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Abstract The main object of this paper is to prove a Korovkin-type approximation theorem for
sequences of positive linear operators defined on the space of all real valued B-continuous functions
on a compact subset of the real line using a new type of statistical convergence of double sequences
called triangular- A-statistical convergence for double real sequences. We give an illustrative example in
support of our result. Finally, we investigate a rates of triangular- A-statistical convergence of positive
linear operators.
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1 Introduction

The study of the Korovkin-type approximation theory is an area of active research,
which deals with the problem of approximating a function by means of a sequence
of positive linear operators (see, for instance, [2,19]). However, this theory was gen-
eralized by using the notion of B-continuity instead of the ordinary continuity [3-5].
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Furthermore, in recent years, with the help of the concept of statistical convergence,
various statistical approximation results have been proved [13-15,18]. Recall that ev-
ery convergent sequence (in the usual sense) is statistically convergent but its converse
is not always true. Also, statistical convergent sequences do not need to be bounded.
So, the usage of this method of convergence in the approximation theory provides us
many advantages. Let z = (z;;) be a double sequence and suppose that = (z; ;)
is neither A-statistical convergent nor convergent in the Pringsheim’s sense. Then
the question if there is any kind of statistical convergence which is different from A-
statistical convergence and Pringsheim convergence naturally arises. To answer this
question we consider two dimensional regular matrices for double sequences. Recently,
Demirci et al. [10] have introduced an approximation theorem with the help of the
notion of new statistical convergence called triangular A-statistical convergence. The
main goal of this paper is to obtain a triangular statistical approximation theorem
for sequences of positive linear operators defined on the space of all real valued B-
continuous functions on a compact subset of the real line.

We now recall some basic definitions and notations used in the paper.

Let A = (a;j) be a two-dimensional matrix transformation. For a double sequence
x = (x; ;) of real numbers, we put

o
(Az)i = aijmij,

j=1

if the series is convergent. We will say that A is regular if it maps every conver-
gent sequence into a convergent sequence with the same limit. The well-known char-
acterization of regularity for two dimensional matrix transformations is known as
Silverman-Toeplitz conditions ([17]):

() [[All = sup 3 fai;

< 00,
i—00j=1
(#4) lima;; =0 for each j € N,
1— 00
o0
’L‘)OOj:l

A double sequence x = (z;;), 4,j € N, is convergent in Pringsheim’s sense if, for
every ¢ > 0, there exists N = N(¢) € N such that |z; ; — L| < € whenever 4,j > N.
Then, L is called the Pringsheim limit of x and is denoted by P — limx = L (see
[22]). In this case, we say that x = (z; ;) is “P-convergent to L”. Also, if there exists
a positive number M such that |z; ;| < M for all (i,7) € N> =N x N, then z = (z; ;)
is said to be bounded. Recall that if a single sequence is convergent, then it is also
bounded. But, this case does not hold for a double sequence, i.e. the convergence in
Pringsheim’s sense of a double sequence does not imply the boundedness of the double
sequence.

Now let A = (anm,i ), n,m,i,j € N, be a four-dimensional summability matrix. For
a given double sequence x = (x; ;), the A-transform of z, denoted by Az := ((Ax)nm),
is given by

(Al')n,m = E Qn,myi,jTi,5,
(4,4)EN?



Triangular Statistical Sense to B-Continuous Functions 3

provided the double series converges in Pringsheim’s sense for every (n,m) € N2, In
1926, Robison [23] presented a four dimensional analog of the regularity by consider-
ing an additional assumption of boundedness. This assumption was made because a
double P-convergent sequence is not necessarily bounded. The definition and the char-
acterization of regularity for four dimensional matrices is known as Robison-Hamilton
conditions, or briefly, RH-regularity (see, [16], [23]).

