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Abstract Based on recent variational methods for smooth functionals defined on reflexive Banach
spaces, the existence of three distinct generalized solutions for perturbed elastic beam problems with
nonlinear boundary conditions under suitable assumptions on the nonlinear terms is established.
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1 Introduction

Consider the following perturbed fourth-order problemu(4) = λf(t, u) + µg(t, u) + p(u), 0 < t < 1,
u(0) = u′(0) = 0,
u′′(1) = 0, u′′′(1) = h(u(1))

(1.1)

where λ, µ are two parameters, f, g are two L2-Carathéodory functions, p : R→ R is
a Lipschitz continuous function with the Lipschitz constant L > 0, i.e.

|p(ξ1)− p(ξ2)| ≤ L|ξ1 − ξ2|, ∀ ξ1, ξ2 ∈ R

such that p(0) = 0, and h ∈ C(R) is real function.
It is well known that these kind of problems are important in describing a large class

of elastic deflections. In recent years they have received considerable attention owing
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to their interest to physics. Due to this, many researchers have studied the existence
and multiplicity of solutions for fourth-order two-point boundary value problems; we
refer the reader to [1–3,7–9,13,14,17–20,22–24] and references therein. For example,
in [3] the authors using fixed-point theorem and degree theory discussed the existence
of one or two positive solutions for nonlinear fourth-order beam equations. Moreover,
under the assumption that the nonlinear term is monotone increasing respect to the
second variable, they got the uniqueness result and the result of the existence of
infinitely many positive solutions for the problem. In [18], by using monotone operator
theory and critical point theory, Li et al. established some sufficient conditions for the
nonlinear term to guarantee that a class of fourth-order boundary value problems has
an unique solution, at least one nonzero solution, or infinitely many solutions. In [14]
Han and Xu employing the Morse theory obtained some existence theorems on three
solutions and infinitely many solutions for a fourth-order beam equation. In [8] the
authors using an infinitely many critical points theorem, without symmetric condition
on the nonlinear term established existence results of infinitely many solutions for
a fourth-order nonlinear boundary value problem. In [9] the authors employing a
local minimum theorem for differentiable functionals, under a non-standard growth
condition of the nonlinear term, investigated the existence of at least one non-trivial
solution to a boundary value problem for fourth order elastic beam equations. In [1,
7,8] based on variational methods and critical point theory the existence of multiple
solutions for fourth-order elastic beam equations was discussed. Yang et al. in [23]
by using variational methods and a three-critical-point theorem, established sufficient
conditions under which the problem (1.1), in the case µ = 0 and p ≡ 0 possesses
two solutions generated from the boundary condition h. Recently, Gao in [13] based
on variational methods and critical point theory established some existence results of
three solutions for the problem (1.1), in the case p ≡ 0. Very recently Song in [22]
by using the smooth version of [11, Theorem 2.1], a variant of celebrated Ricceri’s
variational principle [21, Theorem 2.1], established infinitely many solutions for the
problem (1.1), in the case p ≡ 0.

In the present paper, motivated by the above works, employing two kinds of three
critical points theorems obtained in [4,10] which we recall in the next section (Theo-
rems 2.1 and 2.2), we establish the existence of at least three generalized solutions for
the problem (1.1); see Theorems 3.1 and 3.2. These theorems have been successfully
employed to establish the existence of at least three solutions for perturbed boundary
value problems in the papers [5,6,12,15,16].

2 Preliminaries

Our main tools are three critical points theorems that we recall here in a convenient
form. The first was obtained in [10] and it is a more precise version of Theorem 3.2
of [4]. The second was established in [4].

Theorem 2.1 ([10], Theorem 2.6) Let X be a reflexive real Banach space, Φ :
X −→ R be a coercive continuously Gâteaux differentiable and sequentially weakly
lower semicontinuous functional whose Gâteaux derivative admits a continuous inverse
on X∗, Ψ : X −→ R be a continuously Gâteaux differentiable functional whose Gâteaux
derivative is compact such that Φ(0) = Ψ(0) = 0.
Assume that there exist r > 0 and v ∈ X, with r < Φ(v) such that
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(a1)
supΦ(u)≤r Ψ(u)

r
<
Ψ(v)

Φ(v)
,

(a2) for each λ ∈ Λr :=

]
Φ(v)

Ψ(v)
,

r

supΦ(u)≤r Ψ(u)

[
the functional Φ− λΨ is coercive.

