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Abstract In this paper, we deal with nilpotency of atomic Steenrod squares. We prove that the

nilpotence height of atomic square Sq2(2
b−1) for all integers b ≥ 2 is b+2. Finally, we give a nilpotency

table, a remark and an important conjecture related to the nilpotence height of atomic squares.
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1 Introduction

The Steenrod algebra, first constructed by N. Steenrod [12], is the algebra of the
stable cohomology operations on mod 2 cohomology. It has a Hopf structure and its
dual is a commutative Hopf algebra which is isomorphic to the polynomial algebra in
generators ξk of degree 2k−1 (k ≥ 0). The Steenrod algebra is considerably studied by
researchers whose interests range from algebraic topology and cohomology theory, to
manifold theory, homotopy theory, differential topology, and more. For more details
and applications see [10,12] and for a history of the study of the Steenrod algebra see
[15].

The Steenrod algebra is one of the efficient tools in the hands of algebraic topologists
since the Steenrod operations which generate it, have played a central role in homotopy
theory. The structure of this algebra is important for applications to homotopy theory.
The Steenrod square operations Sqi : Hn(X;Z2) −→ Hn+i(X;Z2) which help us to
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solve some questions in algebraic topology where Hn(X;Z2) is the nth cohomology
group of X with coefficient Z2.

The determining the nilpotence height of the positive dimensional Steenrod oper-
ations was thought first by John Milnor in 1960’s. Important results related to this
problem have been given by Davis, Wood, Walker, Monks and Karaca up to now. Nev-
ertheless, due to the difficulty of structure of Steenrod algebra, a general solution for
this problem has not been found yet. The nilpotence height of Sq2

n

was conjectured
to be 2n+ 2 by Steve Wilson in 1975. Donald M. Davis showed that (Sq2

n

)2n+1 6= 0.
Moreover, Davis verified by computer calculation that

(Sq2
n

)2n+2 = 0 for n ≤ 5.

This was also verified for n = 6, 7 by Kenneth Monks. This conjecture was proved by
Walker and Wood [13]. They generalized this result for odd primes p in [14]. Monks [8]
determined the nilpotence height of Milnor elements P s

t when p = 2. Karaca used the
method of Monks [8] and showed that [4] the nilpotence height of Milnor elements P s

t

is exactly p
([

s
t

]
+ 1
)
. Monks [7] found the nilpotence of certain families of elements

Sqn. Karaca [5] adapted these results to odd primes. For example, Karaca [5] proved
that the nilpotence heights of

P

(
pk((p− 1)pm − 1) + 1

p− 1

)
and P (pm − 1)

are m+ 2 and m+ 1, respectively. Karaca gave some nilpotence relations of Steenrod
powers such as

Nil(P pr1+p−1,...,prn+p−1) ≤ min{k | rn < p(k−1)n − 1}

where r1, r2, r3, . . . are arbitrary integers. Ege and Karaca [3] determined the structure
of ideals for the mod p Steenrod algebra and calculated the nilpotence heights of some
Steenrod operations such as P 2p and P 2p+1.

This paper is organized as follows. In the next section, we give the construction of
the mod 2 Steenrod algebra and basic facts related to our study. In the section 3,
we prove some propositions and a theorem related to the nilpotence height of atomic
Steenrod square Sq2(2

b−1) for all integers b ≥ 2. We also give a conjecture on atomic
Steenrod squares. In the last section, we make a conclusion on this study.

2 Preliminaries

The Steenrod operation is a natural transformation

Sqi : Hn(X;Z2) −→ Hn+i(X;Z2)

that has certain conditions such as instability. Serre [11] showed that the Steenrod
squares Sqk generate all stable operations in the cohomology theory. Adem [1,2]
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showed that all relations in the Steenrod algebra are generated by the set of Adem
relations:

SqiSqj =

[ i

2
]∑

k=0

(
j − k − 1
i− 2k

)
Sqi+j−kSqk

for all i, j > 0 such that i < 2j.
The mod 2 Steenrod algebra A2 is the graded associative graded algebra over Z2

generated by the elements Sqi of degree i, i ≥ 0, subject to the Adem relations.
Serre [11] introduced the notion of admissible monomial. A monomial Sqi1Sqi2 ...Sqin

in the mod 2 Steenrod algebra is said to be admissible [12] if ih ≥ 2ih+1 for all h ≥ 1,
(in+1 = 0).