Recall that a four dimensional matrix A = (@nm,i ;) is said to be RH-regular if it
maps every bounded P-convergent sequence into a P-convergent sequence with the
same P-limit. The Robison-Hamilton conditions state that a four dimensional matrix
A = (anm,,j) is RH-regular if and only if

(i) P— Eg}ammmj =0 for each i and 7,

00,00

(27,) P — lim Z an,m,m = 1,

MG i=1,1

o0
(t3i) P —1lim ) |anm.i,;

M =1

=0 for each j € N,

o0
(tv) P —lim ) |apm,i ;| =0 for each i € N,
nm ;i
00,00
(v) > |anm;| is P—convergent for every (n,m) € N?,
ij=1,1
(vi) There exits finite positive integers A and B such that > |anm ;| < A holds
i,j>B
for every (n,m) € N2,
Now let A = (anm, ;) be a nonnegative RH-regular summability matrix, and let
K C N2 Then, a real double sequence z = (z; ;) is said to be A-statistically convergent
to a number L if, for every € > 0,

P— 111717% Z Qnomyij = Oa
(1,5)EK (¢)

where
K(e) :=={(i,5) € N* : |2;; — L| > ¢}.

In this case we write st —limz; ; = L. Observe that, a P-convergent double sequence
0.

is A-statistically convergent to the same value but the converse is not always true.

We should note that if we take A = C(1,1), which is the double Ceséro matrix,
then C(1, 1)-statistical convergence coincides with the notion of statistical convergence
for double sequence, which was introduced in [20], [21], where C(1,1) = (cn,m,i;) is
double Cesaro matrix defined by c,m:; = % if1 <i<mn 1<j<m,and
Cn,m,i,j = 0 otherwise. Finally, if we replace the matrix A by the identity matrix for
four-dimensional matrices, then A-statistical convergence reduces to the Pringsheim
convergence.

We denote the set of all A-statistically convergent double sequences by st?.
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2 Triangular Statistical Convergence

Let = (x;;) be a double sequence, neither A-statistical convergent or convergent
in the Pringsheim sense. Then the question whether there is any kind of statistical
convergence which is different from both A-statistical and Pringsheim convergence
naturally arises. To answer this question we consider two-dimensional regular matrices
for double sequences.

Let A = (a;,j) be a nonnegative regular summability matrix, K C N? be a nonempty
set, and for every i € N, let K; = {j € N: (4,7) € K,j < i}. Let |K;| be the cardinality
of K;. We define triangular A-density of K by

OR(K) ==1im Y a;;
e

provided that the limit on the right-hand side exists.

In a manner similar to the natural density, we can give some properties for the
triangular A-density:

i) GA(N?) =1,

ii) if K C L then 64 (K) < 6%(L)

iii) if K has triangular A-density then 0% (N?/K) =1 — 64 (K).

Definition 2.1 Let A = (a; ;) be a nonnegative regular summability matriz. The num-
ber sequence x = (x;;) is triangular A-statistically convergent to L provided that for

every € > 0
lizm Z a;j =0,
JEK(g)

where K; (€) = {j € N:j <, |z;; — L| > ¢} and this is denoted by sty — li]imxi,j =L.

We should note that if we take A = C7 which is Cesdro matrix, then triangular C4-
statistical convergence coincides with the notion of triangular statistical convergence:

If K denotes the set {(i,j) € N?: j <i}, then K; is the i-section of K and |K;|
denotes the cardinality of K;.