Then, for each λ ∈ Λr the functional Φ−λΨ has at least three distinct critical points
in X.

Theorem 2.2 ([4], Corollary 3.1) Let X be a reflexive real Banach space, Φ :
X −→ R be a convex, coercive and continuously Gâteaux differentiable functional
whose derivative admits a continuous inverse on X∗, Ψ : X −→ R be a continuously
Gâteaux differentiable functional whose derivative is compact, such that

1. infX Φ = Φ(0) = Ψ(0) = 0;
2. for each λ > 0 and for every u1, u2 ∈ X which are local minima for the functional

Φ− λΨ and such that Ψ(u1) ≥ 0 and Ψ(u2) ≥ 0, one has

inf
s∈[0,1]

Ψ(su1 + (1− s)u2) ≥ 0.

Assume that there are two positive constants r1, r2 and v ∈ X, with 2r1 < Φ(v) < r2
2 ,

such that

(b1)
supu∈Φ−1(]−∞,r1[) Ψ(u)

r1
<

2

3

Ψ(v)

Φ(v)
;

(b2)
supu∈Φ−1(]−∞,r2[) Ψ(u)

r2
<

1

3

Ψ(v)

Φ(v)
.

Then, for each

λ∈

]
3

2

Φ(v)

Ψ(v)
,min

{
r1

supu∈Φ−1(]−∞,r1[) Ψ(u)
,

r2
2

supu∈Φ−1(]−∞,r2[) Ψ(u)

}[
, the functional Φ −

λΨ has at least three distinct critical points which lie in Φ−1(]−∞, r2[).

Let

X :=
{
u ∈W 1,2(0, 1) : u(0) = u′(0) = 0

}
,

endowed with the norm

‖u‖ :=

(∫ 1

0

|u′′(t)|2dt

)1/2

.

We observe that the norm ‖ · ‖ is equivalent to the usual one.
It is well known that (X, ‖ · ‖) is compactly embedded in the C([0, 1]), therefore,

there exists a constant S̄ > 0 such that

‖u‖∞ ≤ S̄‖u‖ (2.1)

for every u ∈ X.
We assume throughout, and without further mention, that the following condition

holds:
(H) h(s) is nondecreasing on s ∈ R and h(s)s ≥ 0 for any s ∈ R.
Suppose that the Lipschitz constant L > 0 of the function p satisfies LS̄2 < 1.
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Proposition 2.3 Let T : X → X∗ be the operator defined by

T (u)v =

∫ 1

0

(
u′′(t)v′′(t)− p(u(t))v(t)

)
dt+ h(u(1))v(1)

for every u, v ∈ X. Then, T admits a continuous inverse on X∗.

Proof. For any u ∈ X \ {0},

lim
‖u‖→∞

〈T (u), u〉
‖u‖

= lim
‖u‖→∞

∫ 1

0

(
u′′(t)u′′(t)− p(u(t))u(t)

)
dt+ h(u(1))u(1)

‖u‖

≥ lim
‖u‖→∞

(1− LS̄2)‖u‖2

‖u‖
= lim
‖u‖→∞

(1− LS̄2)||u|| =∞.

Thus, the map T is coercive. Now, for any u, v ∈ X, one has

〈T (u)− T (v), u− v〉 =

∫ 1

0

(
(u′′(t)− v′′(t), u′′(t)− v′′(t))− (p(u(t))−

p(v(t)))(u(t)− v(t))
)
dt

+ (h(u(1))− h(v(1)))(u(1)− v(1))

≥ (1− LS̄2)||u− v||2.

So, T (u) is uniformly monotone. By [25, Theorem 26.A (d)], T−1 exists and is con-
tinuous on X∗. This completes the proof. ut

Corresponding to f , g and p we introduce the functions F : [0, 1] × R → R, G :
[0, 1]× R→ R and P : R→ R, respectively, as follows

F (t, x) =

∫ x

0

f(t, ξ)dξ ∀ (t, x) ∈ [0, 1]× R,

G(t, x) =

∫ x

0

g(t, ξ)dξ, ∀ (t, x) ∈ [0, 1]× R

and

P (x) =

∫ x

0

p(ξ)dξ, ∀ x ∈ R.

