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Null 2-type Hypersurfaces in E° with all distinct principal curvatures
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Abstract In this paper, we prove that null 2-type hypersurfaces in Euclidean space E° with all
distinct principal curvatures of constant scalar curvature must be of constant mean curvature.
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1 Introduction

Let M™ be an n-dimensional, connected submanifold of the Euclidean space E™.
Denote by z, H, and A respectively the position vector field of M™, the mean curvature
vector field of M™, and the Laplace operator on M™, with respect to the Riemannian
metric g on M™, induced from the Euclidean metric of the ambient space E™. Then,
as it is well known, (cf. [1])

Az = —nH. (1.1)
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A submanifold of E™ is said to be of finite type [1,2,6] if the position vector = of M"
in E™ can be decomposed in the following form:

r=x9+ 1+ + Tg, (1.2)

where z( is a constant vector and z1,..., xj are non-constant maps satisfying Az, =
NTq, ¢ = 1,...,k. If all eigenvalues A\;, ¢ = 1,...,k are mutually different, then the
submanifold is said to be of k-type. A submanifold is called null k-type if one of A4,
q = 1,....k is zero. By taking xzy at origin, we have the following simple spectral
decomposition of x for a null 2-type submanifold M:

T =21+ T2, Ax1 =0, Ao = Ao, (1.3)
where A is non-zero constant. From (1.1) and (1.3), we have
AH = M. (1.4)

In 1991, B. Y. Chen proposed the following interesting problem [2]:

“Determine all submanifolds of Fuclidean spaces which are of null 2-type”.

In [3], B. Y. Chen has given the classification of null 2-type surfaces in the Euclidean
space B and proved that they are circular cylinders. In [10], it was proved that a null
2-type Euclidean hypersurface in E"*! with at most two distinct principal curvatures
is a spherical cylinder SP x R"~P. Later, in [4], Chen proved that a surface M in the
Euclidean space E* is of null 2-type with parallel normalized mean curvature vector if
and only if M is an open portion of a circular cylinder in a hyperplane of E*; and the
only null 2-type surfaces of the Euclidean space E* with constant mean curvature are
open portion of helical cylinders, by which we mean the product surfaces of a straight
line and a helix.

In 1995, Hasanis and Vlachos [11] proved that null 2-type hypersurfaces in E4 have
constant mean curvature. Recently, Chen and Garray in [5] characterized 0(2)-ideal
null 2-type hypersurfaces in Euclidean space are spherical cylinders.

In [8], U. Dursun classified 3-dimensional null 2-type submanifolds of the Euclidean
space E° with parallel normalized mean curvature vector. It was proved [9] that a
3-dimensional submanifold M of the Euclidean space E® such that M is not of 1-type
is an open portion of a 3-dimensional helical cylinder if and only if M is flat and of
null 2-type with constant mean curvature and non-parallel mean curvature vector.
Recently, Yu Fu have proved that every null 2-type hypersurfaces with at most three
distinct principal curvatures in a Euclidean space have constant mean curvature [12].
For more work in this field, see [7].

Therefore, in this paper, we have studied null 2-type hypersurfaces in E® with all
distinct principal curvatures.

We denote

ag = %[(3)\4 — )\2 - 2)\1)(A3 - )\2)2((«)414 - w%2)2
—(3A3 — A2 — 2A1) (A4 — A2)?(wls — wly)?,
by = %[(3)\4 — Az — 2A1) (A2 — )\3) (wig — wss)?
—(3A2 = A3 = 2\1) (M4 — ) (W%Q W33)Q]’
cy = %[(3)@ — A1 = 2X1) (A3 — A1) P (w3 — wiy)?
—(BA3 — As —2X1) (N2 — /\4) (W33 Wi4)2]7
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then, we conclude that:

Theorem 1.1 Let M be a null 2-type hypersurface in the Euclidean space E® with all
distinct principal curvatures. If as = 0, by = 0 and ¢ = 0, then it has constant mean
curvature.

In the following, we replace the condition that as = 0, bo = 0 and ¢y = 0 using the
geometric condition that the hypersurface is of constant scalar curvature. We obtain
Theorem 1.2 Let M be a null 2-type hypersurface in the Euclidean space E° with all
distinct principal curvatures. If scalar curvature of the hypersurface is constant, then
it has constant mean curvature.