Triangular density 67 (K) is given by 67 (K) = lilm% | K|

or equivalently
5 (K) = lim (Crx, (7)), = lim e, (7).
7j=1

if it exists. The number sequence x = (z; ;) is triangular statistically convergent to L
provided that for every € > 0, the set K := K; (¢) :={j e N:j <, |x;; — L| > ¢}
has triangular density zero; in that case we write st’ — limz; ; = L.
(2
We denote the set of all triangular A-statistically convergent sequences by stg. Our

preliminary result considers the problem of comparing triangular statistical conver-
gence to statistical convergence.
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Example 2.1 Take A = C; and the double sequence x = (z; ;) given by

1, i=j=k>
k . .
o, 1 =2k, j=2(k—-1),
5 4(’?1) . J ) ( ) keN
W,Z:2k+1,]:2k+3,
0, otherwise.
For every € € (0, %] ,
1, 1=1,
2 . 2
1 @a i=(2k)7, ,
EH]GNJSZ”WJ‘ZEH: Wa1:(2k+1)7 keN
ﬁ, i = 2k and 7 is not square,
0, otherwise,

then clearly,
1
1im; {jeN:j<i |zl >e}[=0.
3
So, we obtain st{, — li;rnaci,j = 0. Nevertheless, z = (z;;) is not Pringsheim’s and
C (1, 1)-statistically convergent.

Example 2.1 does not make it possible to characterize the concept of triangular
A—statistical convergence as given below:

A double sequence x = (x;;) is triangular A-statistically convergent to L if and
only if there exists a set K C N2 such that the triangular A-density of K is 1 and

P — li ii=1L 2.1
4,j—300 aﬂl(i,j)e}(z Tirj (2.1)

([21]). By 2.1 we mean that for every € > 0 there exists an integer N such that
‘xi,j —L| <eifi,j > N and (i,)) € K.

Example 2.2 Take A = C(1,1) and the double sequence x = (z; ;) given by

2 otherwise.

V'ij, if i and j are squares,
Tij =\ 2
i

It is easy to see that stQC(l e limz; ; = 0. Nevertheless, x is not Pringsheim’s and
’ 27‘7

triangular statistically convergent.

Ezxample 2.3 Take A = C; and the double sequence x = (z; ;) given by

 flLi==k>
Tig = {(), otherwise. keN

. . T . _ 2 . _
Similarly, sto, — hlmxm =0 and sto(l’l) — l%glxi,j = 0.
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Example 2.4 Take A = C; and the double sequence x = (z; ;) given by

1, i=j=k2

i=3k+1, j=3k—-1,
s i=3k j=3(k+1), k€N
k, i=k, j=k"+1,

0, otherwise.

kK
2k+1"
Tij =

So, we can easily see that sta - lilmzvm = 0. Neither = (;;) is Pringsheim’s and

C (1, 1)-statistically convergent nor bounded.

Remark 2.1 7) Triangular statistical convergence and statistical convergence are in-
compatible; i.e., st € st% and st} € sth.
i1) A P—convergent double sequence is A-statistically convergent and triangular

A-statistically convergent to the same value but the inverse implications are not true,
ie., sty ¢ ¢ and st!, ¢ 2.

3 A Korovkin-Type Theorem

The definition of B-continuity was introduced by Bogel [6-8] as follows:

Let X and Y be compact subsets of the real numbers, and let D = X x Y. Then, a
function f : D — R is called a B—continuous at a point (z,y) € D if, for every ¢ > 0,
there exists a positive number ¢ = §(¢) such that

1Az y [f (w,0)]] <,

for any (u,v) € D with |[u —z| < § and |v — y| < 0, where the symbol A, [f (u,v)]
denotes the mixed difference of f defined by

Agy [f (w,0)] = fu,0) = fu,y) = f2,0) + f(2,9).

By Cy(D) we denote the space of all B-continuous functions on D. Recall that C(D)
and B(D) denote the space of all continuous (in the usual sense) functions and the
space of all bounded function on D, respectively. Then, notice that C(D) C Cy(D).
Moreover, one can find an unbounded B—continuous function, which follows from the
fact that, for any function of the type f(u,v) = g(u)+h(v), we have Ay, [f (u,v)] =0
for all (z,y), (u,v) € D.

We recall that the following lemma for B-continuous functions was proved by Badea
et. al. [4].