Moreover, let 0 < t̄ < t̂ < 1 and there exist two functions d ∈ C2([0, t̄] and e ∈ C2([t̂, 1]

satisfying d(0) = d′(0) = 0, d(t̄) = e(t̂) = 1, d′(t̄) = e′(t̂) = 0 and K :=
∫ t̄

0
|d′′(t)|2dt+∫ 1

t̂ |e
′′(t)|2dt 6= 0, set Gγ :=

∫
[0,1]

max
|x|≤S̄γ

√
K
G(t, x)dt and Gγ :

= inf [0,1]×[−maxt∈[0,1]{e(t)γ,γ,d(t)γ}, maxt∈[0,1]{e(t)γ,γ,d(t)γ}]G, for every γ > 0. If g is sign-
changing, then Gγ ≥ 0 and Gγ ≤ 0.
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A function u : [0, 1] → R is a generalized solution to the problem (1.1) if u ∈
C3([0, 1]), u′′′ ∈ AC([0, 1]), u(0) = u′(0) = u′′(1) = 0, u′′′(1) = h(u(1)), and u(4)(t) =
λf(t, u(t)) + µg(t, u(t)) + p(u(t)) for almost every t ∈ (0, 1), and it is a weak solution
to the problem (1.1) if u ∈ X and∫ 1

0

(u′′(t)v′′(t)− p(u(t))v(t))dt+ h(u(1))v(1)− λ
∫ 1

0

f(t, u(t))v(t)dt−

µ

∫ 1

0

g(t, u(t))v(t)dt = 0

for every v ∈ X.
Standard methods (see [7, Proposition 2.2]) show that a weak solution to (1.1) is a

generalized one when f, g are L2-Carathéodory functions.

3 Main results

Fixing a positive constant γ such that

γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx∫ t̂

t̄
F (t, γ)dt

<

γ2

2
(1− LS̄2)K∫ 1

0

sup
|x|≤S̄γ

√
K

F (t, x)dt

and taking

λ ∈ Λ :=

] γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx∫ t̂

t̄
F (t, γ)dt

,

γ2

2
(1− LS̄2)K∫ 1

0

sup
|x|≤S̄γ

√
K

F (t, x)dt

[
,

set δλ,g given by

min

{ γ2

2
(1− LS̄2)K − λ

∫ 1

0

sup
|x|≤S̄γ

√
K

F (t, x)dt

Gγ
,

γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx− λ
∫ t̂

t̄
F (t, γ)dt

Gγ

}
(3.1)

and

δλ,g := min

δλ,g,
1

max

{
0,

2

(1− LS̄2)K
lim sup
|x|→∞

supt∈[0,1]G(t, x)

x2

}
 , (3.2)
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where we read γ/0 = +∞, so that, for instance, δλ,g = +∞ when

lim sup
|x|→∞

supx∈[0,1]G(t, x)

x2
≤ 0,

and Gγ = Gγ = 0.
Now,we present our main result.

Theorem 3.1 Assume that there exists a positive constant γ such that

(A1) F (t, ξ) ≥ 0 for all t ∈ [0, t̄] ∪ [t̂, 1] and ξ ∈ R;

(A2)

∫ 1
0

sup|x|≤S̄γ
√
K F (t, x)dt

γ2
<

1

2
(1− LS̄2)K

∫ t̂
t̄ F (t, γ)dt

γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx

;

(A3) lim sup|x|→∞
supt∈[0,1] F (t, x)

x2
≤ 0.

Then, for each λ ∈ Λ and for every L2-Carathéodory function g : [0, 1] × R → R
satisfying the condition

lim sup
|x|→∞

supt∈[0,1]G(t, x)

x2
< +∞,

there exists δλ,g > 0 given by (3.2) such that, for each µ ∈ [0, δλ,g[, the problem (1.1)
admits at least three distinct generalized solutions in X.

Proof. Fix λ, g and µ as in the conclusion. In order to apply Theorem 2.1 to our
problem, we introduce the functionals Φ, Ψ : X → R for each u ∈ X, as follows

Φ(u) =
1

2
‖u‖2 +

∫ u(1)

0

h(x)dx−
∫ 1

0

P (u(t))dt

and

Ψ(u) =

∫ 1

0

[F (t, u(t)) +
µ

λ
G(t, u(t))]dt.