2 Preliminaries

Let (M,g) be a hypersurface isometrically immersed in a 5-dimensional Euclidean
space (E°,g) and g = 9im-
Let V and V denote linear connections on E° and M, respectively. Then, the Gauss
and Weingarten formulae are given by
VxY =VxY +h(X,Y), V X,Y € [(TM), (2.1)

Vx§=—AeX, (2.2)
where & be the unit normal vector to M, h is the second fundamental form and A is
the shape operator. It is well known that the second fundamental form h and shape
operator A are related by

g(h(X,Y),§) = g(AcX,Y). (2.3)
The mean curvature is given by
1

H = ztraceA. (2.4)

The Gauss and Codazzi equations are given by
R(X,Y)Z = g(AY,Z2)AX — g(AX, Z)AY, (2.5)
(VxA)Y = (VyA)X, (2.6)

respectively, where R is the curvature tensor and
(VxA)Y =VxAY — A(VxY) (2.7)

forall X,Y,Z € I'(TM).
In [4], it is obtained that if M is not 1-type, then necessary and sufficient conditions
for M to be null 2-type in E° is

AH + HtraceA? = \H, (2.8)
AgradH + 2HgradH = 0, (2.9)
where H denotes the mean curvature. Also the Laplace operator A of a scalar valued
function f is given by [5]
4

Af ==Y (eieif = Veeif), (2.10)
i=1
where {ej,es,€3,€4} is an orthonormal local tangent frame on M.
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3 Null 2-type hypersurfaces with all distinct principal curvatures

In this section, we study null 2-type hypersurfaces M in E5. Since in [12], the case
that the hypersurfaces in arbitrary dimension of Euclidean space having number of
distinct principal curvatures at most 3 was studied. Therefore, we restrict to the case
that the principal curvatures are all distinct.

We assume that mean curvature is not constant and gradH # 0. Assuming non-
constant mean curvature, implies the existence of an open connected subset U of
M, with grad,H # 0 for all p € U. From (2.9), it is easy to see that gradH is an
eigenvector of the shape operator A with the corresponding principal curvature —2H.
Without losing generality, we choose e; in the direction of grad H and therefore shape
operator A of hypersurfaces will take the following form with respect to a suitable
frame {e1,e2,€3,e4}

—2H
A
AN = 2 s (3.1)
A4
where N is the unit direction of H.
The gradH can be expressed as
4
gradH = > e;(H)e;. (3.2)
i=1
As we have taken e; parallel to gradH, consequently
e1(H) #0,e;(H) =0, 1=2,3,4. (3.3)
We express
4
Vet =Y wher, i,j=1,2,3,4. (3.4)
k=1

Using (3.4) and the compatibility conditions (V.,g)(es, e;)=0 and (Ve,g)(es, €5) = 0,
we obtain . , ‘
W20, wlwl, =0, (3.5)

for i # j, and i,j,k =1,2,3,4.
Taking X =e€;,Y =e; in (2.7) and using (3.1), (3.4), we get

(VeiA>6j = ei()\j)ej + wajek(/\j - )\k)
k=1

Putting the value of (V,,A)e; in (2.6), we find

ei()\j)ej + wajek()\j — )\k) = ej()\i)ei + walek(/\z — )\k);
k=1 k=1

whereby for i # j = k and i # j # k, we obtain
ei(\) = (\i = Al = (A — AiJw

i
3’
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(N — Ajwl = (A — M), (3.7)
respectively, for distinct 4,5,k = 1,2, 3, 4.
Since \y = —2H, from (3.3), we get
€1 ()\1) ?é 0, 62()\1) = 0, 63(/\1) = O, 64()\1) =0. (38)
Using (3.3), (3.4) and the fact that [¢; ¢;](H) = 0 = Ve,e;(H)—Ve,e;(H) = wiei (H)—

)
whei(H), for i # j and i, j = 2,3,4, we find

Now, we show that A\; # A1, j = 2,3,4. In fact, if \; = Ay for j # 1, from (3.6), we
find .
e1(Aj) = (M — Aj)wj; =0, (3.10)

which contradicts the first expression of (3.8).
Since M has four distinct principal curvatures, from (2.4), we obtain that

A2+ A3+ Ay =6H. (3.11)
Putting ¢ # 1,7 = 1 in (3.6) and using (3.8) and (3.5), we find
wi; =0, i=1,2,34. (3.12)
Putting k = 1,5 # i, and 4,5 = 2,3,4 in (3.7), and using (3.9), we get
wh =wh =wl, =wl, =0, j#4, and i, = 2,3, 4. (3.13)

Now, using (3.4), (3.12) and (3.13), we have:

Lemma 3.1 Let M be a null 2-type hypersurface of non-constant mean curvature with
all distinct principal curvatures in Euclidean space E°, having the shape operator given
by (3.1) with respect to suitable orthonormal frame {ey,es,e3,e4}. Then,

Ve,ep =0, 1=1,234, Vel = —whe, i=2,34,
4 4
Ve, € = Z whey, i=2,3,4, Ve,e5 = Z wfjek, i,7 =2,3,4,
i#ll=1 j#k k=2

where wfj satisfy (3.5) and (3.6).