Lemma 3.1 [4] If f € Cy(D), then, for every € > 0, there are two positive numbers
A(e) = Ale, f) and B(e) = B(e, f) such that

Ay 1F (w0)] € 5+ AE)(u - 2)* + Be) (v — y)*

holds for all (x,y), (u,v) € D.
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A function f: D — R is said to be B—bounded on D if there exists M > 0 such
that

[ Ay [f (w,0)]| < M
holds for any (z,y), (u,v) € D. By By(D), we mean the set of all B-bounded functions

on D. Since D is a compact subset of R?, it is not hard to see that Cy(D) C By(D)
(see, for instance, [3]). So, the usual supremum norm on the spaces B(D) is given by

[fl:== sup [f(z,y)| for fe€ B(D);
(z,y)eD

and also the norm on the space By(D) is defined by

Ifllg= " sup  [Aey[f(u,v)]| for f € By(D).
(z,y),(u,w)ED

Let L be a linear operator from Cj (D) into B (D). Then, as usual, we say that L
is positive linear operator provided that f > 0 implies Lf > 0. Also, we denote the
value of Lf at a point (z,y) € D by L(f(u,v);x,y) or, briefly, L(f;x,y).

Throughout the paper, for fixed (z,y) € D and f € Cy(D), we use the function Fj ,
defined as follows:

Fpy(u,v) = f(u,y) + f(z,v) = f(u,v)  for (u,v) € D. (3.1)

Since
Agy [Fz,y(ua v)] = —Agy [f(u,v)]

holds for all (x,y), (u,v) € D, the B-continuity of f implies the B-continuity of F, ,
for every fixed (x,y) € D. We also use the following test functions

eo(u,v) =1, e1(u,v) = u, ez(u,v) = v and e3(u,v) = u® + v°.
Now we have the following main result.

Theorem 3.2 Let (L; ;) be a sequence of positive linear operators acting from Cy (D)
into B (D), and let A = (a; ;) be a nonnegative regular summability matriz. Assume
that the following conditions hold:

5£ ({j eN:j<i, Lijleo;z,y) =1 forall (z,y) € D}) =1 (3.2)
and
st;g —lm | sup |L;j(enz,y) —ee(z,y)| | =0 forl=1,2,3. (3.3)
¢ (z,y)eD

Then, for all f € Cy(D), we have

St£ - llHl ( sup |Ll,j(Fz,ya l’,y) - f(':vv y)|> = Oa
" \(zy)€D

where Fy, is given by (3.1).
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Proof. Let (z,y) € D and f € Cy (D) be fixed. Putting
K;={jeN:j<i, Ljlep;z,y) =1 forall (z,y) € D}, (3.4)
we get from (3.2) that
5y (N*\K) = 0. (3.5)

Using the B—continuity of the function F, , given by (3.1), Lemma 3.1 and using the
monotonicity and the linearity of the operators L;; for all j € K; implies that, for
every € > 0, there exist two positive numbers A(e) and B(e) such that

\Lij (Foyi,y) — f(@,9)] = |Lij (Aey [Foy(u,v)] 5 2,y)| (3.6)
< <+ CE)a® + 97 + Lig(esizy)
—2zL;j(ex; 2, y) — 2yLij(ez; =, y)},
where C(e) = max{A(e), B(e)}. The last inequality gives that

w

|Lij (Fryiz,y) — fz,y)] < % +C(e) Y |Lij (egs ,y) — eola,y)| (3.7)
=1

holds for all j € K;. Taking supremum over (z,y) € D on the both-sides of inequality

(3.7) we obtain, for all j € K;, that
SUD(z,9)eD \Lij (Foyizy) — f(z,y)] < § 4+ C(e) 2?21 SUP(¢,y)eD |Li,j(es;
z,y) —eo(z,y)]-

Now for a given r > 0, choose € > 0 such that € < 3r. Then consider the following
sets:

