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Abstract Based on recent variational methods for smooth functionals defined on reflexive Banach
spaces, the existence of three distinct generalized solutions for perturbed elastic beam problems with
nonlinear boundary conditions under suitable assumptions on the nonlinear terms is established.
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1 Introduction
Consider the following perturbed fourth-order problem

u® = Af(t,u) + pg(t,u) +plu),  0<t<1,
u(0) = u/(0) =0, (1.1)
u’(1) = 0,u" (1) = h(u(1))

where ), ;1 are two parameters, f, g are two L?-Carathéodory functions, p : R — R is
a Lipschitz continuous function with the Lipschitz constant L > 0, i.e.

Ip(&1) —p(&)| < Ll —&|, V&,&LeR

such that p(0) =0, and h € C(R) is real function.
It is well known that these kind of problems are important in describing a large class
of elastic deflections. In recent years they have received considerable attention owing
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to their interest to physics. Due to this, many researchers have studied the existence
and multiplicity of solutions for fourth-order two-point boundary value problems; we
refer the reader to [1-3,7-9,13,14,17-20,22-24] and references therein. For example,
in [3] the authors using fixed-point theorem and degree theory discussed the existence
of one or two positive solutions for nonlinear fourth-order beam equations. Moreover,
under the assumption that the nonlinear term is monotone increasing respect to the
second variable, they got the uniqueness result and the result of the existence of
infinitely many positive solutions for the problem. In [18], by using monotone operator
theory and critical point theory, Li et al. established some sufficient conditions for the
nonlinear term to guarantee that a class of fourth-order boundary value problems has
an unique solution, at least one nonzero solution, or infinitely many solutions. In [14]
Han and Xu employing the Morse theory obtained some existence theorems on three
solutions and infinitely many solutions for a fourth-order beam equation. In [8] the
authors using an infinitely many critical points theorem, without symmetric condition
on the nonlinear term established existence results of infinitely many solutions for
a fourth-order nonlinear boundary value problem. In [9] the authors employing a
local minimum theorem for differentiable functionals, under a non-standard growth
condition of the nonlinear term, investigated the existence of at least one non-trivial
solution to a boundary value problem for fourth order elastic beam equations. In [1,
7,8] based on variational methods and critical point theory the existence of multiple
solutions for fourth-order elastic beam equations was discussed. Yang et al. in [23]
by using variational methods and a three-critical-point theorem, established sufficient
conditions under which the problem (1.1), in the case ¢ = 0 and p = 0 possesses
two solutions generated from the boundary condition h. Recently, Gao in [13] based
on variational methods and critical point theory established some existence results of
three solutions for the problem (1.1), in the case p = 0. Very recently Song in [22]
by using the smooth version of [11, Theorem 2.1], a variant of celebrated Ricceri’s
variational principle [21, Theorem 2.1], established infinitely many solutions for the
problem (1.1), in the case p = 0.

In the present paper, motivated by the above works, employing two kinds of three
critical points theorems obtained in [4,10] which we recall in the next section (Theo-
rems 2.1 and 2.2), we establish the existence of at least three generalized solutions for
the problem (1.1); see Theorems 3.1 and 3.2. These theorems have been successfully
employed to establish the existence of at least three solutions for perturbed boundary
value problems in the papers [5,6,12,15,16].

2 Preliminaries

Our main tools are three critical points theorems that we recall here in a convenient
form. The first was obtained in [10] and it is a more precise version of Theorem 3.2
of [4]. The second was established in [4].

Theorem 2.1 ([10], Theorem 2.6) Let X be a reflexive real Banach space, ¢ :
X — R be a coercive continuously Gateaux differentiable and sequentially weakly
lower semicontinuous functional whose Gateaux derivative admits a continuous inverse
on X*, ¥ : X — R be a continuously Gateauz differentiable functional whose Gateaux
derivative is compact such that $(0) = ¥(0) = 0.

Assume that there exist r > 0 and v € X, with r < ®(v) such that
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SUPg(u) <, ¥ (1) _ ¥ (v)
r d(v)’
D (v) r
W(0) Supg(y) <, ¥(u)
Then, for each A € A, the functional ® — AV has at least three distinct critical points
mn X.