Let us prove that the functionals Φ and Ψ satisfy the required conditions in Theorem
2.1. It is well known that Ψ is a differentiable functional whose differential at the point
u ∈ X is

Ψ ′(u)(v) =

∫ 1

0

[f(t, u(t)) +
µ

λ
g(t, u(t))]v(t)dt

for every v ∈ X. Furthermore, Ψ ′ : X → X∗ is a compact operator. Indeed, it is
enough to show that Ψ ′ is strongly continuous on X. For this end, for fixed u ∈ X, let
un → u weakly in X as n→∞, then un converges uniformly to u on [0, 1] as n→∞;
see [25]. Since f, g are L2-Carathéodory functions, f, g are continuous in R for every
x ∈ [0, 1], so

f(t, un) +
µ

λ
g(t, un)→ f(t, u) +

µ

λ
g(t, u),
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as n → ∞. Hence Ψ ′(un) → Ψ ′(u) as n → ∞. Thus we proved that Ψ ′ is strongly
continuous on X, which implies that Ψ ′ is a compact operator by Proposition 26.2 of
[25]. Moreover, Φ is continuously differentiable whose differential at the point u ∈ X
is

Φ′(u)(v) =

∫ 1

0

u′′(t)v′′(t)dt−
∫ 1

0

p(u(t))v(t)dt+ hu(1)v(1)

for every v ∈ X, while Proposition 2.3 gives that Φ′ admits a continuous inverse on X∗.

Furthermore, Φ is sequentially weakly lower semicontinuous. Put r =
γ2

2
(1− LS̄2)K.

Bearing in mind the relation (2.1), one has

Φ−1(]−∞, r]) = {u ∈ X; Φ(u) ≤ r}

⊆
{
u ∈ X;

(1− LS̄2)||u||2

2
≤ r
}

⊆
{
u ∈ X : max

t∈[0,1]
|u(t)| ≤ S̄γ

√
K
}
,

and it follows that

sup
u∈Φ−1(]−∞,r])

Ψ(u) = sup
u∈Φ−1(]−∞,r])

∫ 1

0

[F (t, u(t)) +
µ

λ
G(t, u(t))]dt

≤
∫ 1

0

sup
|x|≤S̄γ

√
K

F (t, x)dt+
µ

λ
Gγ .

Now, fix

w(t) :=


d(t)γ, t ∈ [0, t̄),
γ, t ∈ [t̄, t̂],
e(t)γ, t ∈ (t̂, 1].

(3.3)

It is easy to see that w ∈ X and, in particular, one has

Φ(w) =
1

2
‖w‖2 +

∫ w(1)

0

h(x)dx−
∫ 1

0

P (w(t))dt

≤ γ2

2
(1 + LS̄2)K +

∫ e(1)γ

0

h(x)dx. (3.4)

We observe that by (H),

γ2

2
(1− LS̄2)K <

γ2

2
(1 + LS̄2)K +

∫ e(1)γ

0

h(x)dx,

then

0 < r < Φ(w).
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On the other hand, by using the condition (A1), since 0 ≤ w(t) ≤
maxt∈[0,1]{e(t)γ, γ, d(t)γ} for each t ∈ [0, 1], we have

Ψ(w) ≥
∫ t̂

t̄
F (t, γ)dt+

µ

λ

∫ 1

0

G(t, w(t))dt

≥
∫ t̂

t̄
F (t, γ)dt+

µ

λ
Gγ .

Therefore, we have

sup
u∈Φ−1(]−∞,r])

Ψ(u)

r
=

sup
u∈Φ−1(]−∞,r])

∫ 1

0

[F (t, u(t)) +
µ

λ
G(t, u(t))]dt

r

≤

∫ 1

0

sup
|x|≤S̄γ

√
K

F (t, x)dt+
µ

λ
Gγ

γ2

2
(1− LS̄2)K

, (3.5)

and

Ψ(w)

Φ(w)
≥

∫ t̂

t̄
F (t, γ)dt+

µ

λ

∫ 1

0

G(t, w(t))dt

γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx

≥

∫ t̂

t̄
F (t, γ)dt+

µ

λ
Gγ

γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx

. (3.6)

Since µ < δλ,g, one has

µ <

γ2

2
(1− LS̄2)K − λ

∫ 1

0

sup
|x|≤S̄γ

√
K

F (t, x)dt

Gγ
,

this means ∫ 1

0

sup
|x|≤S̄γ

√
K

F (t, x)dt+
µ

λ
Gγ

γ2

2
(1− LS̄2)K

<
1

λ
.

Furthermore,

µ <

γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx− λ
∫ t̂

t̄
F (t, γ)dt

Gγ
,
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this means ∫ t̂

t̄
F (t, γ)dt+

µ

λ
Gγ

γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx

>
1

λ
.

