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Nilpotency of Atomic Steenrod Squares
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Abstract In this paper, we deal with nilpotency of atomic Steenrod squares. We prove that the

nilpotence height of atomic square Sq2(2571) for all integers b > 2 is b+ 2. Finally, we give a nilpotency

table, a remark and an important conjecture related to the nilpotence height of atomic squares.
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1 Introduction

The Steenrod algebra, first constructed by N. Steenrod [12], is the algebra of the
stable cohomology operations on mod 2 cohomology. It has a Hopf structure and its
dual is a commutative Hopf algebra which is isomorphic to the polynomial algebra in
generators & of degree 28 —1 (k > 0). The Steenrod algebra is considerably studied by
researchers whose interests range from algebraic topology and cohomology theory, to
manifold theory, homotopy theory, differential topology, and more. For more details
and applications see [10,12] and for a history of the study of the Steenrod algebra see
[15].

The Steenrod algebra is one of the efficient tools in the hands of algebraic topologists
since the Steenrod operations which generate it, have played a central role in homotopy
theory. The structure of this algebra is important for applications to homotopy theory.
The Steenrod square operations Sq' : H"(X;Zs) — H""(X;Zsy) which help us to
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solve some questions in algebraic topology where H"(X;Zs) is the nth cohomology
group of X with coefficient Zs.

The determining the nilpotence height of the positive dimensional Steenrod oper-
ations was thought first by John Milnor in 1960’s. Important results related to this
problem have been given by Davis, Wood, Walker, Monks and Karaca up to now. Nev-
ertheless, due to the difficulty of structure of Steenrod algebra, a general solution for
this problem has not been found yet. The nilpotence height of Sq*" was conjectured
to be 2n + 2 by Steve Wilson in 1975. Donald M. Davis showed that (Sq?")?"*1 £ 0.
Moreover, Davis verified by computer calculation that

(S¢*" )2 =0  for n<5.

This was also verified for n = 6,7 by Kenneth Monks. This conjecture was proved by
Walker and Wood [13]. They generalized this result for odd primes p in [14]. Monks [8]
determined the nilpotence height of Milnor elements P’ when p = 2. Karaca used the
method of Monks [8] and showed that [4] the nilpotence height of Milnor elements P}
is exactly p ([ﬂ + 1). Monks [7] found the nilpotence of certain families of elements
Sq"™. Karaca [5] adapted these results to odd primes. For example, Karaca [5] proved
that the nilpotence heights of

P (pk((p —pm—1)+1

1 > and P(p™—1)
=

are m + 2 and m + 1, respectively. Karaca gave some nilpotence relations of Steenrod
powers such as

Nil(Pp?"l-‘rpfl,...,prn—i—pfl) < min{k ’ Ty < p(kfl)n - 1}

where r1, 79,73, ... are arbitrary integers. Ege and Karaca [3] determined the structure
of ideals for the mod p Steenrod algebra and calculated the nilpotence heights of some
Steenrod operations such as P? and P?P+1,

This paper is organized as follows. In the next section, we give the construction of
the mod 2 Steenrod algebra and basic facts related to our study. In the section 3,
we prove some propositions and a theorem related to the nilpotence height of atomic

Steenrod square SqQ(Qb_l) for all integers b > 2. We also give a conjecture on atomic
Steenrod squares. In the last section, we make a conclusion on this study.

2 Preliminaries
The Steenrod operation is a natural transformation
Sq' s HY(X;Zs) — H" (X ;Zs)

that has certain conditions such as instability. Serre [11] showed that the Steenrod
squares Sq¥ generate all stable operations in the cohomology theory. Adem [1,2]
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showed that all relations in the Steenrod algebra are generated by the set of Adem
relations:
Ly k—1
Q. j J—Fk= iti—kg k
sse =3 (705 ) sa sy
=0

for all 7,7 > 0 such that ¢ < 2j.

The mod 2 Steenrod algebra As is the graded associative graded algebra over Zq
generated by the elements S¢° of degree i, i > 0, subject to the Adem relations.

Serre [11] introduced the notion of admissible monomial. A monomial Sq* S¢2...Sq"
in the mod 2 Steenrod algebra is said to be admissible [12] if ij, > 2ip4q for all h > 1,
(in+1 - 0)

Serre [11] also showed that the set of admissible monomials is an additive basis for
the Steenrod algebra. Adem relations lead us to have a minimal algebraic generating
set for the Steenrod algebra. An element in grading i is called indecomposable [12] if
it cannot be written as a linear combination of products of elements of grading lower
than 7 and the squaring operations .S q2k are indecomposable and the Steenrod algebra
is generated as an algebra by Sq¢" and the SqQk for k > 0.