(a1)

(az) for each \ € A, :=

the functional @ — AV is coercive.

Theorem 2.2 ([4], Corollary 3.1) Let X be a reflexive real Banach space, ® :
X — R be a convex, coercive and continuously Gdteaux differentiable functional
whose deriative admits a continuous inverse on X*, ¥ : X — R be a continuously
Gateauz differentiable functional whose derivative is compact, such that

1. infx @ = ¢(0) = ¥(0) = 0;

2. for each A > 0 and for every ui,us € X which are local minima for the functional
& — N and such that ¥(uy) > 0 and ¥(ug) > 0, one has

inf ¥(su; + (1 —s)ug) > 0.
s€[0,1]

Assume that there are two positive constants r1,ry and v € X, with 2ry < &(v) < =z,
such that

(bl) SUPyed-1(]—o0,r) W(u) < %lfl(@) .
71 3 @(@) ’

(b2) SUPyed-1(]—oc0,ra) lp(u) < lw(@) .
T9 3 @(@)

Then, for each

, the functional ® —

3o(@) r )

T, min s

29(v) SUPyeg-1(] oo, [) ¥ (4) SUPueg-1(1—cor) ¥ (1)
XV has at least three distinct critical points which lie in ®1(] — oo, ra]).

Let
X = {u e WL2(0,1) : u(0) = /(0) = 0},

L 1/2
] = ( / ru”<t>r2dt) |

We observe that the norm || - || is equivalent to the usual one.
It is well known that (X, || - ||) is compactly embedded in the C([0,1]), therefore,
there exists a constant S > 0 such that

[ulloe < Sllull (2.1)

endowed with the norm

for every u € X.

We assume throughout, and without further mention, that the following condition
holds:

(H) h(s) is nondecreasing on s € R and h(s)s > 0 for any s € R. -

Suppose that the Lipschitz constant L > 0 of the function p satisfies LS? < 1.
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Proposition 2.3 Let T : X — X* be the operator defined by

T(u)v = /0 (u"(t)v"(t) — p(u(t))v(t))dt + h(u(1))v(1)

for every u,v € X. Then, T admits a continuous inverse on X*.

Proof. For any u € X \ {0},

(T(w),u) _ /0 (u”(t)u”(t) —p(u(t))u(t))dt + h(u(1))u(1)
lul—o0 | ]| o0 ]
lim %
oo [[ul
= dim (1~ L5%)[Jul| = co.

Thus, the map T is coercive. Now, for any u,v € X, one has

(T =T =) = [ (W) = o @).0(0) = o"(6) = (o(ult) -

p(v(D)(u(t) - v(t)) )dt

+ (A(u(1)) = h(v(1)))(u(1) —v(1))
> (1 — LS?)||ju —v]|*

So, T'(u) is uniformly monotone. By [25, Theorem 26.A (d)], 7! exists and is con-
tinuous on X*. This completes the proof. 0O

Corresponding to f, g and p we introduce the functions F' : [0,1] x R — R, G :
[0,1] x R — R and P : R — R, respectively, as follows

F(t,x)—/oxf(t,g)df Y (t,2) € [0,1] x R,

G(t,a:):/oxg(t,g)dﬁ, ¥ (ta) € 0,1] x R
and

P(z) = /Oxp(f)dﬁ, VzeR

Moreover, let 0 < £ < £ < 1 and there exist two functions d € C%([0,] and e € C?([t, 1]
satisfying d(0) = d'(0) =0, d(t) = e(t) = 1, d'(f) = €/({) =0 and K := fg |d" (t)|2dt +
ffl le”(t)]2dt # 0, set GV := max _ G(t,z)dt and G, :

[0,1] |z[<SWE

= if[0,1)x [~ maxic o,y {e(V)17.d(0)7}, maxicro{e()yrdtyyy) G, for every v > 0. If g is sign-
changing, then G7 > 0 and G, < 0.
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A function u : [0,1] — R is a generalized solution to the problem (1.1) if u €
C3([0,1]), u" € AC([0,1]), u(0) = w/(0) = u"(1) = 0, u”(1) = h(u(1)), and ulV)(t) =
M (t,u(t)) + ng(t, u(t) + p(u(t)) for almost every t € (0,1), and it is a weak solution
to the problem (1.1) if u € X and

/Xw%w%w—pwu><»ﬁ+h /1ftu )i
0

1
u/gmu@wwﬁzo
0
for every v € X.