UZ:{_]GN']S’L, sup |Ll,](Fx,ya$7y)_f(‘r7y)|ZT}:
(z,y)eD

3r—e
UZE: jENJSZ, sup |Li,'(eg;x,y)—eg(x,y)\2 ) €:172737
{ @wen 9C(¢)

Hence, inequality (3.8) yields that

3
UinK: € | JU/ nK),
/=1

which gives, for all ¢+ € N,

3 3
Z Qg j < Z Z Aj,j < Z Z Qg5 (3.9)

JjEUNK; =1 jeUNK; =1 jeU¢
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Letting ¢ — oo and also using (3.3), we see from (3.9) that

lim > ;=0 (3.10)

Furthermore, if we use the inequality

Y aig= Y aigt ) @i, j

jeU; JjeU;NK; JeEUN(N\Kj;)
< D gt ) ay
JEUNK; JE(N\K;)

and if we take limit as i — oo, then it follows from (3.5) and (3.10) that

lim Z aj; =0,

jeu;
which means

sth — 1im{ sup |Lij (Fpy;x,y) — f(ﬂfvy)l} =0.
g (z,y)€D

The proof is completed. O

Remark 3.1 We know that, for some f € Cy(D), the function f may be unbounded
on the compact set D. However, we can say from the conditions (3.2), (3.6) and the
B—continuity of the function F , given by (3.1) that the number

sup |Lij (Fpy;z,y) — f(z,y)]
(z,y)eD

in Theorem 3.2 is finite for each j € K;, where K; is given by (3.4).

Now we give the classical result which is given by Badea et. al. [4] and the statistical
result which is given by Dirik et. al. [12].

Corollary 3.3 [4] Let {Ly,,} be a sequence of positive linear operators acting from
Cy (D) into B (D). Assume that the following conditions hold:

(i) Linn(eo;z,y) =1 for all (z,y) € D and (m,n) € N%,

(”) me(el;l', y) = 61(33) + um,n(xy y)v

(Z“) Lm,n(62; Z, y) = €2 (.13) + Um,n(xa y)7

() Linn(es; @,y) = e3(x) + wmn(2,y),
where {umn(z,9)}, {vmn(z,y)} and {wpn(z,y)} converge to zero uniformly on D as
m,n approach infinity in any manner whatsoever. Then, the sequence

{Lm,n (Fx,y§ z, y)}

converges uniformly to f(x,y) with respect to (z,y) € D, where F,, is given by (3.1).
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Corollary 3.4 [12] Let (L; ;) a sequence of positive linear operators acting from Cy(D)
into B (D), and let A = (apm,i ;) be a nonnegative RH—regular summability matriz.
Assume that the following conditions hold:

0% ({(i,4) € N*: Lijj(eo;x,y) = 1 for all (x,y) € D}) =1
and

sth — lim ( sup | L j(eq; 2, y) — ee(%@/)!) =0 fort=1,2,3.
bI \(z,y)€D

Then, for all f € Cy(D), we have

sty —lim | sup |Li;(Fuyiz,y) — f(z,9)] | =0,
2V (z,y)eD

where Fy, is given by (3.1).

We now present a remark. The first one shows that Corollary 3.3 and Corollary 3.4
do not work; but our approximation theorem works. The second one gives that our
approximation theorem does not work but the Corollary 3.4 works.

Remark 3.2 To see this first consider the following the Bernstein-Stancu-type oper-
ators (see [2])

: ; a+Ss
Kiu)a,ﬁmé (f% xz, 3/) = Zi:o Zgzo Fz,y (ﬂ T

57:;) D@Dy (1 —2) " (1 —y),

where F, , is given by (3.1), X = [0,1] x [0,1], (z,y) € X, «a, 3,7, are fixed real
numbers. Also, observe that

(3.11)