Milnor [6] has shown that there is a unique algebra map ¢ : Ay — Az ® Ag such
that for all¢ > 0

P(Sqg') = Y 5S¢ @ S¢*
jk=i
which makes it into a Hopf algebra.
Axiomatic description of the mod 2 Steenrod algebra is given in the following [11]:

1. For all integers ¢ > 0 and ¢ > 0, there is a natural transformation of functors which
is a homomorphism

Sq' - H1(X; Zy) — HIT(X; Zy).

Sq¢° =1.

If dim v =n, Sq"x = z2.
If ¢ > dim x, S¢*x = 0.
(Cartan formula)

St Wi

k
Sq¥(zy) = Sq'z.S¢"y.
1=0

6. Sq' is the Bockstein homomorphism 3 of the coefficient sequence
0 — Zog — Z4y — Zo — 0.
7. (Adem relations) If 0 < a < 2b, then

(5]
. bo1- 5\ o atbioi
S’q quZE (a_2]]>5q +b ]Sq].
j=0

The binomial coefficient is taken mod 2.
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We would like to give some results from [6]. The mod 2 Steenrod algebra is a graded
Zso-vector space with basis all Sq(ry,72,...) where r; > 0 and r; > 0 for finitely many
i. Let R = (r1,...,7y). We will write Sq* for the Milnor basis element Sq(r1,. .., 7).

We recall that Sq("0) = Sq¢" where r is nonnegative integer.
The Milnor product is given by

Sq(ri,r2,...) - Sq(s1,52,...) Zﬁ )Sa(t,ta,...)

where the summation is taken over all matrices

X = (w45)

satisfying:
Y wi=s (2.1)
i
Zle'ij =T; (2.2)
J
B(X) = [[(@no, wn-11,-- -, 0n) € Zo (2.3)
h
where |
(M1, i) = (nq —I—...—l-nm).'
n!. . ng!

Such a matrix X is called Sq(ry,72,...) - Sq(s1, 2, . . .)-allowable. Each such allowable
matrix yields a summand Sq(t1,ts,...) given by

th: Z Lij- (24)

i+j=h

We note that g is never used and is assumed to be zero.
Let’s give an example about Milnor product of any two Milnor basis elements.

Ezample 2.1 We compute the Milnor product of S¢(2,1,3) and Sq(1,0,2). Let

Sq(2,1,3) - Sq(1,0,2) = Z,B )Sq(ty,ta,...).

We now determine all coefficients 5(X) depending on all matrices X.

From the Figure 1, we get the following coefficients:

31 o A1

B1(Xq) = 3111010101 21210101 — =18=0 (mod 2)
21 0l 91 1

B2(X2) = g1 Grotor 210100 Tiotor =+ (e 2)
o1 A1

Bs(X3) = =6=0 (mod 2).

010! 110!0! " 2121010!
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20 91 52 53 20 91 3 33 20 A1 92 93

S d 0 a2 10 2 10 2
o 0 2 0 0 2 1 0 2
210 1 0 0O 212 0 0 0 212 0 0 0O
1{11 0o 0 0 1|1 o0 0 0 1j1 o 0 0
3/]3 0 0 O 311 1 0 O 313 0 0 0

Fig. 1 Matrices X1, X2 and X3

As a result, we have

Sq(27 17 3) ’ Sq<17 07 2) = 61 (X)SQ(Oa 27 57 07 0) + BQ(X)Sq(zv 17 37 17 0)
+53(X)SQ(371757070)
= SQ(27 L,3, 1)

We recall that two important results about the nilpotence heights of some elements.
Theorem 2.1 ([7]) For all integers m,k > 1,
Nil(Sg?" @ =D+ = k4 2,
Theorem 2.2 ([13]) For every integers n > 0,
Nil(Sqg*") = 2n + 2.

3 Main Results

Let z € A. If ¥ = 0 and 2%~ # 0 where 2° = 1, then we say that 2 has nilpotence k
and we write Nil(x) = k. In this section, we will determine the nilpotence height of

S¢22" =D for all integers b > 2.
Proposition 3.1 For all integers b > 2, we have
Nil(S?® 1) <min{k | 22" — 1) < 2°F- 1 —1}.