Standard methods (see [7, Proposition 2.2]) show that a weak solution to (1.1) is a
generalized one when f, g are L2-Carathéodory functions.

3 Main results

Fixing a positive constant v such that

2
7 5 (1 + LK + [ h(a)de %(1 ~L8?)K
i <
/ F(t,~)dt / sup F(t,x)dt
t 0 |z[<SwWK
and taking
2 2
%(1 + LMK + [*D7 h(z)da %(1 ~ LK
Ae A= z T ,
F(t,~)dt / sup  F(t,z)dt
i 0 |z[<SyVK
set 0y 4 given by
~2 B 1
—((1 - - su t,x)dt
5 (1 - LSH)K - A p  F(tz)d
min 0 |z|<SyVE
G ’
o 1 t
5 (1+L5%) VK + <7 h )dx—)\/ F(t,~)dt
L (3.1)
: |
and
_ 1
(5)\79 := min (5)\’9, (32)

2 Supyepo,1) G (1 2) 7
max ¢ 0, (7hmsup



(41

(A2)

(AB) lim SUP|z|—o00
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where we read /0 = 400, so that, for instance, 3)\’9 = 400 when

SUPgze(0,1] G(ta 'T) <
x? -

lim sup
|z| =00

and G, = G" = 0.
Now,we present our main result.
Theorem 3.1 Assume that there exists a positive constant v such that
) F(t,&) >0 for allt € [0,7] U[t,1] and £ € R;
1
Jo supy <5,y F(t, x)dt
2

[Pt )t _
2 5 e(1) ’
7(1 + LS?)K + [ h(z)dx

< %(1 —- LS*)K

SUP¢e0,1] F(t,z)

<0
2 -

Then, for each X € A and for every L?-Carathéodory function g : [0,1] x R — R
satisfying the condition

Supyep,1) G(t, @)
2

lim sup
|x|—o00

< 400,

there exists 54 > 0 given by (3.2) such that, for each p € [0,0, ,4[, the problem (1.1)
admits at least three distinct generalized solutions in X.

Proof. Fix A\, g and p as in the conclusion. In order to apply Theorem 2.1 to our
problem, we introduce the functionals @, ¥ : X — R for each u € X, as follows

u(1) 1
@(u):;||u||2—|—/0 A O

0

and
() = /O [F(t,u(t) + 5 Gt u(o)]de

Let us prove that the functionals @ and ¥ satisfy the required conditions in Theorem
2.1. It is well known that ¥ is a differentiable functional whose differential at the point
u€ X is

) = [ Fue) + Fot. a0

for every v € X. Furthermore, ¥’ : X — X* is a compact operator. Indeed, it is
enough to show that ¥’ is strongly continuous on X. For this end, for fixed u € X, let
u, — u weakly in X as n — oo, then u,, converges uniformly to v on [0, 1] as n — oo;
see [25]. Since f, g are L?-Carathéodory functions, f, g are continuous in R for every
z € [0,1], so

I

J(t ) + gt un) — f(t,u) + Sa(t. ),
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as n — oo. Hence ¥'(u,) — ¥ (u) as n — oo. Thus we proved that ¥’ is strongly
continuous on X, which implies that ¥’ is a compact operator by Proposition 26.2 of
[25]. Moreover, @ is continuously differentiable whose differential at the point u € X
is

' (u)(v) :/0 u”(t)v"(t)dt—/0 p(u(t))v(t)dt + hu(1)v(1)

for every v € X, while Proposition 2.3 gives that &' admits a continuous inverse on X *.