Evaluating ¢(R(X,Y)Z, W), using Lemma 3.1, (2.5) and (3.1), we find the following
(3.14)~(3.16):

Lemma 3.2 Let M be a null 2-type hypersurface of non-constant mean curvature with
all distinct principal curvatures in Euclidean space E°, having the shape operator given
by (3.1) with respect to suitable orthonormal frame {e1, €2, e3,e4}. Then, g(R(ey,e;)eq,
ei), g(R(er,ei)e;,ej) and g(R(ei, ej)ei, er) give the following:

er(wh) — (wiy)® = —2HN;, i=2,3,4. (3.14)
er(wl) —wlwh =0, i i,j =234, (3.15)
and ' ‘

respectively.
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Proof. From (2.5), (3.1) and using Lemma 3.1, for i = 2,3, 4, we have
o g(R(e1,ei)e1,e;) = g(Aes,er)g(Aer, e;) — g(Aer, er)g(Aei, ;) = 2HN;,

or,

ZH)\ g(vmv e1 — Ve v6161 - v[ewi]elvei) = g(VGI(_w’}iei) - wiliveiela 62') =
g(—er(wh)ei + (w 1)2%62) = —e1(wjy) + (wiy)?.

i g(R(elv ei)€i7 e]) = g(Aeiv ei)g(Aela e]) - g(Aeb ei)g(Aeiv 6]) = 07
1# j,1,5 = 2,3,4. Hence,

4
0=9 (Ve,Ve,6i—Ve,Ve,6i—=Vie,e€is€5) =9 | Ve, Z whel| =i Ve e, e;
il 1=1

4 4
_ l 1 l _ J 1.
=g E e1(wier | —wi; E wiiel | ,€j | =¢é1 (wm) Wi Wi

iALl=1 iALl=1
e g(R(ei,ej)ei,e1) = g(Aej, e;)g(Aei, er) — g(Ae;, e;)g(Aej, er) = 0,
i# 7,1,j = 2,3,4. Hence,

0= g(veivejei - Vej Ve, €; — V[eiej}eia 61) =g | Ve, Z w;‘gz‘ek:

J#kk=2
4 4
l
_vej Z wWiiel —Vveiej—vejeiei,m =g Z —l—w Vezek),el
iAlI=1 £k,
4
-9 Z u 6[ + wuvej el) - g(vve%e,-—vejeiei, el)-
i#£LI=1
Now,
4
(W AV =0
Y (el(wjz‘)ek +wj; e.ek),e1 | =0,
JF#k k=2

as Ve, ep is not having component along e; for i # k and for ¢ = k, w;z = 0. Similarly,

4
Z e+ wmvejel) e1) = ej(w}) + w“wil,
z;é J=1

4

9(Vv,,eceise1) = g( Z Wi Ve, i 1) = wi;g(Ve e, e1) = —wlwy,
k=2 k#j



Null 2-type Hypersurfaces in E> 7

and
4
9(Vv. ceier) =g( Y whVeeier) =wlig(Veeier) =0.
k=2,k#j
Therefore,

1 1,5 g, 1 _
ej(wy) + wjjwy; — wywy; =0,

whereby proof of Lemma 3.2 is complete. O
From (3.1), we find
traceA?= 4H? + \3 + 23 + \%.
Using Lemma 3.1, (2.10), (3.3) and putting the value of traceA? in (2.8), we obtain
—ere1(H) + (why + wis +wig)er(H) + HAH> + M3+ A5+ 7)) = AH.  (3.17)
Using (3.3), Lemma 3.1, and the fact that [e; e1](H) = 0 = V,e1(H) — Ve, e,(H),
for i = 2,3, 4, we find
Also, from (3.18) and using the fact that [e;e1](e1(H)) =0=V,,e1(e1(H))— Ve, ei(e1(H)),

we obtain
eiere1(H) =0, 1=2,3,4. (3.19)

Now, we have:

Lemma 3.3 Let M be a null 2-type hypersurface with all distinct principal curvatures
in Buclidean space E°, having the shape operator given by (3.1) with respect to suitable
orthonormal frame {e1,ez,e3,€e4}. Then,

4 H

#%:2 Wil =@ =X = Oy = 2P = )] =0, (3.20)
D wiil(wi; = wh) (B = A = 2M) —4H (A = X)*] = 0. (3.21)
J#Lj=2

Proof. The equation (3.11) can be written as
> X\ =6H. (3.22)

Differentiating (3.22) with e; and using (3.3), we get

4
ei(M)+ Y ei(M) =0, i=234. (3.23)
J#i,=2
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Differentiating (3.22) with e, e; successively and using (3.18), we have

4
eifer(M)+ D eiler(d;) =0, i=2,3,4. (3.24)
=2
Using (3.6) in (3.24), we find
4
ei(wi(hi — M)+ D elwj(A = M) =0, i =234,
=2
or,
4
ei(wh) (N — A1) +whei(N) + > [eilwl) (A — M) +wiei(\)] =0, (3.25)
J#ij=2

as e;(A1) = 0 from (3.3), for i = 2, 3,4. Also, equation (3.17) can be written as

4 4
—erer(H) + ) wjjer(H) + Y A H +4H® = AH. (3.26)
j=2 j=2

Differentiating (3.26) with e; and using (3.3), (3.18) and (3.19), we get

4 4
ei(wjj)er(H) + Y 2H\jei(A;) =0,
j=2 Jj=2
or,
4 4
eiwher(H) + > e(w)er(H) + 2HNes(Ai) + > 2HXjei(;) = 0.
i#5,j=2 i#5,j=2
Using (3.23) in the above, we find
. 2H
eilwh) == D leilw);) + ——= (N = Aei(hy)]. (3.27)
i#5,7=2 e1(H)

