very
clean. But Ms(Zp [[]]) is not strongly clean.

Corollary 4.3 Let R be a commutative local ring, and let A(x) € Ma(R|[[z]]). Then
the following are equivalent:

(1) A(z) € Ma(R[[z]]) is very clean.
(2) A(0) € M3(R) is very clean.

Proof. Since every commutative local ring is weakly bleached, we complete the proof
by Theorem 4.2. O

Corollary 4.4 Let R be a commutative local ring, and let A(z) € Ma(R[[z]]/ (z™))
(m > 1). Then the following are equivalent:

(1) A(z) € Ma(R[[z]]/(z™)) is very clean.
(2) A(0) € Ma(R) is very clean.
Proof. 1t is obvious from Corollary 4.3. O
Example 4.1 Let R = Zy[z]/(2?), and let

Alz) = (2_?; - ‘gf‘"”) € My(R).

Obviously, Zy is a commutative local ring, and that R = Za[[z]]/ (x?). Since we
have the very clean decomposition A(0) = (gg) + (g?) in Ms(Zs), it follows by
Corollary 4.4 that A(z) € M2(R) is very clean.

Theorem 4.5 Let R be a weakly bleached local ring. Then the following are equivalent:

(1) A(z) € Tz (R[[z]]) is very clean.
(2) A(0) € Tx(R) is very clean.

Proof. (1) = (2) is obvious.

(2) = (1) Let A(0) = <‘61 acz) € Rand S = Ty(R).
(a) aj,a2 € 1+ U(R). Then we choose e = [1)? . Then A(0) —e € U(S) and

A(0)e = eA(0). For any b € S, we choose x = 0. Then [A(0), z] = [e, b].

(b) a1,a2 € —1 4+ U(R). Then we choose e = (é (1)> Then A(0) + e € U(S) and

A(0)e = eA(0). For any b € S, we choose x = 0. Then [A(0), z] = [e, b].

(c) a1,a2 € U(R). Then A(0) € U(S), and so we choose e = 0. Then A(0)—e € U(S)
and A(0)e = eA(0). For any b € S, we choose x = 0. Then [A(0), z] = [0, b].

Thus, either a1 € 14+ J(R),a2 € J(R) or a1 € J(R),a2 € 1+ J(R), and that
either a; € =1+ J(R),a2 € J(R) or a; € J(R),as € —1 + J(R). Therefore we may
assume that either a; € £1+ J(R), a2 € J(R) or a3 € J(R),as € £1+ J(R). For such
a € S, by hypothesis, there exist an idempotent e € S and a unit v € S such that
A(0)e = eA(0) and either a —e = u or a + e = u.
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01 0 by
R is weakly bleached, we can find w € R such that a;w —wags = yby — b1y — z. Choose

0 0 — 0 yby — b1y —
z= (0‘(‘0 € S. Then [A(0),z] = (0“1“’ 0 w“?) = <Oy 2 b;y z) = [e, b)].

Case II. a; € J(R),a2 € £1 + J(R). Then e = (é%) For any b = <%1b2’2> €5,

as R is weakly bleached, we can find w € R such that a;w — was = z + ybs — byy.
Choose = = (O w> € S. Then

Case I. aqy € £1+ J(R),a2 € J(R). Then e = <Oy) For any b = (bl Z) €S, as

00

4] = (5o ) = (57 ) < e

Thus, A(0) satisfies the conditions in Lemma 4.1. Since Th(R[[z]]) =
T5(R)[[x]], we conclude that A(x) is very clean. 0O

Corollary 4.6 Let R be a local ring. Then the following are equivalent:

(1) T»(R) is very clean.
(2) T (R|[[z]]) is very clean.

Proof. (1) = (2) Since T»(R) is very clean, it follows from Theorem 2.2 that 2 € U(R)
or T5(R) is strongly clean. If 1 € R, as in the proof of Theorem 2.2, T5(R) is very clean.
If T5(R) is strongly clean, it follows from [8, Example 2] that R is weakly bleached.
Therefore T (R|[[z]]) is very clean by Theorem 4.5.

(2) = (1) is just as easy. O

Let R be a commutative local ring. If 2 € U(R), then T (R|[[z]]) is very clean. As in
the proof of Theorem 2.2, T5(R) is very clean. Therefore we have done by Corollary
4.6. For instance, for any prime p (# 2), the ring T (Z(p)[[x]]) is very clean.
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