2
Furthermore, @ is sequentially weakly lower semicontinuous. Put r = %(1 - LS?)K.
Bearing in mind the relation (2.1), one has
¢~ (] =00, 1]) = {u € X; &(u) <1}
_7.32 2
c {uex; LI )
2
C {u € X : max |u(t)] < Sm/?},
t€[0,1]
and it follows that
1
sup U(u) = sup / [F'(t,u(t)) + HG(t,u(t))]dt
wEP—1(]—o0,r]) ued~1(]=o0,r]) Jo A
! 0
S/ sup  F(t,z)dt+ ~G7.
0 [ol<SHVE A
Now, fix
d(t)y,  tel0,9),
w(t) :=< 7, te [fgﬂ, (3.3)
e(t)% te (t, 1]
It is easy to see that w € X and, in particular, one has
1 w(1) 1
d(w) = §||w||2 +/ h(z)dz —/ P(w(t))dt
0 0
~2 B e(1)y
<51+ LS2)K+/ h(z)dz. (3.4)
0

We observe that by (H),
A2 - A2 - e(1)y
?(1 ~ LSHK < 3(1 + LS*K +/ h(z)dz,
0

then
0<r<P(w).
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On the other hand, by wusing the condition (A;), since 0 < w(t)
max;co,11{e(t)y, vy, d(t)y} for each t € [0,1], we have

o (w) z/t_tF(t,y)dH—/;/ol G(t, w(t))dt

t p
2/ Fit i+ e,
t

Therefore, we have

1
sup U(u) sup / [F'(t,u(t)) + ﬁG(t, u(t))]dt
wed—1(]—o0,r]) _ ued~(J—cor]) o A
r r
1 0o
sup F(t,z)dt+ -G
0 [o]<5VE A
> 72 ~ 3
- L8K

and

. /ttF(t,v)dth/;\/ol G(t,w(t))dt

(] 2 _
(w) 75(1 + LS)K + [{7 h(a)de

t p
/ Flt.y)dt+ “a,
. )

Y

7 g 1 '
o 1+ LK + SO (@) da

Since p1 < 9y 4, one has

2 1
T (1-LS?)K - A/ sup  F(t,z)dt
2 0 |o|<5vVE
lu’ < G,Y )
this means
! [
/ sup F(t,x)dt + XGW
0 |z|<SyWEK 1
72 B < X
?(1 — LS?)K
Furthermore,

2 t
%(1 + LS)K + [f7 h(w)de — )\/ F(t,y)dt
1% < £ )
G’Y

<

(3.6)
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this means

t u
/ F(t,v)dt + =G,
I A

1

" - : > T

o (14 LSK + SO () da

Then,
/1 sup F(t,x)dt + tedl ! di P
0 <ByVE b\ 1 /t F(t,~)dt + XG,Y
5 <5<z : (3.7)
%(1 — LS)K %(1 + LS2)K + [{7 h(x)dw

Hence, from (3.5)-(3.7), the condition (a;) of Theorem 2.1 is fulfilled. Finally, since
p < 0y4, we can fix [ > 0 such that

supyepo,1) G(t, @)

lim sup 5 <,
|z|—o00 €z
— L§?
and pl < 557 Therefore, there exists a function 7 € L'([0,1]) such that
G(t,z) < lz* + 7(t), (3.8)
1—-LS? pul ,
for every ¢t € [0,1] and 2 € R. Now, fix 0 < € < 55 x From (As) there is a

function o € L'([0,1]) such that
F(t,z) < ex® 4+ o(t), (3.9)

for every ¢t € [0,1] and x € R. Recalling (2.1), from (3.8) and (3.9), for each v € X,
we have

u(1) 1 1
@(u)—mu):;uunu/o h(w)d:p—/o P(u(t))dt—A/ﬂ (F(tu(t)) +

n
LGt u(t))dt

1 1
HMF—A5£1F@MP—Mwm—wdA (t)dt — pllrs
(1 — L§?

v

1— LS?
2

— AS% = uS%) [l = Al = w7,

and thus
lim (@(u) — AW (u)) = 400,

llull =00
which means the functional ¢ — \¥ is coercive, and the condition (az) of Theorem 2.1
is verified. From (3.5)-(3.7) one also has
d(w) r