Serre [11] also showed that the set of admissible monomials is an additive basis for
the Steenrod algebra. Adem relations lead us to have a minimal algebraic generating
set for the Steenrod algebra. An element in grading i is called indecomposable [12] if
it cannot be written as a linear combination of products of elements of grading lower
than i and the squaring operations Sq2

k

are indecomposable and the Steenrod algebra
is generated as an algebra by Sq0 and the Sq2

k

for k ≥ 0.
Milnor [6] has shown that there is a unique algebra map ψ : A2 −→ A2 ⊗A2 such

that for all i ≥ 0

ψ(Sqi) =
∑

j+k=i

Sqj ⊗ Sqk

which makes it into a Hopf algebra.
Axiomatic description of the mod 2 Steenrod algebra is given in the following [11]:

1. For all integers i ≥ 0 and q ≥ 0, there is a natural transformation of functors which
is a homomorphism

Sqi : Hq(X;Z2) −→ Hq+i(X;Z2).

2. Sq0 = 1.
3. If dim x = n, Sqnx = x2.
4. If i > dim x, Sqix = 0.
5. (Cartan formula)

Sqk(xy) =
k∑

i=0

Sqix.Sqk−iy.

6. Sq1 is the Bockstein homomorphism β of the coefficient sequence

0 −→ Z2 −→ Z4 −→ Z2 −→ 0.

7. (Adem relations) If 0 < a < 2b, then

SqaSqb =

[ a
2
]∑

j=0

(
b− 1− j
a− 2j

)
Sqa+b−jSqj .

The binomial coefficient is taken mod 2.
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We would like to give some results from [6]. The mod 2 Steenrod algebra is a graded
Z2-vector space with basis all Sq(r1, r2, . . .) where ri ≥ 0 and ri > 0 for finitely many
i. Let R = (r1, . . . , rm). We will write SqR for the Milnor basis element Sq(r1, . . . , rm).
We recall that Sq(r,0,...) = Sqr where r is nonnegative integer.

The Milnor product is given by

Sq(r1, r2, . . .) · Sq(s1, s2, . . .) =
∑
X

β(X)Sq(t1, t2, . . .)

where the summation is taken over all matrices

X = (xij)

satisfying: ∑
i

xij = sj (2.1)

∑
j

2jxij = ri (2.2)

β(X) =
∏
h

(xh0, xh−11, . . . , x0h) ∈ Z2 (2.3)

where

(n1, . . . , nm) =
(n1 + . . .+ nm)!

n1! . . . nm!
.

Such a matrix X is called Sq(r1, r2, . . .) ·Sq(s1, s2, . . .)-allowable. Each such allowable
matrix yields a summand Sq(t1, t2, . . .) given by

th =
∑

i+j=h

xij . (2.4)

We note that x00 is never used and is assumed to be zero.
Let’s give an example about Milnor product of any two Milnor basis elements.

Example 2.1 We compute the Milnor product of Sq(2, 1, 3) and Sq(1, 0, 2). Let

Sq(2, 1, 3) · Sq(1, 0, 2) =
∑
X

β(X)Sq(t1, t2, . . .).

We now determine all coefficients β(X) depending on all matrices X.

From the Figure 1, we get the following coefficients:

β1(X1) =
3!

2!1!
.

0!

0!0!0!
.

4!

2!2!0!0!
= 18 ≡ 0 (mod 2)

β2(X2) =
2!

2!0!
.

0!

0!0!0!
.

2!

2!0!0!0!
.

1!

1!0!0!
≡ 1 (mod 2)

β3(X3) =
0!

0!0!
.

1!

1!0!0!
.

4!

2!2!0!0!
= 6 ≡ 0 (mod 2).
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Fig. 1 Matrices X1, X2 and X3

As a result, we have

Sq(2, 1, 3) · Sq(1, 0, 2) = β1(X)Sq(0, 2, 5, 0, 0) + β2(X)Sq(2, 1, 3, 1, 0)

+ β3(X)Sq(3, 1, 5, 0, 0)

= Sq(2, 1, 3, 1).

