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Abstract We show that the system of difference equations

k
H]‘:O yn—Qj
k k
[[=: Zn—c2i-1) (an +on [T ynda‘)

In+1 = 5

Hf:o Tn—2j

I Yn—(2s-1) (Ofn + BT a’n%j)

where k € No, the sequences (an),cy,: (bn)neny> (@n),enys (Bn)pen, are real, and the initial values
T2k, T—2k+1,---, TO, Y—2ks Y—2k+1,---, Yo are nonzero real numbers, is solved in closed form.

Yn+1 = ,TLGN()
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1 Introduction

In the last few decades the area of difference equations has attracted considerable
interest of the researchers. Among other topics solving nonlinear difference equations
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reattracted some interest (see, e.g. [1], [2], [4]-[28]), especially after publishing the
paper [9] in which Stevié explained the formula in paper [2]. Our motivation stems
from his papers [1], [9]-[22], as well as papers [5] and [6].

In this paper, we show that the system of difference equations

k
H]’:o Yn—2j
Tn4+1 = & & )
Hj:l Lpn—(25-1) (an + by, Hj:O yn—2j)
Hk:o Tn—2j
Yn+1 = J , n € Ny (1.1)

H?:l Yn—(25-1) <an + Bn H?:O xn—2j)

where k € Ny, the sequences (an),cn,> (0n)neny» (@n)nenys (Bn)nen, are real, and the

initial values x_ok, T_ok+1s.-., 0y, Y—2ks Y—2k+1,---» Yo are nonzero real numbers, is

solved in closed form, by using the trick by Stevi¢ in [9] (see also [1], [12]-[22]), which

transforms a nonlinear difference equation to a linear first-order difference equation.
The following lemma is well known (see, e.g. [3]).

Lemma 1.1 Consider the linear difference equation

Ynt1 = AnYn + bp, n € No.
Then,
n—1 n—1 n—1
- (H) oS ( I ) b
=0 r=0 \i=r+1
Moreover if ay, b, are constants, that is a, = a and b, = b, then

a —

1
b,n € Ng, a # 1,
a—1

yn:y0+bn,n€N0,a:1.

Yn = a"Yo +

In the sequel, as usual, assume that H;C:Z Aj=1, Z;“:Z Aj =0,k <i.

2 Closed form formulas for solution of system (1.1)

In the following, we get a closed form formula for all well defined solutions of the
system of difference equations (1.1). By a well defined solution of System (1.1), we
mean a solution such that

k k
H Tp—(2j-1) | @n + br, H Yn—2j # 0, n € Ny,
j=1 J=0

and

k :
[Tvn-ci—v [ @n+Ba ][] wn—2 | #0, neNo.

j=1 7=0
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By the change of variables

1 1
ok L oW T e No
szo Tp—2j Hj:o Yn—2j

Uy =
the system (1.1) becomes

Unt1 = ApUn + bn, Vny1 = apin + B, n € No.
From (2.2) we get

Up42 = Apt10pUy + an—&—lﬁn + bn+1a n e NOa

Un42 = Qpy10pUn + an—l—lbn + /Bn—l-l, n € Np.
From (2.3) and (2.4) we have

U2n+2 = A2n4102nU2n + A2n+1 P20 + bany1, 1 € Ny,
U2n4+3 = A2n42002n+41U2n+1 + G2nt2B2n41 + bant2, 1 € Ny,
Vont2 = Q2p+102nV2n + Q2n11b2n + Bant1, 1 € Ny,
Von43 = Qop4202n+1V2n+1 + Qont2bont1 + Bont2, 1 € Ny.

Let
An = A2n+102n, Bn = a2n+152n + b2n+17 Wn = U2n,
Chn = aont202n4+1, Dy = aoni2B2n41 + bant2, 2n = Uzn1,
E, = aspii1a2n, Frn = aopti1bon + Bont1, th = vop,
Gy = aopy202n+1, Hy = aopi2bany1 + Boant2, ™n = Von1.