Then,∫ 1

0

sup
|x|≤S̄γ

√
K

F (t, x)dt+
µ

λ
Gγ

γ2

2
(1− LS̄2)K

<
1

λ
<

∫ t̂

t̄
F (t, γ)dt+

µ

λ
Gγ

γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx

. (3.7)

Hence, from (3.5)-(3.7), the condition (a1) of Theorem 2.1 is fulfilled. Finally, since
µ < δλ,g, we can fix l > 0 such that

lim sup
|x|→∞

supt∈[0,1]G(t, x)

x2
< l,

and µl <
1− LS̄2

2S̄2
. Therefore, there exists a function τ ∈ L1([0, 1]) such that

G(t, x) ≤ lx2 + τ(t), (3.8)

for every t ∈ [0, 1] and x ∈ R. Now, fix 0 < ε <
1− LS̄2

2S̄2λ
− µl

λ
. From (A3) there is a

function σ ∈ L1([0, 1]) such that

F (t, x) ≤ εx2 + σ(t), (3.9)

for every t ∈ [0, 1] and x ∈ R. Recalling (2.1), from (3.8) and (3.9), for each u ∈ X,
we have

Φ(u)− λΨ(u) =
1

2
‖u‖2 +

∫ u(1)

0

h(x)dx−
∫ 1

0

P (u(t))dt− λ
∫ 1

0

[F (t, u(t)) +

µ

λ
G(t, u(t))]dt

≥ 1− LS̄2

2
‖u‖2 − λε

∫ 1

0

u2(t)dt− λ‖σ‖1 − µl
∫ 1

0

u2(t)dt− µ‖τ‖1

≥
(1− LS̄2

2
− λS̄2ε− µS̄2l

)
‖u‖2 − λ‖σ‖1 − µ‖τ‖1,

and thus
lim

‖u‖→+∞
(Φ(u)− λΨ(u)) = +∞,

which means the functional Φ−λΨ is coercive, and the condition (a2) of Theorem 2.1
is verified. From (3.5)-(3.7) one also has

λ ∈

]
Φ(w)

Ψ(w)
,

r

supΦ(u)≤r Ψ(u)

[
.
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Finally, the conclusion follows from Theorem 2.1 (with v = w). ut

Now, a variant of Theorem 3.1 where no asymptotic conditions on f and g are
requested and the functions f and g are supposed to be nonnegative, is pointed out.

For our goal, let us fix positive constants γ1, γ2 and γ such that

3

γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx∫ t̂

t̄
F (t, γ)dt

< (1− LS̄2)K min


γ2

1∫ 1

0

sup
|x|≤S̄γ1

√
K

F (t, x)dt

,
γ2

2

2

∫ 1

0

sup
|x|≤S̄γ2

√
K

F (t, x)dt

 ,

and taking

λ ∈ Λ′ :=

]
3

2

γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx∫ t̂

t̄
F (t, γ)dt

,

1

2
(1− LS̄2)K min


γ2

1∫ 1

0

sup
|x|≤S̄γ1

√
K

F (t, x)dt

,
γ2

2

2

∫ 1

0

sup
|x|≤S̄γ2

√
K

F (t, x)dt


[
.

Theorem 3.2 Let f : [0, 1] × R → R be a nonnegative L2-Carathéodory function.
Assume that there exist three positive constants γ1, γ2 and γ with

γ1 <

√√√√√ γ2

2
(1− LS̄2)K +

∫ e(1)γ
0

h(x)dx

(1− LS̄2)K

and

2

√√√√√ γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx

(1− LS̄2)K
< γ2

such that the assumption (A1) in Theorem 3.1 holds. Furthermore, suppose that
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(B1) max


∫ 1

0

sup
|x|≤S̄γ1

√
K

F (t, x)dt

γ2
1

2
(1−LS̄2)K

,

2

∫ 1

0

sup
|x|≤S̄γ2

√
K

F (t, x)dt

γ2
2

2
(1−LS̄2)K

 <

<
2

3

∫ t̂

t̄
F (t, γ)dt

γ2

2
(1−LS̄2)K+

∫ e(1)γ
0

h(x)dx

.