We recall that two important results about the nilpotence heights of some elements.

Theorem 2.1 ([7]) For all integers m, k ≥ 1,

Nil(Sq2
m(2k−1)+1) = k + 2.

Theorem 2.2 ([13]) For every integers n ≥ 0,

Nil(Sq2
n

) = 2n+ 2.

3 Main Results

Let x ∈ A. If xk = 0 and xk−1 6= 0 where x0 = 1, then we say that x has nilpotence k
and we write Nil(x) = k. In this section, we will determine the nilpotence height of

Sq2(2
b−1) for all integers b ≥ 2.

Proposition 3.1 For all integers b ≥ 2, we have

Nil(Sq2(2
b−1)) ≤ min{k | 2(2b − 1) < 2k−1 − 1}.

Proof. It is enough to show that (Sqn)k = 0 if n < 2k−1 − 1, where n = 2b+1 − 2 and
b ≥ 2 is an integer. Let SqT = Sq(t1,t2,...,th) be any summand of (Sqn)k−1. Let also
X = (x1j) be any SqnSqT -allowable matrix. From the definition of Milnor product,
we have h = k − 1. If we combine this with (2.2), we get

n =
k−1∑
j=0

2jx1j ≥
k−1∑
j=0

2j = 2k − 1.

Thus if n < 2k−1 − 1, then there are no SqnSqT -allowable matrices. So we conclude
that (Sqn)k = 0 and this completes the proof. ut
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Proposition 3.2 For all integers b ≥ 2, we have

Nil(Sq2(2
b−1)) > max{k | 2(2b − 1) ≡ −2 (mod 2k)}.

Proof. Let k be the largest integer such that

n ≡ −2 (mod 2k)

where n = 2b+1− 2 and b ≥ 2 is an integer. By Milnor product, for 1 ≤ h ≤ k, (Sqn)h

always has at least a nonzero summand which is given by

Sq(a1,a2,...,ah)

such that a1 + a2 + . . .+ ah = n. So we have

(Sqn)k 6= 0.

As a result, we get

Nil(Sqn) > max{k | n ≡ −2 (mod 2k)},

and this completes the proof. ut

Theorem 3.3 Nil(Sq2(2
b−1)) = b+ 2 for all integers b ≥ 2.

Proof. From Proposition 3.1, we have

Nil(Sq2(2
b−1)) ≤ b+ 2,

and by Proposition 3.2, we get

Nil(Sq2(2
b−1)) > b+ 1.

We conclude that for all integers b ≥ 2,

Nil(Sq2(2
b−1)) = b+ 2.

ut

Using a Maple package program created by Ken Monks [9], we get some important

results. For the nilpotence height of Sq2
a(2b−1), see Figure 2. In this table, num-

bers with star are expectable nilpotence heights, dark-colored numbers are nilpotence
heights of corresponding atomic squares.

Some results related to atomic squares can be infered from the Figure 2 as follows:

Remark 3.1 There are two main results for atomic squares Sq2
a(2b−1) where integers

a ≥ 0 and b > 0:

(1) i) If a < c, then

Nil(Sq2
a(2b−1)) < Nil(Sq2

c(2d−1)),

ii) If b > d, then

Nil(Sq2
a(2b−1)) < Nil(Sq2

c(2d−1)),

where a+ b = n = c+ d, c ≥ 0 and d > 0.
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Fig. 2 A table of the nilpotence height of Sq2
a(2b−1)

(2) n+ 1 ≤ Nil(Sq2a(2b−1)) ≤ 2n, where a+ b = n.

The following conjecture is related to the nilpotence height of atomic square
Sq2

a(2b−1).

Conjecture 3.4 For all integers a ≥ 1 and b > 1,

Nil(Sq2
a(2b−1)) =

{
b+ 2a, a is odd
b+ 2a+ 1, a is even.

4 Conclusion

The goal of this work is to determine the nilpotence height of atomic square Sq2(2
b−1)

for all integers b ≥ 2. For this reason, we use a Maple package program and make some
calculations. An important conjecture is given in the last section about nilpotence
heights of all atomic squares Sq2

a(2b−1). This results will be useful in the study of
nilpotence in mod 2 Steenrod algebra.
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