AE ,
v (w) SUPg(y)<r ¥ (u)
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Finally, the conclusion follows from Theorem 2.1 (with 7 = w). O

Now, a variant of Theorem 3.1 where no asymptotic conditions on f and g are
requested and the functions f and g are supposed to be nonnegative, is pointed out.
For our goal, let us fix positive constants =1, 2 and  such that

o8 g 1
5 (14 LE)K + JEOY () da

/;F(t,fy)dt

2 2
<(1-LS*)Kmin{ —; N — 12 :
sup  F(t,x)dt 2/ sup  F(t,x)dt
0 |z|<SnVE 0 |z[<Sv VK
and taking
2
Y a e(1
13y LK+ SO h(a)da
A € /1 = |z = ’
2 t
| Pl
t
1 _ 2 2
5(1— LS*) K min { — n "
sup  F(t,x)dt 2/ sup  F(t,x)dt
0 |$\§§71\/? 0 |$\§§72\/?

Theorem 3.2 Let f : [0,1] x R — R be a nonnegative L?-Carathéodory function.
Assume that there exist three positive constants vy, 2 and v with

2
%(1 — LK + [ h(z)de
(1- LK

7 <

and

2
%(1 + LS*H)K + foe(lw h(z)dz
(1-LS?)K

2 <72

such that the assumption (A1) in Theorem 3.1 holds. Furthermore, suppose that
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1 1
/ sup  F(t,x)dt 2/ sup  F(t,x)dt
0 |17\§571\/E 0 |$|S572\/E

B max , <
) ﬁ(l—LSQ)K l%u—LS?)K
2 2
i
, [ P
< S .
37 G e(1)
?(17L52)K+f0 7 h(z)dx

Then, for each A € A" and for every nonnegative L?-Carathéodory function g : [0,1] x
R — R, there exists 5f\7g > 0 given by

1
Y2(1 - LS?)K — 2\ sup  F(t,x)dt

: 0 |z|<SnVK
min ,

2GM

1
72(1 — LS?)K — 4>\/ sup  F(t,z)dt
0 |$‘§5’Yz\/f
4G

such that, for each yu € [0,63 [, the problem (1.1) admits at least three distinct gener-
alized solutions u; for i =1,2,3, such that

0 <uit) < SyVK, Ytelo,1],(i=1,23).

Proof. Fix A, g and p as in the conclusion and take ¢ and ¥ as in the proof of
Theorem 3.1. We observe that the regularity assumptions of Theorem 2.2 on @ and
¥ are fulfilled. Then, our aim is to verify (b;) and (bz). To this end, put w as given in
(3.3), as well as

[l V]

rii= (1 - LK

and
3 5
ro 1= ?2(1 — LS?)K.
By using the condition

2
%(1 ~ LS?)K + foe(l)'y h(z)dz

(1-LSY)K and

7 <

2
%(1 + LS)K + [$D7 h(a)de

2 _
(1- L8K

< 2,
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we get 2r; < P(w) < %2 Since p < (5;{79 and G = 0, one has

1
sip () sup [Pt utt) + Gt u(e)de
ueP—1(]—o0,r1]) _ u€d!(]—oo0,r1]) JO A
1 1
1
/ sup  F(t,x)dt + Hem
0 |o|<5yiVE A

2
%1(1 — LS2)K

t u
/ F(t,y)dt + =G,
T A

1
A v g2 e(1)y
?(1 — LS?)K + [ h(zx)dx

IN

and

! u
2 sup U 2 swp D/O[F(t,u(t))+)\G(t,u(t))]dt

u€P~1(]—oo,r2]) u€P—1(]—o0,rz

T2 T2

1
2/ sup  F(t,x)dt + ylatert
0 |2|<SyVE A

2
B - L82)K

2
t p
A 392 _
%(1 + LS)K + [{7 h(x)dw
29 (w)
~ 3P(w)’

Therefore, (b1) and (bz) of Theorem 2.2 are satisfied. Finally, we prove that @ — A\
satisfies the assumption 2. of Theorem 2.2. For this, let uq and us be two local minima
for ®—A\¥. Then u; and us are critical points for ®—A¥, and so, they are weak solutions
for the problem (1.1). We want to prove that they are nonnegative. Let ug be a weak
solution of problem (1.1). Arguing by a contradiction, assume that the set A = {t €
]0,1] : ug(t) < 0} is non-empty and of positive measure. Put (t) = min{0, uo(t)} for
all t € [0,1]. Clearly, v € X and one has

/ Wl (0" ()t + huo(1))o(1) — / pluo(t))o(t)dt
0 0
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—)\/ [t up(t))o(t)dt — /01 g(t,up(t))v(t)dt = 0.