Putting the value of €;()\;) and e;(w};) from (3.23) and (3.27) in (3.25), we obtain
(3.20).
Next, using (3.19) and (3.22), for i = 2, 3,4, we get

4
Z eierer(Aj) =0,
j=2

4
= e;e1eq ()\l) + Z €161 ()‘]) =0,
i7£5,j=2
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which by use of (3.6),
4
= eerfwi(h— M)+ Y eerfw); (A — M) =0
i#,5=2
4
= eler(wi) (i — M) +wher( = A+ Y eler(wf) (N — A)
ij,j=2

+w]1-j€1(/\j - )\1)] = 0,
which by use of (3.14) and \y = —2H, gives
eil((@h)? = HAN) i = M) +wher (H)] + ) eil((w)y)® = HA)D(A = M)
igj=2
+wjser(H)] =0,
= [(2wjsei(wi) — Hei(M)) (i —An) +ei(N) (wip)® = HAi) +ei(wiy)er (H)]

+Z 2w jei(w Hel()\j))()\j—)\1)+e¢()\j)((wjl~j)2—H)\ )+ez( el (H)]=0,
i#£j,j=2
4 k) (2wh O — M) + ex(H)) + esO)(wh)? — 2B + Hv)

4
+ 3 [a(wh) 2wl (= A)Fen (H) e () (wh)2 — 2H ) +HA)] =0, (328)
i#j,j=2
Using (3.23) in (3.28), we get

4
ei(wii) (2wiz(Mi — M) + ex (H)) + Z lei(wjs) (2wj;(Aj = A1) + ex(H)) (3.29)
+62()‘])E?$]{]_)22 - (wili)Q — 2H>\j + 2H)\z)] =0.

Also, differentiating (3.23) with e;, we have

4

erei(Ai) + Z erei(Aj) =0,
i#§.j=2
which by use of Lemma 3.1, e;e; —eje; = Ve,e1 — Ve, €, = —wl-liei,
4
= ee1(N) + w}iei(ki) + Z 6161‘()\]‘) =0,
i#].j=2

which by use of (3.6) and (3.23),

4 4

= eilwi— M) — Y whe(h) + Y er(wl; (A — M) =0,

75,5 =2 i#5,j=2
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or,
4 4
ei(wh) (i = M) +whe(N) — D whe()+ Y len(wi) (A — )
i#§.4=2 i#§.4=2

+w§-j€1(>\j - )\1)] = 0,
which by use of (3.6), (3.23) and (3.15), gives

4 4
ei(wi) (A — A1) =2 Z whei(\j) + Z whwt (A = Ag)
i£5,5=2 i#7,j=2

(@] = A1) =W (i = A = 0,
whereby use of (3.6), we obtain

4

1 i
ei(wili) = —m Z Wjj(wyl'j - wili)(Q)‘j —Xi — A1) (3.30)
i#5,j=2

Using (3.15) and (3.30) in (3.29), we find

1 2e1(H)

Z i (ol — o1)2(3 . — N — It Sl S SR B Y W
o 2wj'[(wjj wn) (3)‘] AZ QAI) ()\z _ Al)( 7J wn)()‘J )\Z) (331)
JFvI=

—2H(\; — A% = 0.

Using (3.20) to eliminate e; (H) from (3.31), we find (3.21) and proof of Lemma 3.3
is complete. O

Now, we have:

Lemma 3.4 Let M be a null 2-type hypersurface with all distinct principal curvatures
in Buclidean space E°, having the shape operator given by (3.1) with respect to suitable
orthonormal frame {e1,ea,e3,e4}. If ag =0, bo =0 and co =0, then

Wi4 =0= Wa%s» WgQ =0= Wim ("‘)32 =0= W§3-
Proof. Putting i = 2,3,4 in (3.20), we find following:

wis[(Wis — wia) (A3 — A2) — ﬁ(& —A2)% (A2 — A1)

3.32

Wiy [(Wis — whs) (A = A2) = oy (A = A2)>(Aa = A1)] = 0, (3.52)

wh{(wis — wi2) Nz = A2) = oy (A3 — A2)* (A3 — A1) (3.33)
+wiy[(wiy — wis) (A = As) = gl (A = X3)2 (A3 = M) =0,

wis[(wiz — wig)(As — Aa) — ell(qu)()\B = A1)* (A1 — A1) (3.34)

+wis[(Wiy — wia)(Aa = A2) = oy (A = A2)* (A = M) =0,

respectively.



Null 2-type Hypersurfaces in E° 11

Similarly, by putting i = 2, 3,4 in (3.21), we get following:
w§3[(w33 wzz) (33 — A2 — 2\1) — 4H (A3 — A2)?]