Proof. It is enough to show that (Sq¢™)* = 0 if n < 2¥=1 — 1, where n = 2b*! — 2 and
b > 2 is an integer. Let Sq¢7 = Sq(tvt2t) be any summand of (Sq¢™)*~!. Let also
X = (z1;) be any Sq"Sq”-allowable matrix. From the definition of Milnor product,
we have h = k — 1. If we combine this with (2.2), we get

k—1 k—1
n=Y 2g; > 20 =21
=0 =0

Thus if n < 2871 — 1, then there are no Sq"Sq”-allowable matrices. So we conclude
that (Sq¢™)* = 0 and this completes the proof. O



6 Ozgdr Ege, Ismet Karaca

Proposition 3.2 For all integers b > 2, we have
Nil(S¢*?®" V) > max{k | 22" — 1) = —2 (mod 2¥)}.
Proof. Let k be the largest integer such that
n = —2 (mod 2%)

where n = 2"*1 — 2 and b > 2 is an integer. By Milnor product, for 1 < h < k, (Sq™)"
always has at least a nonzero summand which is given by

§qlarazar)
such that a; +as + ...+ ap = n. So we have
(Sg™)* # 0.
As a result, we get
Nil(Sq™) > max{k | n = —2 (mod 2%)},

and this completes the proof. 0O
Theorem 3.3 Nil(S¢*?' =) = b+ 2 for all integers b > 2.
Proof. From Proposition 3.1, we have

Nil(S¢® D)y <b+2,
and by Proposition 3.2, we get

Nil(S¢® D) > b+ 1.
We conclude that for all integers b > 2,

Nil(S¢?® D)y =b+2.

g

Using a Maple package program created by Ken Monks [9], we get some important

results. For the nilpotence height of S¢2*(2~1)| see Figure 2. In this table, num-

bers with star are expectable nilpotence heights, dark-colored numbers are nilpotence
heights of corresponding atomic squares.

Some results related to atomic squares can be infered from the Figure 2 as follows:

20 (20

Remark 3.1 There are two main results for atomic squares Sq —1) where integers

a>0andb>0:
(1) i) If a < ¢, then
Nil(Sqg*" =Dy < Nil(Sq* '),
ii) If b > d, then
Nil(Sqg** =Dy < Nil(5q* '),
wherea+b=n=c+d,c>0and d > 0.
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a\b 1 2 3 4 5 6 7
0 |12 33 7-4 15-5 316 63-7 127-8
1 [24 6-4 145 30-6 62-7 126-8 254-9
2 4-6 12-7 28-8 60-9 124-10 252-11 508-12
3 8-8 24-8 56-9 120-10* 248-11% 504-12% 1016-13%
4 16-10 48-11 112-12* 240-13% 496-14% 1008-15* 1032-16*
5 32-12 96-12 224-13% 480-14% 992-15% 2016-16% 2064-17*
6 | 6414 192-15% 44g-16* 960-17* 1084-18* 4032-19% 8128-20%
7 128-16 384-16% 896-17% 1920-18% 3968-19% 8064-20* 16256-21%
8 256-18 768-19% 1792-20* 3840-21% 7936-22% 16128-23% 32512-24*
9 512-20 1536-20* 3584-21% 7680-22* 15872-23% 32256-24* 65024-25%
10 | 1024-22 3072-23* 7168-24* 15360-25% 31744-26* 64512-27* 130048-28%
11 | 2048-24 6144-24% 14336-25% 30720-26% 63488-27% 129024-28% 260096-29%
12 | 4006-26 | 12288-27° | 28672-28" | 61440-29% | 126976-30° | 258048-31* | 520192-32°
13 | 8192-28 24576-28% 57344-29% 122880-30* 253952-31% 516096-32% 1040384-33*
14 | 16384-30 | 49152-31* 114688-32* 245760-33% 507904-34% 1032192-35* | 2080768-36*
15 | 32768-32 | 93304-32* 229376-33% 491520-34% 1015808-35* | 2066384-36* | 4161536-37*
. . . 20 (20 1)
Fig. 2 A table of the nilpotence height of Sq
. a(ob__
(2) n 41 < Nil(S¢* =) < 2n, where a + b = n.
The following conjecture is related to the nilpotence height of atomic square
a b__
Sq2 (21,
Congjecture 3.4 For all integers ¢ > 1 and b > 1,
. 20(20 1) b+ 2a, a is odd
Nil(Sq ) = .
b+2a+1,a iseven.
4 Conclusion
2(2v—1)

The goal of this work is to determine the nilpotence height of atomic square S¢q

for all integers b > 2. For this reason, we use a Maple package program and make some
calculations. An important conjecture is given in the last section about nilpotence

heights of all atomic squares Sgq
nilpotence in mod 2 Steenrod algebra.

29(2°—~1)

This results will be useful in the study of
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