Thus, from our sign assumptions on the data we have

1_L§(/ht Mﬁ</ P (4)dt + B (1))uo(1)

/p<uo< o (t)dt < 0.
A

Hence, since 1 — LS? > 0, ug = 0 in A and this is absurd. Then, we observe u;(t) > 0
and uy(t) > 0 for every t € [0,1]. Thus, it follows that su; + (1 — s)ug > 0 for all
s € [0, 1], and that

(Af + pg)(@, sur + (1 = s)uz) = 0,

and so, ¥(sui + (1 — s)ug) > 0, for every s € [0, 1]. From Theorem 2.2, for every

3P(w) . 1 r2/2
re | 223
< 29 (w)’ . sup U(u)’ sup U(u) (|’
ued—1(]—oo,r1[) ueP—1(]—o0o,r2()

the functional ®—A\¥ has at least three distinct critical points which are the generalized
solutions of the problem (1.1) and we have the result. O

Remark 3.1 If either f(¢,0) # 0 for some ¢ € (0,1) or g(¢,0) # 0 for some ¢ € (0,1),
or both are true, the solutions ensured by Theorem 3.1 are nontrivial and the solutions
ensured by Theorem 3.2 are positive.

We now present the following examples to illustrate Theorems 3.1 and 3.2, respec-
tively.

Ezample 3.1 Consider the problem
u® = \f(u) + 2uu + sin(u), 0<t<l,

u(0) = u/(0) = 0, (3.10)
u"(1) = 0,4 (1) = h(u(1))

where

20210, if x < 1,
f@W—{g, if 1< a.

By the expression of f we have

220, ifx <1,
F@%:{m—ﬁhﬁ1gm

Choose T = &, =2 y=1, d(t) = B> — 2943 () = ¢ — 1042 for all t € [0, 1]
and h(s) = 2s for every s € R. By simple calculatlons we obtain

12 x 5% x 9% + 4 x 403

K= 43 % 94
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We easily see that all conditions in Theorem 3.1 are satisfied. Therefore, since Gy = 0
it follows that for each

20 x 10 (1-S?)K
94 ’ 2520}(10

Ae |5(1+ S?)K +

and for every

1 _ _
Mo (L= SHK = AS*EY (| 5oy
:u’ 7mln §2K Y 2 Y

the problem (3.10) admits at least three distinct classical solutions in X.

Ezxample 3.2 Consider the problem

u® = \f(u) + pe* + arctan(u), 0<t<l,
u(0) = u/(0) = 0, (3.11)
w(1) = 0,4 (1) = h(u(1)

where
%ng, if x < %,
e 4 9
f( ) 1, if 5 <z < 107
T)= 94§ 102,2 :¢ 9
gxl Jif 75 <z <1,
Direct calculation gives
25 93, if x < 2,
i 8 a0 < 9
F . TO'E_E’ 1f5<$_T0,
()= J02 37 7 o oy
3% 92 3007 - 10 =5

102 39433
~ Rz + 3%902 lf 1 <x.

Choosing t = &, t = % d(t) = 3:252752 - 22353153, e(t) = 2t — 19%2752 for all t € [0, 1],

simple calculations give

_12><53><94+4><403

K
43 x 94

We clearly observe that all assumptions of Theorem 3.2 are satisfied by choosing
v=1, y1 = 1072, 79 = 102 and h(s) = 2s for all s € R. Therefore, it follows that for
each

| wo
N —

Q2 26102
1+ 55K + =5 4 G2y 48 X 107

—(1-8HK———"|.
7~ 300 3 2553 K 2

3x92 = 3000

A€
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and for every

_ 9553 K 3
10-4(1 — S2)K — ALZ
c 0 min 48 x 10
/"L ) 2610—2 b
_ 1 39433
104(1 — SPYK — 4\ | ———
( ) ( 81SVK i 902)

4102

the problem (3.11) admits at least three distinct classical solutions u; for i = 1,2,3,
such that

0 <u(t) <10*°SVEK, Vtelo,1], (i=1,2,3).
A special case of Theorem 3.1 is the following theorem.