3.35
+wi4[(wi4 - w22) (3)\4 - )\2 - 2A1) 4H()\4 - )\2)2] = 0, ( )
,  wnlwn ~ws3)* (32 — A3 —2h1) — 4H (A2 — As)’] (3.36)

Fwis[(wig — ws3)*(BAs — Az = 2A1) — 4H (Mg — A3)*] = 0,
wis[(w3a — W44) (32 — Ag — 2\1) — 4H (A2 — \y)?] (3.37)

+wis[(Wis — wig)?(BAs — Aa — 2A\1) —4H (A3 — A1)?] = 0,

respectively.
Eliminating w?; and w3, from (3.32) and (3.35), we have

H(/\g — )\2)()\4 — )\2)(11 +ag +az = 0, (3.38)

where
ap = (Mg — )\2)(‘*)%3 - w%z) (A3 )(W44 sz)
az = S22 [(30 = Xa — 201) (A3 — Ao)?(why — wiy)?
—(3A3 = A2 = 2M1) (M — A2)? (w33 — w3)?],

az = (‘*&4 - W%Q)(W?l,s W22)[(3)\3 - >\2 —2A1) (Mg )(W33 - W:QLQ)
—(8A1 = A2 = 2M1) (A3 — )\2)(“44 W%2)]'

Similarly, eliminating w3, and w}, from (3.33) and (3.36) and eliminating w3, and
wis from (3.34) and (3.37), we obtain

4H (A2 — A3)(Ag — A3)by + by + b3 =0, (3.39)
4H(}\3 — )\4)()\2 — )\4)01 +cot+c3 = 0, (340)
respectively, where
b1 = (A1 — )\3)(0%2 "‘)%3) — (A2 )\3)(“44 Wés)a

by = LG (BN — Ag — 2M1) (Ag — Ag)2(why — why)?
—(3h2 — A3 — 221) (Mg — A3)%(wiy — wis)?],

by = (‘*&4 - W§3)(W%Q - W?1,3)[(3>\2 — A3 —2A1) (Mg — >\3)(W22 W§3)
—(8A1 — Az — 2M1) (A2 — A3)(wig — wis)],

c1 = (A2 — )\4)(“’33 W44) (A3 — /\4)(W22 Wi4)»

ep = LIZUTI(330 — Ay — 20) (A — M) (why — why)?
—(3X3 = A1 = 2M) (A2 — Aa)*(wsz — wig)?),

3 = (wWyy — wig)(wiz — wig) [(BAs — Ay — 2X1) (A2 — Ag)(wiz — wiy)
—(3A2 — )\4 — 2)\1)(A3 — )\4)(&)%2 — O.)éh)] = 0
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Also, a1,b1, ¢ can be written as

a1 = (A1 — A2)wsg + (A2 — Az)wiy + (A3 — Ag)wso,

b1 = (A2 — Ag)wsg + (A3 — A2)wiy + (Ad — Ag)wyy,

c1 = (A2 — Ag)wig + (As — A2)wiy + (Mg — Ag)wyy,

and therefore, a; = —b; = —cy.
Also, ay = 0 gives

(3A1 — A2 — 2XA1) (A3 — A2)?(wiy — w3y)?

3.41
= (3)\3 - )\2 - 2)\1)(A4 - )\2)2((,0%3 — W%Q)Q. ( )

Using (3.41) in (3.38), we get
ai [4H()\3 — /\2)2 + (3)\3 — Ay — 2)\1)(&)%3 — w%z)z] =0. (342)

We claim that a; # 0. In fact if a; = 0, then combining it with (3.41), we get
A4 = A3, a contradiction to the fact that there are four distinct principal curvatures.
Therefore, from (3.42), we get that

4H()\3 - A2)2 -+ (3)\3 - )\2 - 2)\1)((,031)3 - w%z)Q =0. (343)

Using (3.41) and (3.43), we find

4H()\4 - )\2)2 + (3)\4 — Xy — 2)\1)((}.}414 — W%Q)Q =0. (344)
Using (3.43) and (3.44) in (3.35), we obtain
wgg()\?, — )\2)2 + wZ4()\4 — )\2)2 =0. (345)
Now, eliminating w3, from (3.32) and (3.45), we get
w2,a; = 0. (3.46)
From (3.46), we find w?, = 0 as a; # 0. Using it in (3.45), we get w3; = 0.
Similarly, we can show that w3, = 0 = w3,, wiy = 0 = wjs, whereby proving the

Lemma. O

Now, we have:

Lemma 3.5 Let M be a null 2-type hypersurface with all distinct principal curvatures
in Buclidean space E°, having the shape operator given by (3.1) with respect to suitable
orthonormal frame {e1,es,e3,e4}. If ag = 0, by = 0 and co = 0, then wiz = wiy =
wiy = Wiy = Wiy = wiz3 =0.
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Proof. From Lemma 3.4 and Lemma 3.1, we have
Ve, €3 = Wages, Ves€a = Wioey. (3.47)

Now, evaluating g(R(e1, e3)es, e4) and g(R(e1, e2)es, e4), using (2.5), (3.1) and (3.47),
we find
e1(w32) — wipws = 0. (3.48)

