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Abstract We show that the system of difference equations

xn+1 =

∏k
j=0 yn−2j∏k

j=1 xn−(2j−1)

(
an + bn

∏k
j=0 yn−2j

) ,
yn+1 =

∏k
j=0 xn−2j∏k

j=1 yn−(2j−1)

(
αn + βn

∏k
j=0 xn−2j

) , n ∈ N0

where k ∈ N0, the sequences (an)n∈N0
, (bn)n∈N0

, (αn)n∈N0
, (βn)n∈N0

are real, and the initial values
x−2k, x−2k+1,..., x0, y−2k, y−2k+1,..., y0 are nonzero real numbers, is solved in closed form.
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1 Introduction

In the last few decades the area of difference equations has attracted considerable
interest of the researchers. Among other topics solving nonlinear difference equations
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reattracted some interest (see, e.g. [1], [2], [4]-[28]), especially after publishing the
paper [9] in which Stević explained the formula in paper [2]. Our motivation stems
from his papers [1], [9]-[22], as well as papers [5] and [6].

In this paper, we show that the system of difference equations

xn+1 =

∏k
j=0 yn−2j∏k

j=1 xn−(2j−1)

(
an + bn

∏k
j=0 yn−2j

) ,
yn+1 =

∏k
j=0 xn−2j∏k

j=1 yn−(2j−1)

(
αn + βn

∏k
j=0 xn−2j

) , n ∈ N0 (1.1)

where k ∈ N0, the sequences (an)n∈N0
, (bn)n∈N0

, (αn)n∈N0
, (βn)n∈N0

are real, and the
initial values x−2k, x−2k+1,..., x0, y−2k, y−2k+1,..., y0 are nonzero real numbers, is
solved in closed form, by using the trick by Stević in [9] (see also [1], [12]-[22]), which
transforms a nonlinear difference equation to a linear first-order difference equation.

The following lemma is well known (see, e.g. [3]).

Lemma 1.1 Consider the linear difference equation

yn+1 = anyn + bn, n ∈ N0.

Then,

yn =

(
n−1∏
i=0

ai

)
y0 +

n−1∑
r=0

(
n−1∏

i=r+1

ai

)
br.

Moreover if an, bn are constants, that is an = a and bn = b, then

yn = any0 +
an − 1

a− 1
b, n ∈ N0, a 6= 1,

yn = y0 + b n, n ∈ N0, a = 1.

In the sequel, as usual, assume that
∏k

j=iAj = 1,
∑k

j=iAj = 0, k < i.

2 Closed form formulas for solution of system (1.1)

In the following, we get a closed form formula for all well defined solutions of the
system of difference equations (1.1). By a well defined solution of System (1.1), we
mean a solution such that

k∏
j=1

xn−(2j−1)

an + bn

k∏
j=0

yn−2j

 6= 0, n ∈ N0,

and
k∏

j=1

yn−(2j−1)

αn + βn

k∏
j=0

xn−2j

 6= 0, n ∈ N0.
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By the change of variables

un =
1∏k

j=0 xn−2j
, vn =

1∏k
j=0 yn−2j

, n ∈ N0 (2.1)

the system (1.1) becomes

un+1 = anvn + bn, vn+1 = αnun + βn, n ∈ N0. (2.2)

From (2.2) we get

un+2 = an+1αnun + an+1βn + bn+1, n ∈ N0, (2.3)

vn+2 = αn+1anvn + αn+1bn + βn+1, n ∈ N0. (2.4)

From (2.3) and (2.4) we have

u2n+2 = a2n+1α2nu2n + a2n+1β2n + b2n+1, n ∈ N0, (2.5)

u2n+3 = a2n+2α2n+1u2n+1 + a2n+2β2n+1 + b2n+2, n ∈ N0, (2.6)

v2n+2 = α2n+1a2nv2n + α2n+1b2n + β2n+1, n ∈ N0, (2.7)

v2n+3 = α2n+2a2n+1v2n+1 + α2n+2b2n+1 + β2n+2, n ∈ N0. (2.8)

Let

An = a2n+1α2n, Bn = a2n+1β2n + b2n+1, wn = u2n, (2.9)

Cn = a2n+2α2n+1, Dn = a2n+2β2n+1 + b2n+2, zn = u2n+1, (2.10)

En = α2n+1a2n, Fn = α2n+1b2n + β2n+1, tn = v2n, (2.11)

Gn = α2n+2a2n+1, Hn = α2n+2b2n+1 + β2n+2, rn = v2n+1. (2.12)