Then, for each λ ∈ Λ′ and for every nonnegative L2-Carathéodory function g : [0, 1]×
R→ R, there exists δ∗λ,g > 0 given by

min


γ2

1(1− LS̄2)K − 2λ

∫ 1

0

sup
|x|≤S̄γ1

√
K

F (t, x)dt

2Gγ1
,

γ2
2(1− LS̄2)K − 4λ

∫ 1

0

sup
|x|≤S̄γ2

√
K

F (t, x)dt

4Gγ2


such that, for each µ ∈ [0, δ∗λ,g[, the problem (1.1) admits at least three distinct gener-
alized solutions ui for i = 1, 2, 3, such that

0 ≤ ui(t) < S̄γ2

√
K, ∀ t ∈ [0, 1], (i = 1, 2, 3).

Proof. Fix λ, g and µ as in the conclusion and take Φ and Ψ as in the proof of
Theorem 3.1. We observe that the regularity assumptions of Theorem 2.2 on Φ and
Ψ are fulfilled. Then, our aim is to verify (b1) and (b2). To this end, put w as given in
(3.3), as well as

r1 :=
γ2

1

2
(1− LS̄2)K

and

r2 :=
γ2

2

2
(1− LS̄2)K.

By using the condition

γ1 <

√√√√√ γ2

2
(1− LS̄2)K +

∫ e(1)γ
0

h(x)dx

(1− LS̄2)K
and

2

√√√√√ γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx

(1− LS̄2)K
< γ2,
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we get 2r1 < Φ(w) <
r2

2
. Since µ < δ∗λ,g and Gγ = 0, one has

sup
u∈Φ−1(]−∞,r1])

Ψ(u)

r1
=

sup
u∈Φ−1(]−∞,r1])

∫ 1

0

[F (t, u(t)) +
µ

λ
G(t, u(t))]dt

r1

≤

∫ 1

0

sup
|x|≤S̄γ1

√
K

F (t, x)dt+
µ

λ
Gγ1

γ2
1

2
(1− LS̄2)K

<
1

λ
<

2

3

∫ t̂

t̄
F (t, γ)dt+

µ

λ
Gγ

γ2

2
(1− LS̄2)K +

∫ e(1)γ
0

h(x)dx

≤ 2

3

Ψ(w)

Φ(w)
,

and

2 sup
u∈Φ−1(]−∞,r2])

Ψ(u)

r2
=

2 sup
u∈Φ−1(]−∞,r2])

∫ 1

0

[F (t, u(t)) +
µ

λ
G(t, u(t))]dt

r2

≤

2

∫ 1

0

sup
|x|≤S̄γ2

√
K

F (t, x)dt+ 2
µ

λ
Gγ2

γ2
2

2
(1− LS̄2)K

<
1

λ
<

2

3

∫ t̂

t̄
F (t, γ)dt+

µ

λ
Gγ

γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx

≤ 2

3

Ψ(w)

Φ(w)
.

Therefore, (b1) and (b2) of Theorem 2.2 are satisfied. Finally, we prove that Φ − λΨ
satisfies the assumption 2. of Theorem 2.2. For this, let u1 and u2 be two local minima
for Φ−λΨ . Then u1 and u2 are critical points for Φ−λΨ , and so, they are weak solutions
for the problem (1.1). We want to prove that they are nonnegative. Let u0 be a weak
solution of problem (1.1). Arguing by a contradiction, assume that the set A =

{
t ∈

]0, 1] : u0(t) < 0
}

is non-empty and of positive measure. Put v̄(t) = min{0, u0(t)} for
all t ∈ [0, 1]. Clearly, v̄ ∈ X and one has∫ 1

0

u′′0(t)v̄′′(t)dt+ h(u0(1))v̄(1)−
∫ 1

0

p(u0(t))v̄(t)dt
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−λ
∫ 1

0

f(t, u0(t))v̄(t)dt− µ
∫ 1

0

g(t, u0(t))v̄(t)dt = 0.

Thus, from our sign assumptions on the data we have

0 ≤ (1− LS̄2)

∫
A
|u′′0(t)|2dt ≤

∫
A
u′′0(t)u′′0(t)dt+ h(u0(1))u0(1)

−
∫
A
p(u0(t))u0(t)dt ≤ 0.