Ki’j7azﬁ7776 (1; x’ y) = 17

i i
Kijopnys (uz,y) = T5° 4+

i+ B’
J J
Ki; VT, Y) = ——y + ——,
m,ocﬁmé( y) j +5y it+0
i(i—1 20 + 1) o2
Kijopnrs (U +0%a,y) = (=1 ( )

it+p2 G+ B)? " i+ p)?
JG=1) 5, @yl A
Grog? TGrer Y e

(a) Now we take A = C; and define a double sequence (¢ ;) by

+

1, i=7j=k?
1=2k+1, j=2k—1,

k s s
m,l—2]€, j—2(l€+1),
0, otherwise.

k
3(k+1)” keN (3.12)

5 =
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It is clear that
st — limayi j = 0. (3.13)

However, the sequence (o j) is not P-convergent and statistical convergent. Now using
(3.11) and (3.12), we define the following positive linear operators on Cy(X) as follows:

Then, observe that the sequence of positive linear operators (L; ;) defined by (3.14)
satisfy all hypotheses of Theorem 3.2. So, by (3.13), we have

sta—lim{ sup |Li,j(f§l‘,y)_f($7y)|}:0'

v (zy)ex

Also, since («; j) is not P-convergent and statistical convergent, we can say that the
Korovkin theorem in classical (Corollary 3.3) and statistical sense (Corollary 3.4) do
not work for our operators defined by (3.14).

(b) Now we take A = C; and define a double sequence (f; ;) by

_ [+/ij,if i and j are squares,
Pij = {21] otherwise. (3.15)
It is clear that
sté) — I}I}lﬁi,j =0. (3.16)

However, the sequence (f; ;) is not P-convergent and triangular-statistical convergent.
Now using (3.11) and (3.15), we define the following positive linear operators on Cy(X)
as follows:

Lij(f;@,y) = (L4 Bij) Kija,pqe (fi2,y) (3.17)
So, by the Corollary 3.4 and (3.16), we see that

bl | (zy)eX

Also, since (; ) is not triangular-statistical convergent, we can say that the Korovkin
theorem in triangular statistical sense (Theorem 3.2) does not work for operators
defined by (3.17).

4 Rates of A-statistical convergence in Theorem 3.2

In this section using the same techniques as in [10], we study the rates of convergence
of a sequence of positive linear operators and for summability matrices, we present
four different ways to compute the corresponding rates of triangular A-statistical
convergence in Theorem 3.2.
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Definition 4.1 [10] Let A = (a;;) be a nonnegative reqular summability matriz and
let (o;) be a positive non-increasing sequence. A double sequence x = (x; ;) is triangular
A-statistically convergent to a number L with the rate of o(«;) if for every e > 0,

o1
h%fna—i | Z a;j =0,
where
Kl(ﬁ) :{]GNJSZ, |ZL‘1J—L| 25}

In this case, we write
A ;
xi; — L =sty —o(oy) as i — oo.

Definition 4.2 [10] Let A = (a; ;) and (cy) be the same as in Definition 4.1. Then, a
double sequence x = (z; ;) is triangular A-statistically bounded with the rate of O(ay)

if for every e > 0,
1
sup— a;; < 00,
ipai : Z "
JELi(e)
where
Li(e):={jeN:j<i, |z j]>¢}.
In this case, we write
zij=sth —O(a;) as i— oo.

We see from the above statements that, in two definitions the rate is directly effects
the entries of the summability method rather than the terms of the sequence z =
(x;,7) . For example, when one takes the identity matrix I, if a; ; = o (o;) then z; j— L =

sth — o(q;) for any convergent sequence (z; j — L) regardless of how slowly it goes to
Zero.

Definition 4.3 [10] Let A = (ai ;) and (cy) be the same as in Definition 4.1. Then, a
double sequence x = (x; ) is triangular A-statistically convergent to a number L with
the rate of o () if for every e >0,

lim > a;; =0,

JEM;(€)

where
Mi(e) ={jeN:j<i, |z;; —L|>¢e oj}.

