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Abstract As in the results proved by Bogdanovié et al. [S. Bogdanovié¢, M. Ciri¢, P. Stanimirovié
and T. Petkovié, Linear Equations and Regularity Conditions on Semigroups, Semigroup Forum, 69,
2004, 63-74], all types of the regularity including regularity, (m,n)-regularity, and (p, ¢, r)-regularity
of elements of an ordered semigroup defined by inequations, called linear inequations are determined.
We prove that there are 16 types of the regularity of ordered semigroups defined by such inequations.
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1 Preliminaries

J. Von Nuemann [9] introduced the notion of regularity in rings and semigroups by: an
element a of a ring (semigroup) S is regular if the equation a = axa with the variable
x has a solution in S. This notion has been widely studied. Since then several kinds of
regularity of a semigroup such as left and right regularity, complete regularity, intra-
regularity, left and right quasi-regularity, (m, n)-regularity and (p, ¢, r)-regularity were
defined and studied by many authors (see [2], Section 1).

The problem of classification of all types of the regularity of semigroups (without
order) defined by equations of the form a = a™za™ with m,n > 0, m +n > 2 was
stated by Croisot [4]. The author showed that any of these equations determines either
the regularity, left, right or complete regularity (see in [3], Section 4.1). Similarly,
the problem concerning classification of all types of the regularity of elements of
semigroups (without order) defined by equations of the form a = aPzalya” with
p,q,7 > 0 was studied by Lajos and Szész [§].
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In [2], Bogdanovié et al. presented interesting results generalized the results obtained
by Croisot, Lajos and Szasz, mentioned in the last paragraph. Indeed, they determined
all types of the regularity of elements of a semigroup (without order) defined by
equations, called linear equations.

Now, a semigroup (S, ) together with a partial order < that is compatible with the
semigroup operation, meaning that, for any a,b,c in S,

a< b= ac<bc ca < ch,

is called a partially ordered semigroup, or simply an ordered semigroup (see [1] and
[5])-

For A, B non-empty subsets of an ordered semigroup (S,-,<), we write the set
product AB for the set of all elements xy in S where x € A and y € B. In particular,
if B ={y}, we write Ay for A{y}, and similarly for A = {z}. Moreover, we write (A]
for the set of all elements x in S such that z < a for some a in A, i.e.,

(A] ={x € S|z < a for some a € A}.

In particular, if A = {x}, we write (z] for ({z}]. It was observed (see, for example in
[7]) that the following conditions hold:

(AJ;
= (A] € (B];
C (ABJ;

An ordered semigroup (S, -, <) is said to be regular [6] if the inequations a < aza
with the variable z, is solvable in S. This is equivalent to say that a € (aSa] for all a
in S. In general, for non-negative integers m and n, S is said to be (m,n)-regular [10]
if the inequations a < a™xa™ with the variable x, is solvable in S. This is equivalent
to say that a € (a™Sa"] for all a in S. As in [8], for non-negative integers p,q and
r, S is said to be (p,q,r)-regular if the inequations a < aPxalya” with the variables
x,y, is solvable in S. Equivalently, a € (a?Sa?Sa"] for all a in S. The purpose of this
paper is to extend the results obtained in [2] to ordered semigroups. In fact, we prove
that there are 16 types of the regularity of elements of ordered semigroups defined by
inequations, called linear inequations.

The following notions concerning free semigroups will be used throughout the paper.
Let X be a non-empty set called an alphabet. The free semigroup and the free monoid
over X will be denoted by X' and X*, respectively. Let u,v € X . We say that u is
a subword of v, denoted by u | v, if v = pug for some p,q in X*. Otherwise, we write
u 1 v. The word u is said to be a prefiz of v if v = up for some p in X*, and a suffiz
of v if v = qu for some ¢ in X*. The number of appearances of the letter z in the
word u will be denoted by |z|,. The first letter (the prefix of length 1) of u will be
denoted by h(u) and called the head of u, and the least letter (the suffix of length 1)
of u is denoted by t(u) and called the tail of u. We denote the prefix of u of length 2
by h(®(u), and the suffix of u of length 2 by t()(u).
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2 Linear inequations

Let X be a countable alphabet whose elements are called variables. Let ¢ be a symbol
such that ¢ ¢ X, called a constant. Let L be the set of all words u € (X U {c})™
satisfying the following conditions:

(i) the constant ¢ appears at least once in u;
(ii) at least one of the variables appears in u;
(iii) any variable appears at most once in w.