Then from (2.9)-(2.12), we get the following nonhomogeneous linear first-order differ-
ence equations with variable coefficients

wn+1 = Anwn +Bn, n ∈ N0, (2.13)

zn+1 = Cnzn +Dn, n ∈ N0, (2.14)

tn+1 = Entn + Fn, n ∈ N0, (2.15)

rn+1 = Gnrn +Hn, n ∈ N0. (2.16)

From (2.13) and Lemma 1.1, we have

wn =

n−1∏
j=0

Aj

w0 +
n−1∑
j=0

 n−1∏
i=j+1

Ai

Bj . (2.17)

Then, from (2.9) we obtain

u2n =

n−1∏
j=0

(a2j+1α2j)

u0 +
n−1∑
j=0

 n−1∏
i=j+1

(a2i+1α2i)

 (a2j+1β2j + b2j+1) . (2.18)
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Similarly from (2.14)-(2.16), Lemma 1.1 and (2.10)-(2.12), we obtain

u2n+1 =

n−1∏
j=0

(a2j+2α2j+1)

u1+

+
n−1∑
j=0

 n−1∏
i=j+1

(a2i+2α2i+1)

 (a2j+2β2j+1 + b2j+2),

(2.19)

v2n =

n−1∏
j=0

(α2j+1a2j)

 v0 +
n−1∑
j=0

 n−1∏
i=j+1

(α2i+1a2i)

 (α2j+1b2j + β2j+1) , (2.20)

v2n+1 =

n−1∏
j=0

(α2j+2a2j+1)

 v1+

+
n−1∑
j=0

 n−1∏
i=j+1

(α2i+2a2i+1)

 (α2j+2b2j+1 + β2j+2) .

(2.21)

When the coefficients are constants i.e., an = a, bn = b, αn = α and βn = β,
formulae (2.18)-(2.21) becomes

u2n = (aα)n u0 +
(aα)n − 1

aα− 1
(aβ + b) , n ∈ N0, aα 6= 1, (2.22)

u2n = u0 + (aβ + b)n, n ∈ N0, aα = 1. (2.23)

u2n+1 = (aα)n u1 +
(aα)n − 1

aα− 1
(aβ + b) , n ∈ N0, aα 6= 1, (2.24)

u2n+1 = u1 + (aβ + b)n, n ∈ N0, aα = 1, (2.25)

v2n = (aα)n v0 +
(aα)n − 1

aα− 1
(αb+ β) , n ∈ N0, aα 6= 1, (2.26)

v2n = v0 + (αb+ β)n, n ∈ N0, aα = 1, (2.27)

v2n+1 = (aα)n v1 +
(aα)n − 1

aα− 1
(αb+ β) , n ∈ N0, aα 6= 1, (2.28)

v2n+1 = v1 + (αb+ β)n, n ∈ N0, aα = 1. (2.29)

Now, from (2.1) we get

xn+2 =
un
un+2

xn−2k, yn+2 =
vn
vn+2

yn−2k, n = 0, 1, ..., (2.30)
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from which it follows, by induction, that for n = 0, 1, ...,

x(2k+2)n+1 = γ

n∏
j=1

u2((k+1)j−1)+1

u2(k+1)j+1
, (2.31)

x(2k+2)n+i = xi−(2k+2)

n∏
j=0

u(2k+2)j+i−2

u(2k+2)j+i
, i = 2, 3, ..., 2k + 2, (2.32)

y(2k+2)n+1 = λ

n∏
j=1

v2((k+1)j−1)+1

v2(k+1)j+1
, (2.33)

y(2k+2)n+i = yi−(2k+2)

n∏
j=0

v(2k+2)j+i−2

v(2k+2)j+i
, i = 2, 3, ..., 2k + 2, (2.34)

where

γ =

∏k
j=0 y−2j∏k

j=1 x1−2j

(
a0 + b0

∏k
j=0 y−2j

) , λ =

∏k
j=0 x−2j∏k

j=1 y1−2j

(
α0 + β0

∏k
j=0 x−2j

) .

Depending on i is even or odd, we get from (2.32) and (2.34)

x(2k+2)n+2i = x2i−(2k+2)

n∏
j=0

u2((k+1)j+i−1)

u2((k+1)j+i)
, i = 1, 2, ..., k + 1,

y(2k+2)n+2i = y2i−(2k+2)

n∏
j=0

v2((k+1)j+i−1)

v2((k+1)j+i)
, i = 1, 2, ..., k + 1,

x(2k+2)n+2i+1 = x2i−(2k+1)

n∏
j=0

u2((k+1)j+i−1)+1

u2((k+1)j+i)+1
, i = 1, 2, ..., k,

y(2k+2)n+2i+1 = y2i−(2k+1)

n∏
j=0

v2((k+1)j+i−1)+1

v2((k+1)j+i)+1
, i = 1, 2, ..., k.