In this case, we write

z;j— L =sth —op(a;) as i— o0.
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Definition 4.4 [10] Let A = (a; ;) and (cy) be the same as in Definition 4.1. Then, a
double sequence x = (x; ) is triangular A-statistically bounded with the rate of Oy(a;)

if for every e >0,
lilm Z a;j =0,
JEN;(e)
where
Ni(e) :={j e N:j <i, |z;;| >€ a;}.
In this case, we write
z;j = sth — Op(a;) as i — oo.

Using these definitions, it is possible to obtain the following auxiliary results with
an analogous technique in Demirci et al. [10].

Lemma 4.5 [10] Let (z;;) and (y;;) be double sequences. Assume that A = (a;;)
is a non-negative reqular summability matriz, and let («;) and (B;) be positive non-
increasing sequences. If x;; — Ly = st£ —o(oy) and y; 5 — Lo = stZ; — o(B;), then we
have

(1) (xij—L1) F (yij — L2) = st£ —o(y;) as i — oo, where v; := max {«y, B;} for each
1 €N,
(i3) Nzi; — L1) = st — o(ay;) as i — oo for any real number .

Furthermore, similar conclusions hold with the symbol “0” replaced by “O”.

Lemma 4.6 [10] Let (z;;) and (y;;) be double sequences. Assume that A = (a;;)
is a nonnegative reqular summability matriz, and let (c;) and (5;) be positive non-
increasing sequences. If x; ; — L1 = st} — op(cv;) and y; ; — Ly = st} — ox(B;), then we
have

(7) ('me— L) F (yij — La) = st} —op(vi) as i — oo, where ; := max {«y, B;} for each
1€ NN,
(i3) Nzi; — L1) = st — or(cy) as i — oo for any real number \.

Furthermore, similar conclusions hold with the symbol “oi” replaced by “Oy”.

Now we remind the concept of mixed modulus of smoothness. For f € Cy (D), the
mized modulus of smoothness of f, denoted by wyized (f;91,02), is defined to be

Wmized (f301,02) = sup{|Azy [ (uw, v)] : [u —x[ < 01, v —y| < da}

for 61,09 > 0. In order to obtain our result, we will make use of the elementary
inequality

Winized (3101, A202) < (1 4+ A1) (1 4+ A2) Winized (f51,02)

for A1, A2 > 0. The modulus wy;zeq has been used by several authors in the framework
of “Boolean sum type” approximation (see, for example, [9]). Elementary properties of
Wiized can be found in [24] (see also [1]) and in particular for the case of B-continuous
functions in [3].

Then we have the following result.
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Theorem 4.7 Let (L; ;) be a sequence of positive linear operators from Cy, (D) into
B (D), and let A = (a;;) be a nonnegative reqular summability matriz. Let (oy) and
(6;) be a positive non-increasing sequence. Assume that the following conditions holds:

1
lim — = .
im o Z a;; =1, (4.1)
JjeK;
where K; = {j € N:j <1, L;i;(fo;z,y) = fo(w,y) for all (z,y) € D}; and
Winized (f3 g, 0ij) = sth —o(B;) as i — oo, (4.2)

where 5 = \/[Li ()]l and 6;j := \/TLig(@)[ with ¢(u,v) = (u—2)*, ¥(u,v0) =
(v —y)?. Then we have, for all f € Cy (D),

I Lij(Fuy) — fll = sth —o(ci) as i— oo,

where Fy, is given by (3.1) and ¢; := max {cy, B;} for eachi € N. Furthermore, similar
results holds when the symbol “0” is replaced by “O7.

Proof. Let (z,y) € D and f € Cy, (D) be fixed. It follows from (4.1) that

Also, using the properties of wyized, Since

Li,j (Fa:,y; €z, y) - f(xa y) = LZ,] (Aa:,y [Fx,y(uv U)] y L, y)

holds for all j € K;, we obtain
Ay [Fay(u,v)]| < winigea (f5 |u— x|, [v —yl) (4.4)
1 1
<14 —|u— 1+ —|v—
< (145 lu-a) (145 10-)
XWmized (fa 617 52) .