(2.1)

Then from (2.9)-(2.12), we get the following nonhomogeneous linear first-order differ-

ence equations with variable coefficients

Wpt1 = Apwy + By, n € Ny,
Zn4+1 = Chzn + Dy, n € Ng,
th+1 = E,t, + F,, n € Ny,

Tnt1 = Gprp + Hyy n € Ny.

From (2.13) and Lemma 1.1, we have

n—1 n—1 n—1
Wy, = H Aj wo + H A; Bj.
=0 J=0 |i=j+1
Then, from (2.9) we obtain
n—1 n—1 | n—1

Ugp = H (agjt1005) | uo + Z H (a2ip1002i) | (azj1B25 + bajy1) -

7=0 7j=0 |i=j+1

(2.17)

(2.18)
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Similarly from (2.14)-(2.16), Lemma 1.1 and (2.10)-(2.12), we obtain

n—1
U2n41 = H(a2j+2a2j+1) Ui+
§=0
S (2.19)
+Z H (azi+202i41) | (azj+2B82j41 + b2j+2),
j=0 [i=j+1
n—1 n—1 n—1
van = | [T (azjrazy) | vo+ > | T] (azisrasi)| (@gjabay + Bojir),  (2.20)
j=0 j=0 |i=j+1
n—1
Von41 = H (a2ji2a2j41) | v1+
§=0
22)
+Z H (2iq2a2i4+1) | (2j42b2j41 + B2jt2) -
=0 |i=j+1

When the coefficients are constants i.e., a, = a, b, = b, o, = a and 3, = S,
formulae (2.18)-(2.21) becomes

"1
Ugm = (@)™ ug + (aa“)_l (aB+b),n € No, aa # 1, (2.22)
Ugn = Ug + (af +b)n, n € Ny, acv = 1. (2.23)
n (aa)n —1
Uon+1 = (a)" uy + o1 (aB+b),n €Ny, aa # 1, (2.24)
Uont+1 = u1 + (aB +b)n, n € Ny, aa = 1, (2.25)
n (ac)” —1
von, = (aa)™ v + o1 (ab+ ) ,n € Ny, aa # 1, (2.26)
Vop, = v + (b + B)n, n € Ny, aa =1, (2.27)
n (aa)n -1
vont1 = (a)" vy + 1 (ab+ B),n € Ny, aa # 1, (2.28)
Vopt1 = v1 + (ab+ B)n, n € Ny, aa = 1. (2.29)
Now, from (2.1) we get
Un Un

Tn42 = Tn—2k; Yn+2 = v Yn—2k, N = 05 ]-a ceey (230)

Un4-2 n+2
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from which it follows, by induction, that for n = 0,1, ...

n
U2((k+1)j—1)+1
:71—[ (k4+1)j-1) ’

L(2k+2)n+1
1 W2(k+1)5+1
j_
n
o U(2k+2)j+i—2 .
L(2k+2)n+i = Li—(2k+2) H T YT
j=o  Wk+2)j+i
n
— )\ V2((k+1)j—-1)+1
Y2k+2)n+1 = H —

j=1 P2k 41

n
V(2k+2)j+i—2 .
Y2k+2)n+i = Yi—(2k+2) H %, 1=2,3,

iZo V@k+2)j+i

where

k
Hj:o Y—2j

2,3, ..., 2k + 2,

")/:

Y

H§:1 T1-2j (ao + bo Hfzo y—zj)

Depending on i is even or odd, we get from (2.32) and (2.34)

n
U2((k+1)j+i—1) .
T (2k+2)n+2i = L2i—(2k+2 - 1=
( yn+2i i—( )]1_[0 u2((k+1)j+i)

Y(2k+-2)n+2i = Y2i—(2k+2)
J

fiWW%WHA)Z:
o V2((k+1)j+9) 7

n
_ U2((k+1)j+i—1)+1 .
$(2k+2)n+2i+1—$2i—(2k+1)H U (o 1)j47)+1 b=
+1)5+12)+

=0

n
V2((k+1)j+i—-1)+1 .
Y(2k+2)n+2i+1 = Y2i—(2k+1) H U(2(((k:+)1])jii)i1 ,i1=1,2,..., k.