61(‘*’%3) - W§3W%2 =0. (3.49)
Putting j =4,k =2,i =3 in (3.7), we get
(A2 — A)wiy = (A3 — \g)wis. (3.50)
Differentiating (3.50) with e;, and using (3.48) and (3.49), we find
(e1(A2) —e1(Aa))wiat( Az — Aa)wiawss = (€1(A3) — €1 (M) Jwaz + (A3 — Aa)wazwsy. (3.51)
Putting the values of e;1(A2), e1(A3) and e1(\4) from (3.6) in (3.51), we obtain
Wi (Wag — wiy) = wz(Wss — wWiy)- (3.52)
Substituting the value of w3, from (3.50) in (3.52), we find
wipar = 0. (3.53)

As in the proof of Lemma 3.4, we have seen that assuming a; = 0 leads to con-
tradiction, therefore from (3.53), we obtain w4, = 0, which together with (3.50) gives
was = 0. Also, from (3.5), we get w3, = —w3, and wi; = —w3,, therefore, we obtain
w3, = 0, and w3, = 0, which together with (3.7) gives w?; = 0, and wj, = 0, whereby
proof of Lemma 3.5 is complete. 0O

4 Proof of the theorem

In view of Lemma 3.1, Lemma 3.4 and Lemma 3.5, we have
Ve, 1= —w}iei, Ve, € = wl-ll-el, Vee;j =0, i #7, 1,7 =2,3,4,

and evaluating g(R(e;, ej)e;, e;), we find

—whwl; = XX, i # G, 6,5 =2,3,4. (4.1)
From (4.1), we get
_w%2W§3 - )\2)\3, _W%Z{'dié\: == )\2)\47 —w31,3wi4 == )\3)\4 (42)

From (4.2), we get (4.3) and (4.4)
(wp)? = —(N)?,  (w33)* = —(Na)*,  (wia)? = — (M), (4.3)

(Waowsawis)? = —(A2AzAa)?. (4.4)
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From (3.14), we have

61(‘*’%2) - (Wéz)Z = —2H s, el(w?l,?,) - (W?l,3)2 = —2HA3,

ex(why) — (why)? = —2. 9
Also, equation (3.17) can be written as
—ere1(H) + Key(H) + 4H® + PH = \H, (4.6)
where K = w3y + wis +wiy, P =23+ A3 + A%
Moreover, using (4.2), (4.3) and (3.11), we get
K? = (w3 + wig +wjy)? = —(A2 + A3 + \g)? = —36H?, (4.7)

Aoz + Agdo + A3y = 18H? — g
We denote by Q = AaA3\4 and by L = wi,wiswl,. Then, using (3.6), we can write
e1(Q) = e1(A2Ag A1) = e1(A2) A3 s + e1(Az) Ao A + e1(Aa) Az e
= W%Q()\g — )\1)>\3)\4 + w§3()\3 — )\1))\2)\4 + wi4()\4 — )\1))\3)\2 (48)
= QK — )\1()\3)\4&)%2 + )\2)\4&]?1)3 + )\3)\2&]414),

which on using (4.2) gives
e1(Q)=QK —6HL (4.9)

Now, using (4.5), we compute
er(L) = 61(w§2w§3wi4) = el(wéz)wéswizl + 61(w§3)w%2wi4
+e1(wig)wizwss = [(w32)? — 2H AgJwgawiy + [(w33)? — 2HAswiowiy (4.10)
+[(Wi4)2 - 2HA4]W?1,3W%27
which on using (4.2) and (3.11) gives
el(L) = )\%)\3)\4 + )\:23)\2)\4 + )\421)\3)\2 4+ 6H A A3y = Q()\Q 4+ A3+ Mg+ GH),

Or,
er(L) = 12HQ (4.11)

Also, differentiating (4.4) along e, and using (4.11), we obtain
er(Q) = —12HL. (4.12)
Using (4.12) and (4.9), we have
e1(Q) = 2K Q. (4.13)

Differentiating (3.11) along e; and putting the values of e1(A2), e1(A3), e1(A4), using
(3.6), we find

()\2 — )\1)0)52 + ()\3 — )\1)&)%3 + (/\4 — )\1)&)4}4 = 661(H), (414)
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Again, differentiating (4.14) with e; and putting the values of ej(wi,), e1(wis),
e1(wi,), using (4.5) and (3.6), we obtain

2(A2 = A1) (w3)? + 2(A3 — A1) (ws3)” + 2(Aa — A1) (wiy)? — Ker(Ar)
—2H(P — oA — Ashi — AAy) = Geges (H).
Using (4.3), (3.11) and the fact that Ay = —2H in (4.15), we find
Kei(H)— (A3 + 23+ \}) —3HP — 12H? = 3eje1(H). (4.16)

On the other hand

A3 4+ A3+ A3 =33 h = (M2 + A3+ A) (A3 + A2+ 22 — Xadg — Mda — A3\y)
=6H(P—18H?+£)=9HP — 108H3

or,

(4.15)