Theorem 3.3 Let f : R — R be a nonnegative continuous function and p : R — R be
X

a Lipschitz continuous function. Put F(x) := / f(&)d¢ for each x € R. Assume that
0

Flz)
2

lim inf ij)
T

z—0 €T

= lim sup =0.

|z|—o00

Then, there is \* > 0 such that for each A > X\* and for every continuous function
g : R — R satisfying the asymptotical condition

/Oxg(s)ds

lim sup 5
x

|z| =00

< +00,

there exists 0 > 0 such that, for each p € [0, 4], the problem

u = Nf(u) + pg(u) +plu),  0<t<1,
u(0) = '(0) = 0, (3.12)
v’ (1) =0,u" (1) = h(u(1))

admits at least three generalized solutions.

2
(14 LK + [f7 h(z)da
Proof. Fix A > \* := 2 for some « > 0. From the con-

({1 F(v)

dition




sup  F(§)
lim M —0.
’Yn

n—oo
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n—oo

there is a sequence {~,} C]0,+oo[ such that lim -, =0 and

2

F(&,) &,
2

)

sup  F(¢)
. EI<SWmVE
lim = lim
n—00 vz n—00 5%
F(&). Hence, there exists 7 > 0 such that
(1-LSYHK

A

Indeed, one has

1
2

where F(§,,) = sup
‘élgg'yn\/g
sup () o
<SR ) sa-eki-are)
B R < min " - 5
4§@+L§ﬂ(+h(7h)d
.o

Applying Theorem 3.1 we have the conclusion
Moreover, the following result is a consequence of Theorem 3.2

9
Theorem 3.4 Let f : R — R be a nonnegative continuous function and p : R — R be
a Lipschitz continuous function with the Lipschitz constant L > 0 such that

_ 18 /9802
LS? < R
< (-5 (%))

). Assume that

where o = 20(24?3%3914?03
tim 1)
z—0t X
and
£,/200a (1- LS’Q) L
6 10
€ < 3 / dg.
e < e e [ e
9802 25 (1 — LS2
) lza( ) and for every con-
5

V20000
f(&)dg

B (af 1+LS% + (55
/

Then, for every A €
/ I
tinuous function g : R — R, there exists 6 > 0 such that, for each p € [0,0], the

problem (3.12) admits at least three generalized solutions
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95 p_ 99 1 . _
: . . 100° 1000 7= 10072

g d(t) = JGt7 — B, e(t) = Fgt — Gort® for all t € [0,1] and h(s) = 2s for
every s € R. Simple calculations show that

Proof. Our aim is to employ Theorem 3.2 by choosing ¢t =

Y o e(1) _ 2
§?(1 =+ LS2)K+ fO 7h($)d1’ _ %(a(l +LS2) + 998991 )
2 t 0
[ Pt JARIGLS
7 0
and . Y
G2 ’)/2 . ﬁa(l — LS )
(1= LS*)K—— =~ sy .
2/ sup  F(t,x)dt / f(€)de
0 |z|<Sv2VK 0
Moreover, since lim M = 0, one has
z—0t X

lim
z—0t

/ F(©)de
L =0.
X

1-L52)4 9802
oL+ o1 such that

Then, there exists a positive constant v; < 500a(1-L5%)

5"}’1\/}( _ TI()
/ F(©)de 100a(1 — L5?) / F()de
0 0

< = 5
7" D (a(l+ LS?) + L)
and
V3 - 1
SvivVEK £./200a ’
/ fe)de 72 / 1(6)de
0 0

Finally, we easily observe that all assumptions of Theorem 3.2 are satisfied, and it
follows the result. O
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