Hence, since 1−LS̄2 > 0, u0 = 0 in A and this is absurd. Then, we observe u1(t) ≥ 0
and u2(t) ≥ 0 for every t ∈ [0, 1]. Thus, it follows that su1 + (1 − s)u2 ≥ 0 for all
s ∈ [0, 1], and that

(λf + µg)(x, su1 + (1− s)u2) ≥ 0,

and so, Ψ(su1 + (1− s)u2) ≥ 0, for every s ∈ [0, 1]. From Theorem 2.2, for every

λ ∈

3

2

Φ(w)

Ψ(w)
, min

 r1

sup
u∈Φ−1(]−∞,r1[)

Ψ(u)
,

r2/2

sup
u∈Φ−1(]−∞,r2[)

Ψ(u)


 ,

the functional Φ−λΨ has at least three distinct critical points which are the generalized
solutions of the problem (1.1) and we have the result. ut

Remark 3.1 If either f(t, 0) 6= 0 for some t ∈ (0, 1) or g(t, 0) 6= 0 for some t ∈ (0, 1),
or both are true, the solutions ensured by Theorem 3.1 are nontrivial and the solutions
ensured by Theorem 3.2 are positive.

We now present the following examples to illustrate Theorems 3.1 and 3.2, respec-
tively.

Example 3.1 Consider the problemu(4) = λf(u) + 2µu+ sin(u), 0 < t < 1,
u(0) = u′(0) = 0,
u′′(1) = 0, u′′′(1) = h(u(1))

(3.10)

where

f(x) =

{
20x19, if x < 1,
20
x2 , if 1 ≤ x.

By the expression of f we have

F (x) =

{
x20, if x < 1,
21− 20

x , if 1 ≤ x.

Choose t̄ = 8
10 , t̂ = 9

10 , γ = 1, d(t) = 75
16 t

2 − 250
64 t

3, e(t) = 20
9 t−

102

92 t2 for all t ∈ [0, 1]
and h(s) = 2s for every s ∈ R. By simple calculations, we obtain

K =
12× 53 × 94 + 4× 403

43 × 94
.
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We easily see that all conditions in Theorem 3.1 are satisfied. Therefore, since G1 = 0
it follows that for each

λ ∈

]
5(1 + S̄2)K +

26 × 103

94
,
(1− S̄2)K

2S̄20K10

[

and for every

µ ∈

[
0,min

{ 1

2
(1− S̄2)K − λS̄20K10

S̄2K
,
(1− S̄2)K

2

}[
,

the problem (3.10) admits at least three distinct classical solutions in X.

Example 3.2 Consider the problemu(4) = λf(u) + µeu + arctan(u), 0 < t < 1,
u(0) = u′(0) = 0,
u′′(1) = 0, u′′′(1) = h(u(1))

(3.11)

where

f(x) =


25
16x

2, if x ≤ 4
5 ,

1, if 4
5 < x ≤ 9

10 ,
102

81 x
2, if 9

10 < x ≤ 1,
102

81
1
x2 , if 1 < x.

Direct calculation gives

F (x) =


25
48x

3, if x ≤ 4
5 ,

9
10x−

8
15 , if 4

5 < x ≤ 9
10 ,

102

3×92x3 − 7
300 , if 9

10 < x ≤ 1,

− 102

81x + 39433
3×902 , if 1 < x.

Choosing t̄ = 8
10 , t̂ = 9

10 , d(t) = 3×52

42 t2 − 2×53

43 t3, e(t) = 20
9 t−

102

92 t2 for all t ∈ [0, 1],
simple calculations give

K =
12× 53 × 94 + 4× 403

43 × 94
.

We clearly observe that all assumptions of Theorem 3.2 are satisfied by choosing
γ = 1, γ1 = 10−2, γ2 = 102 and h(s) = 2s for all s ∈ R. Therefore, it follows that for
each

λ ∈

]
3

2

1

2
(1 + S̄2)K + 26×102

94

10
3×92 − 7

3000

,
1

2
(1− S̄2)K

48× 102

25S̄3K
3
2

[
.
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and for every

µ ∈

0,min


10−4(1− S̄2)K − λ25S̄3K

3
2

48× 106

2e10−2 ,

104(1− S̄2)K − 4λ

(
− 1

81S̄
√
K

+
39433

3× 902

)
4e102




the problem (3.11) admits at least three distinct classical solutions ui for i = 1, 2, 3,
such that

0 ≤ ui(t) < 102S̄
√
K, ∀ t ∈ [0, 1], (i = 1, 2, 3).

A special case of Theorem 3.1 is the following theorem.

Theorem 3.3 Let f : R→ R be a nonnegative continuous function and p : R→ R be

a Lipschitz continuous function. Put F (x) :=

∫ x

0

f(ξ)dξ for each x ∈ R. Assume that

lim inf
x→0

F (x)

x2
= lim sup
|x|→∞

F (x)

x2
= 0.