A3+ A3+ =9HP — 108H3 + 3Q,

therefore (4.16) can be written as

Key(H) — 12HP + 96 H? — 3Q = 3e1e1(H). (4.17)
Combining (4.6) and (4.17), we find
9Keq(H) = 84H® — 15HP — 3Q + 3\H. (4.18)
Also, differentiating (4.7) with e;, we find
Ke\(K) = —36He; (H). (4.19)

Using (4.5) and (4.3), we find
e1(K) = (w32)” + (w33)” + (wia)® — 2H(A2 + Az + Aa)

= —A2ZN2 A2 12H? = —P — 12H7 (4.20)
Combining (4.19) and (4.20), we obtain
HP = —12H% — Ke,(H). (4.21)
Eliminating P from (4.21) and (4.18), we have
13Keq (H) = 3Q — SA\H — 264H°. (4.22)
Also, using (4.21) in (4.6), we get
ere1(H) = —8H? — \H. (4.23)

Differentiating (4.22) with e; and using (4.23), (4.19) and (4.13), we find
13Kejer (H) + 13e1(K)ey (H) = 3e1(Q) — 3Xe1 (H) — 792H?e, (H),

or,

36He, (H)

13K(—8H® — \H) + 13(— i

Yer(H) = 6KQ — 3\ey (H) — 792H?e; (H),
or,

—13[8K2H3 4+ K?\H + 36 He?(H)] = 6K2Q — 3\Ke, (H) — 7192H*Ke, (H),
which by use of (4.7) and (4.22), gives
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—13[8H3(—36H?) — 36 A\H> + 36 He?(H)] = 6(—36H?)Q
—(3A + 792H?) (BQ=BAI 264
676 He3 (H)=169(32H +4\H?)+312H2Q+(\+264H?)(Q—\H —88H?3).  (4.24)
Squaring (4.22) and using (4.7), we find
—676H2e2(H) = (Q — A\H — 88H?)2. (4.25)
Eliminating e?(H) from (4.24) and (4.25), we obtain
(Q — NH — 88H?)* = —169H (32H® + 4\H?>) — 312H3Q — H(\
+264H%)(Q — \H — 88H?),
or,
(Q — AH — 88H®)(Q — A\H — 88H® + \H + 264H>) = —169H (32H® + 4\H?)
—312H3Q,

or,

(Q — NH — 88H*)(Q + 176H?) = —169(32H° + 4\H?) — 312H°Q,
or,
Q* + Q176 H® — N\H — 88H?3) — 176 A\H* — (88 x 176)H® = —169(32H°
+4NH?*) — 312H3Q
Q? + Q(400H? — NH) + 500\H* — 10080H° = 0. (4.26)
Now, differentiating (4.26) with e;, we find
2Qe1(Q) + e1(Q)(400H3 — NH) + Qe1 (H)(1200H? — \)
+2000\H3eq (H) — 60480H%¢; (H) = 0,
which by using (4.13), gives
4Q%K + 2KQ(400H3 — MNH) + Qe1(H)(1200H? — \)
+2000\H3eq (H) — 60480H%¢e;(H) = 0,

or,

AQ2K? + 2K2Q(400H? — NH) + Ke1 (H)[Q(1200H2 — )
+2000\H? — 60480H°] = 0,
which by use of (4.22) and (4.7), gives

4Q2(—36 H2)+2Q(—36 H2) (400 H3 — \H )+ CO=8MI-26417) 15 (1900 12— )
+2000H3\ — 60480H3] = 0,

or,

48Q?H? + 24QH2(400H3 — AH) — Q28817 151900 2 — ))
+2000AH? — 60480 H°] = 0,
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or,
Q?[624H? — 1200H? + \|+Q[312H?(400H? — AH) — 2000\H3 + 60480 H5
+(1200H? — \)(AH + 88H3)] + (AH + 88H?)(2000\H? — 60480H°) = 0,
or,
Q*(\ — 576 H?) + Q[290880H° — 1200\H> — \?H]
+ (AH + 88H?)(2000\H? — 60480H°) = 0. (4.27)
In order to eliminate @ from (4.26) and (4.27) using Cramer’s method, we get
_ L2 JpAY)

2
Q A Y A )

Q

or,
(Ag2) (D) = (Lg)* =0, (4.28)
where
1 400H? — \H
A — 576 H? 290880H° — 1200\H3 — \2H

(10080H® — 500\ H*) 400H? — \H
(AH +88H3) (60480 H° —2000AH?3) 290880 H° — 1200 \H? — \>H

1 (10080H© — 500\ H*)
A\ —5T6H? (AH + 88H?3)(60480H> — 2000\H?)

Since A is constant, therefore, (4.28) becomes an algebraic equation of degree 16 in
H with constant coefficients. Thus, the real function H satisfies a polynomial equation
g(H) = 0 with constant coefficients, therefore it must be a constant, whereby proof
of main Theorem 1.1 is complete.