Jj=0

In summary, we have prove the following result.

(2.31)

(2.32)

(2.33)

(2.34)

H?:l Y1-2j (Oéo + Bo H?:o 56723')
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Theorem 2.1 Let {(xn,Yn)},>_o be a well defined solution of the system (1.1). Then
forn=0,1,..., a

U2((k+1)j—1)+1
T(2k+2)n+1 = 7 H M?
i=1 U2(k+1)j+1

U2((k+1 1) .
T(2k4+2)n+2i = T2i—(2k+2) H W, 1=1,2,..,k+1,
]_0 2((k+1)j+1)

_ U2((k+1)j+i—1)+1
T(2k+2)n+2i+1 = L2i—(2k+1) H w — )
j=0 2((k+1)j+14)+1
U2((k+1)j—1)+1
Y

n
Yek+2mt1 = A H V2(k+1)j+1

j=1

V2((k+1)j+i-1) .
Y2k+2)n+2i = Y2i—(2k+2 , 1= 1727"'7k+17
( )n+2i i—( ) l_IO UZ((k—&—l)]—l—z)

V2((k4+1)j+i—1)+1

Y(2k+2)n+2i+1 = Y2i—(2k+1) ]];[) Va(er g 1) 11 ,i1=1,2,... k.
where
v H?—o Y—2j \ H?:o T_oj ‘
H?Zl T1-2j (ao + bo HJ 0Y- 2;) 7 H;C:l Y1-2j <ao + Bo H;?:O m_2j>

and for s = 0,1,

n—1

U2n+s = H (a2j+1+sa2j+s) Us+
j=0

+Z H (a2i+502i41+5) | (@2j+145b2j4s + B2jt1+s)
§=0 |i=j+1

and when the coefficients are constants,

k k
= ITi—0v—2; \ = [[j—oz—2;

[15_, 212 (a + 0115, Z/—2j) | | LIV (a + 8115, 56—2j)
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and for s = 0,1,
oy, (aa)" —1 o (a) =1
wants = (0)"uy + "2 (@B 18), vangs = (a0)"0 + L (ab+ ),
if ac # 1, and
Uopts = Us + (CLB + b)nu Vonts = Us + (ab + 5)”7
if aa = 1.

Now, we give a result on the periodicity of well defined solutions of the system (1.1)
with constant coefficients.

Theorem 2.2 Assume that (af + b)xox_g..x_op = (ab + B)yoy—2..y—2r = 1 — ax
and (1 —aa)(af+b)(ab+ B) # 0. Then all (well defined) solutions of system (1.1) are
periodic with period 2k + 2.

Proof. Assume that

1 —a«x _ 1—a«x
aﬁ+b7 Yoy—-2---Y—2k = ab+ﬁ’

Tol—-92... X2 —

then from (2.1) and (2.2), we have

b b
af + Un:...zvoza +6,n€No. (2.35)
1—ax

un:...:ugzl 20’

From (2.30) and (2.35), we get
Tnt2 = Tn—2k; Ynt+2 = Yn—2k, N € No.
That is, the solutions are periodic with period 2k +2. O

Remark 2.1 If we take a,, = an, Bn = bn,n € Ng, then for the initial values x_; =
Yy—i, @ =0, ..., 2k, the system (1.1) becomes the equation

k
[lj—o #n—2;

H?:l Tp—(25-1) <an + bn H;?:o xn—Zj)

Tn+1 = (236)

Particular cases of Equation (2.36) with constant coefficients were investigated in [6]
(k=1a,=a=1,b,=b==lora, =a# 1,b, =b € R) and [5] (k = 2,
ap, =a==+1b, =b=+£1). It is easy to check that the formulae of the solutions in
[6], [5] are direct consequences of our formulae.
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