Then, there is λ∗ > 0 such that for each λ > λ∗ and for every continuous function
g : R→ R satisfying the asymptotical condition

lim sup
|x|→∞

∫ x

0

g(s)ds

x2
< +∞,

there exists δ > 0 such that, for each µ ∈ [0, δ[, the problemu(4) = λf(u) + µg(u) + p(u), 0 < t < 1,
u(0) = u′(0) = 0,
u′′(1) = 0, u′′′(1) = h(u(1))

(3.12)

admits at least three generalized solutions.

Proof. Fix λ > λ∗ :=

γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx

(t̂− t̄)F (γ)
for some γ > 0. From the con-

dition

lim inf
ξ→0

F (ξ)

ξ2
= 0,
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there is a sequence {γn} ⊂]0,+∞[ such that lim
n→∞

γn = 0 and

lim
n→∞

sup
|ξ|≤S̄γn

√
K

F (ξ)

γ2
n

= 0.

Indeed, one has

lim
n→∞

sup
|ξ|≤S̄γn

√
K

F (ξ)

γ2
n

= lim
n→∞

F (ξγn)

ξ2
γn

ξ2
γn

γ2
n

= 0,

where F (ξγn) = sup
|ξ|≤S̄γn

√
K

F (ξ). Hence, there exists γ > 0 such that

sup
|ξ|≤S̄γ

√
K

F (ξ)

γ2 < min


1
2(1− LS̄2)K(t̂− t̄)F (γ)

γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx

;
1
2(1− LS̄2)K

λ

 .

Applying Theorem 3.1 we have the conclusion. ut

Moreover, the following result is a consequence of Theorem 3.2.

Theorem 3.4 Let f : R→ R be a nonnegative continuous function and p : R→ R be
a Lipschitz continuous function with the Lipschitz constant L > 0 such that

LS̄2 <
1

43

(
7− 18

α

(
9802

994

))
where α = 20(24×994+1903

193×994 ). Assume that

lim
x→0+

f(x)

x
= 0

and ∫ S̄

6

√
200α

0

f(ξ)dξ <
α(1− LS̄2)

27(α(1 + LS̄2) + 9802

994 )

∫ 1
10

0

f(ξ)dξ.

Then, for every λ ∈

 75
2 (α(1 + LS̄2) + (9802

994 ))∫ 1
10

0

f(ξ)dξ

,
25
18α(1− LS̄2)∫ S̄

5

√
200α

0

f(ξ)dξ

 and for every con-

tinuous function g : R → R, there exists δ > 0 such that, for each µ ∈ [0, δ[, the
problem (3.12) admits at least three generalized solutions.
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Proof. Our aim is to employ Theorem 3.2 by choosing t̄ = 95
100 , t̂ = 99

100 , γ = 1
10 , γ2 =

1
6 , d(t) = 3×202

192 t2 − 2×203

193 t3, e(t) = 200
99 t −

1002

992 t2 for all t ∈ [0, 1] and h(s) = 2s for
every s ∈ R. Simple calculations show that

3

2

γ2

2
(1 + LS̄2)K +

∫ e(1)γ
0

h(x)dx∫ t̂

t̄
F (t, γ)dt

=
75
2 (α(1 + LS̄2) + 9802

994 )∫ 1
10

0

f(ξ)dξ

and
1

2
(1− LS̄2)K

γ2
2

2

∫ 1

0

sup
|x|≤S̄γ2

√
K

F (t, x)dt

=
25
18α(1− LS̄2)∫ S̄

6

√
200α

0

f(ξ)dξ

.

Moreover, since lim
x→0+

f(x)

x
= 0, one has

lim
x→0+

∫ x

0

f(ξ)dξ

x2
= 0.

Then, there exists a positive constant γ1 <

√
α(1−LS̄2)+ 9802

994

200α(1−LS̄2)
such that

∫ S̄γ1

√
K

0

f(ξ)dξ

γ2
1

<

100α(1− LS̄2)

∫ 1
10

0

f(ξ)dξ

75
2 (α(1 + LS̄2) + 9802

994 )

and
γ2

1∫ S̄γ1

√
K

0

f(ξ)dξ

>
1

72

∫ S̄

10

√
200α

0

f(ξ)dξ

.

Finally, we easily observe that all assumptions of Theorem 3.2 are satisfied, and it
follows the result. ut
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