In summary, we have prove the following result.
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Theorem 2.1 Let {(xn, yn)}n≥−2k be a well defined solution of the system (1.1). Then
for n = 0, 1, ...,

x(2k+2)n+1 = γ

n∏
j=1

u2((k+1)j−1)+1

u2(k+1)j+1
,

x(2k+2)n+2i = x2i−(2k+2)

n∏
j=0

u2((k+1)j+i−1)

u2((k+1)j+i)
, i = 1, 2, ..., k + 1,

x(2k+2)n+2i+1 = x2i−(2k+1)

n∏
j=0

u2((k+1)j+i−1)+1

u2((k+1)j+i)+1
, i = 1, 2, ..., k,

y(2k+2)n+1 = λ

n∏
j=1

v2((k+1)j−1)+1

v2(k+1)j+1
,

y(2k+2)n+2i = y2i−(2k+2)

n∏
j=0

v2((k+1)j+i−1)

v2((k+1)j+i)
, i = 1, 2, ..., k + 1,

y(2k+2)n+2i+1 = y2i−(2k+1)

n∏
j=0

v2((k+1)j+i−1)+1

v2((k+1)j+i)+1
, i = 1, 2, ..., k.

where

γ =

∏k
j=0 y−2j∏k

j=1 x1−2j

(
a0 + b0

∏k
j=0 y−2j

) , λ =

∏k
j=0 x−2j∏k

j=1 y1−2j

(
α0 + β0

∏k
j=0 x−2j

) .
and for s = 0, 1,

u2n+s =

n−1∏
j=0

(a2j+1+sα2j+s)

us+
+

n−1∑
j=0

 n−1∏
i=j+1

(a2i+1+sα2i+s)

 (a2j+1+sβ2j+s + b2j+1+s) ,

v2n+s =

n−1∏
j=0

(a2j+sα2j+1+s)

 vs+
+

n−1∑
j=0

 n−1∏
i=j+1

(a2i+sα2i+1+s)

 (α2j+1+sb2j+s + β2j+1+s) ,

and when the coefficients are constants,

γ =

∏k
j=0 y−2j∏k

j=1 x1−2j

(
a+ b

∏k
j=0 y−2j

) , λ =

∏k
j=0 x−2j∏k

j=1 y1−2j

(
α+ β

∏k
j=0 x−2j

) ,
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and for s = 0, 1,

u2n+s = (aα)nus +
(aα)n − 1

aα− 1
(aβ + b), v2n+s = (aα)nvs +

(aα)n − 1

aα− 1
(αb+ β),

if aα 6= 1, and

u2n+s = us + (aβ + b)n, v2n+s = vs + (αb+ β)n,

if aα = 1.

Now, we give a result on the periodicity of well defined solutions of the system (1.1)
with constant coefficients.

Theorem 2.2 Assume that (aβ + b)x0x−2...x−2k = (αb + β)y0y−2...y−2k = 1 − aα
and (1−aα)(aβ+ b)(αb+β) 6= 0. Then all (well defined) solutions of system (1.1) are
periodic with period 2k + 2.

Proof. Assume that

x0x−2...x−2k =
1− aα
aβ + b

, y0y−2...y−2k =
1− aα
αb+ β

,

then from (2.1) and (2.2), we have

un = ... = u0 =
aβ + b

1− aα
, vn = ... = v0 =

αb+ β

1− aα
, n ∈ N0. (2.35)

From (2.30) and (2.35), we get

xn+2 = xn−2k, yn+2 = yn−2k, n ∈ N0.

That is, the solutions are periodic with period 2k + 2. ut

Remark 2.1 If we take αn = an, βn = bn, n ∈ N0, then for the initial values x−i =
y−i, i = 0, ..., 2k, the system (1.1) becomes the equation

xn+1 =

∏k
j=0 xn−2j∏k

j=1 xn−(2j−1)

(
an + bn

∏k
j=0 xn−2j

) . (2.36)

Particular cases of Equation (2.36) with constant coefficients were investigated in [6]
(k = 1, an = a = 1, bn = b = ±1 or an = a 6= 1, bn = b ∈ R) and [5] (k = 2,
an = a = ±1 bn = b = ±1). It is easy to check that the formulae of the solutions in
[6], [5] are direct consequences of our formulae.
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9. Stević, S. – More on a rational recurrence relation, Appl. Math. E-Notes, 4 (2004), 80-85.
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