Note that any word u € L is linear with respect to variables. We write

u(e, o1, . .., p)

instead of u to emphasize that {x1,xs,...,x,} is the set of all variables appearing in
u.

For u(e,xq,...,2,) € L, an expression of the form

c<ule,xy,...,xp)

is called a linear inequation, regqularity inequation or an inequation. For an ordered
semigroup (S, -, <) and a € S, an expression of the form a < u(a,x1,...,z,) is called
an inequation in S. This inequation is said to be solvable in S if there exist a1, as, ..., a,
in S such that a < u(a,ay,...,ay).

Let u(c,x1,...,2p), v(c,y1,...,ym) € L. We shall say that the inequation ¢ <
u(e, 1, ..., xy) implies the inequation ¢ < v(c,y1, ..., Ym), denoted by

c<ule,xy,...,xn) = c<V(C, Y1, s Ym)s

if for every ordered semigroup (S, -, <) and for every a € S we have

a <u(a,zy,...,xy,) is solvable in S = a < v(a,y1,...,Ym) is solvable in S.
The inequation ¢ < u(e,xq,...,2,) and ¢ < v(c,y1,...,Ym) are equivalent, denoted
by
c<ule,xy,. .. xn) ~e<v(e, Y1,y Ym),

if for every ordered semigroup (S, -, <) and for every a € S we have
a <u(a,x1,...,2z,) is solvable in S < a < v(a,y1,...,Ym) is solvable in S.

We now consider the equivalence problem for all linear inequations. The main result
(Theorem 2.17) will be proved by dividing into 16 lemmas.

Lemma 2.1 Letu = u(c,x1,...,x,) € L be such that |c|, = 1, h(u) # ¢ and t(u) # c.
Then
c<ule,z1,...,x,) ~c < xCY.

Proof. We consider an ordered semigroup (S, -, <) and a € S. Then
a<u(a,xy,...,T,)

has a solution in S if and only if a € (S%aS’] where i and j are the lengths of the
longest prefix and suffix of u not containing the letter ¢, respectively. That is, a < paq
where p € S* and g € S7. Then a € (S*aS7].
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Conversely, assume that a < zay has a solution in S. Then a < pag for some p, ¢ in
S. We have a < p™aq" for every n € N (let N denote the set of all positive integers).
Let s = max{i,j}. Then a < p°aq¢® € S'aS’, and hence a < u(a,z1,...,7,) has a
solution in S. O

Similarly, we have the following two lemmas.
Lemma 2.2 Let u = u(c,z1,...,2y,) € L be such that |c|, =1, t(u) = c. Then
c<ule,xy,...,2,) ~c < xC.
Lemma 2.3 Let u = u(c,z1,...,z,) € L be such that |c|, = 1, h(u) = c. Then
c<u(e,r1,...,2y) ~C <.

Lemma 2.4 Let u = u(c,x1,...,2,) € L be such that |c|l, > 2, ¢ u, h(u) # ¢ and
t(u) # c. Then

c<ule,xy, ..., xpn) ~c < zeycz.
Proof. We consider an ordered semigroup (5, -, <) and a € S. Then a < u(a, z1,...,2,)
has a solution in S if and only if
a € (S"aS? .. a8, (2.1)
where m > 3 and 41,12, ..., i, are respectively the lengths of the largest subwords of

u not containing c. That is, a < pagar where p € S, g € §%2 ... Sim-1 r c §im,
Conversely, assume that a < zayaz is solvable in S. That is, a < pagar for some
p,q,r in S. By induction on m, we will prove that (2.1) holds for any m > 3 and
11, ,0m € N.
Assume that m = 3. By a < pagar, it follows that a < p"a(gar)™ for all n € N.
Then, for i = max{iy,is,i3}, we have

a < p2i+1a(qar)2i+1

=p qar)'qar(qar)’
€ §1qS2q8"%.