As in the proof of the Theorem 2.7 of [11], it follows from the monotonicity and the
linearity of the operators L; ;, for all j € K; and the Cauchy-Schwarz inequality that

1 1
|Lij(Feys z,y) — f(2,9)] < {1 + a\/Lm‘ (psz,y) + g\/Lm‘ (@5 2,y)

1
A \/Lm‘ (05 2,) \/Lm (¥; , y)}
XWmized (f7 o1, 62) : (45)

Taking supremum over (z,y) € D on the both-sides of inequality (4.5) we obtain, for
all j € K;, that

|1 Lij(Fey) = fIl < 4omized (f57ij» i) (4.6)
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where 61 1= ; j := /|| Lij(¢)| and d2 := 9; j := /|| Li ;(¥)||. Now, given € > 0, define
the following sets:

D;j:=¢j€eN:j<i, sup |Lij(Fpy;x,y)— flz,y)] >,
(z,y)eD

: . €
Dzl L= {] eN: J <1, Wmized (f;fyi,j76i7j) > Z} .
Hence, it follows from (4.6) that
D;,NK; C D} NK;,

which gives, for all ¢ € N,

C; C;
JED;NK. jEDINK
1
< a ;5
jebD}
1
< E Z Qg j- (4.7)
* jen}
where ¢; := max {«;, §;}. Letting i — oo in (4.7) and from (4.2), we conclude that
1
lim — i =0. 4.
im . Z a;j =0 (4.8)
jeD;,NK;

Furthermore, if we use the inequality

D ai= ) agt Y ay

jED; jED;NK; jEDN(N\K;)
< E aij + E ai,;j
JED;NK; jE(N\K;)

which gives,

% Z Qi j < Clz Z a;j + Ozi Z Qg j- (4.9)

' jeD, jeDNK; b jE(N\K;)

Letting ¢ — oo in (4.9) and from (4.8) and (4.3), we conclude that

The proof is completed. 0O

The following similar result holds.
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Theorem 4.8 Let (L; ) be a sequence of positive linear operators from Cy, (D) into
B (D), and let A = (a;;) be a nonnegative reqular summability matriz. Let (a;) be a
positive non-increasing sequence. Assume that the following conditions holds:

11{11 Z Qj5 = 1,

JjeK;
where K; = {j € N:j <14, L; j(fo;z,y) = fo(z,y) for all (x,y) € D}; and

Winized (f37i4,0i) = sth — ox(a;) as i — o0,

where v, = /|| Lij()|| and 6; ; = \/||Li;(&)|| with p(u,v) = (u— $)2, U(u,v) =

(v —y)?. Then we have, for all f € Cy (D),

Li;(Fry) — fll = st£ —op(a;) as i — oo,

where Fy , is given by (3.1). Furthermore, similar results holds when the symbol “oi,”

1s replaced by “Oy”.

5 Possible further developments

Here we introduce a further extension of the notion of A-statistical convergence, which
includes the triangular A-statistical convergence as a particular case. The idea is to
consider a general infinite subset H C N2, defined by means a relation which links the
indexes ¢ and j. Put

H :={(i,j) e N*: &(i,j) > 0}

where @ : N x N — Z is a function satisfying suitable assumptions. We then define
the @-A-density of H as

SH(H) :=1im Y a;;

JEH;

and the corresponding notion of @-A-statistical convergence as follows. Let A = (a; ;)
be a nonnegative regular summability matrix. A sequence x = (x;;) is said to be
@- A-statistical convergent to a real number L provided that for every ¢ > 0

h?l Z ai7j:0,

JEK(e)

where K; (¢) :={i e N: ®(i,5) >0, |z;; — L| > €}.
Note that, when we choose @(i,j) = i — j, we obtain to the case of triangular
A-statistical convergence.
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