)

o

)

AQQZ‘

Ag =

5 Null 2-type hypersurfaces in E® with constant scalar curvature

In section 3, we have proved Lemma 3.4 and Lemma 3.5 using the condition that
as =0, by = 0 and ¢ = 0. In fact, we tried to prove the results without any condition
but it was not possible due to the fact that we were unable to show that the expressions
(3.38), (3.39) and (3.40) were non zero. It will be interesting if the condition can be
replaced by some geometric condition involving curvatures. In this section, we study
null 2-hypersurfaces with constant scalar curvature in E°.

Using (2.5) and (3.1), the scalar curvature p is given by

=12H? - \3 - )3 - \i. (5.1)
Using (2.5), (2.8), (2.10), (3.1) and Lemma 3.1, we find
—ere1(H) + (wag + wis +wiy)er(H) + H(16H? — p) = 0. (5.2)

For constant scalar curvature p, using (5.2), (3.18) and (3.19), we get
ei(w%Q + w?1>3 + U)i4) = 0? 1= 27 37 4. (53)

Now, we have
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Lemma 5.1 Let M be a null 2-type hypersurface with all distinct principal curvatures
in Euclidean space E° having shape operator given by (3.1) with respect to suitable
orthonormal frame {e1, ea,e3,e4}. If scalar curvature of the hypersurface is constant,

then

2 g, 2 3 _(0—,,3 4 _n_, 4
wig =0 =w33, wy =0=wyy, wy =0=uwss.

Proof. Operating with es on both sides of (5.1), (3.11) and using (3.6), we find
(/\2 — )\4)2(4}34 + ()\2 — )\3)20032)3 =0. (54)
Differentiating (5.4) along e; and using (3.6), (3.15), we get
[—2()\1 — )\2)()\2 — )\4)(,0%2 + (2)\1 + AQ - 3)\4)()\2 — )\4)&14{4]0)24 + [—2(A1 — )\2)()\2 -
A3)wy 4 (2A1 + A2 — 3A3) (A2 — Az)wsslwis = 0.
and using (5.4) in the above equation, we get
[2()\1 — )\2)()\3 - )\4)0.}%2 + (2)\1 4+ Aoy — 3)\4)()\2 — )\3)&)4{4
—(2)\1 + )\2 — 3)\3)(}\2 — )\4)(,0%3](4)24 =0.

Similarly, acting with e; and ey on (3.11), successively and using (3.6), (5.3), (3.16)
and (5.4), subsequently, we obtain

(Mg — A3)wig + (A3 — Ag)wyiy + (A2 — Ag)wiszlwiy = 0. (5.6)

Equations (5.5) and (5.6) show that either w3,, or the expression between square
brackets, has to vanish. We now prove that w?, has to be zero. In fact, if w?, # 0,
then the expressions between square brackets has to be zero:

2(/\1 — )\2)()\3 — /\4)00%2 + (2)\1 + Ay — 3)\4)()\2 — /\3)w4h

(5.5)

—(2)\1 + Xy — 3)\3)()\2 — A4)W§3 =0. (57)
(A1 = Az)wgy + (A3 — Ag)wiy + (A2 — Ag)wsz = 0. (5.8)
Eliminating w4, from (5.7) and (5.8), we get
(A2 = A3) (A2 = M) w3z + wiy) =0, (5.9)
which shows that
was + wi, = 0. (5.10)
If (5.10) is true, then using it to eliminate wis, from (5.7) and (5.8), we find
2()\1 — )\2)()\3 — )\4)&)%2 + [(2)\1 + Ay — 3)\4)()\2 — )\3) (5 11)
+(2)\1 + Ay — 3)\3)()\2 — )\4)]wi4 =0. ’
()\4 — )\3)(.«)%2 + ()\3 + Mg — 2)\2)&&4 =0. (512)
From (5.11) and (5.12), we obtain
(A2 = A3)(A2 — Ag) =0, (5.13)

which is contradiction of the fact that principal curvatures are distinct. Therefore,
w3, = 0, which gives w3; = 0 in view of (5.4).

In similar way, we can prove that w3, = w}, = Wi, = wis = 0, which completes the
proof of Lemma 5.1. O
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Next, we have

Lemma 5.2 Let M be a null 2-type hypersurface with all distinct principal curvatures
in Buclidean space E® having the shape operator given by (3.1) with respect to suitable
orthonormal frame {e1, ea,e3,e4}. If scalar curvature of the hypersurface is constant,
then Wiy = W3y = Wiy = W3, = w3, = wi; = 0.

Proof. Using Lemma 5.1 and proceeding in a similar way as in the proof of Lemma

3.5, we obtain (3.53). Whereby a; cannot be zero in view of (5.9), therefore, we get

Wiy = 0. Thereafter, proof follows as given in the proof of Lemma 3.5.

Using Lemma 3.1, Lemma 5.1 and Lemma 5.2 and using (2.5) and (3.1), evaluating
9(R(e2, e3)e2, e3), g(R(e2, eq)ez, ea) and g(R(es, eq)es, e4), we find (4.2). From (4.2),
we obtain (4.3) which gives Ao = A3 = Ay = 0, a contradiction to all distinct principal
curvatures. Whereby proof of the Theorem 1.2 is complete. O
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