2i+1a(

That is, a € (S aS®2aS™].
Suppose that (2.1) holds for some m > 3, i.e., a < p1apsa- - - pm_1ap, for some
p1 €8, ,pm € S'. Let ipy1 € N. Then, for i = max{i,,, im+t1},

a < p1apaa - - Pm—1aPm
< prapea- - - pm—1p* a(qar)* o,
= prapaa - - - pm—1p* " ta(gar) qar(qar) 'py,

€ 51 g8 ... §im-14GtmqGim+1

That is, ) , . . )
a€ (8"aS"?--- 8" 1aS"maS" 1.

a

The following three lemmas can be proved similarly.
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Lemma 2.5 Let u = u(c,x1,...,2,) € L be such that |c|l, > 2, ¢ u, h(u) # c and
t(u) = c. Then

c<ule,xy,...,2y,) ~ ¢ < zeye.

Lemma 2.6 Let u = u(c,z1,...,2,) € L be such that |c|l, = 2, ¢ u, h(u) = ¢ and
t(u) # c. Then

c<ule,z1,...,2,) ~ ¢ < cxey.

Lemma 2.7 Let u = u(c,x1,...,1,) € L be such that |c|, = 2, ¢ fu, h(u) = ¢ and
t(u) = c. Then

c<ule,r1,...,2,) ~ ¢ < cxe.

Lemma 2.8 Let k € N be such that k > 2. Let w = u(c,x1,...,2,) € L be such that
& | u, Fu, h(u) # ¢ and t(u) # c. Then

c<ule,r1,. .., &) ~C < acty.
Proof. Tt is clear that ¢ < u(c, 1, ...,z,) implies ¢ < zc*y.
Conversely, we consider an ordered semigroup (5,+, <) and a € S such that the

inequation a < za*y has a solution in S, i.e., a < paFq for some p,q in S. It suffices
to show that for every m > 2 and iy, ...,%, € N the following holds

a€ (Shaksizgh. .. gim-14kgin], (2.2)
This will be proceed by induction on m.
Case m = 2. By a < pa”q, it follows that a < p"a(a*~'q)" for every n € N. Thus,

for i = max{iy,i2}, we have

a < pi—l-la(akflq)i—l-l

_ piJrlakq(ak—lq)i

€ Sigkgiz,

That is, a € (S%a*S%].
Suppose that (2.2) holds for some m > 2. Then

a < pra¥pya® - pp_1a"py,
for some p; € S, ..., pm € S'. Let iy € N. Set pg = praFpea® - - pr_1. We have
po € S1akS® ... a*St—1 and a < poa®pm = (poaFHapm.
Then

a < (poa®1)"apl, for every n € N.
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Thus, for i = max{im, im+1}, we have

a < (poak_l)i%apf?f?’

= (poa® ") (poa® ") (poa*")ap};?
= (poa*™")*(poa"")'poa’p?
€ (S"aFs2ak ... §im1)2Gin gk Gimia
C S S2ak .. Gtk gim gk gimt,
That is,
ac (Silaksizak: o Sim,laksz‘maksim+l]_
O

Lemma 2.9 Let k € N,k > 2. Let u = u(c,21,...,2,) € L be such that c* | u,
FH b, h(u) # ¢, t(u) = ¢ and ) (u) # 2. Then

c<ule,xy,...,xn) ~c< zcFye.

Proof. Tt is clear that ¢ < u(c,z1,...,z,) implies ¢ < zc*yec.

Conversely, we consider an ordered semigroup (5,+, <) and a € S such that the
inequation a < za*ya has a solution in S, i.e., a < pa*qa for some p, ¢ in S. To prove
that the inequation a < u(a,z1,...,x,) is satisfied in S, it suffices to show that for
every m > 2 and i1, ...,%4y, € N the following holds

ac (§takS=2ak ... §in-14kGing),
As in the proof of Lemma 2.8 we have

ac (SilakSQak e Sim—laksim]‘

Thus
a < pakqa
— pad*qa
€ p(ShakSizak ... §in-1k S a*ga
C (p](silaksigak . Sim_laksim](ak—lqa]
g (psilak‘sizak . Sim,1aksimak—1qa]
C (ShabSi2a" ... §im-1gFGing].
Hence
a € ((ShakSi2ak ... §in-1gFGimg]] = (§1akS=2aF ... §im-14FSimq).
g

The following two lemmas can be proved similarly.
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Lemma 2.10 Let k € Nk > 2. Let u = u(c,z1,...,2,) € L be such that c* | u,
F b, h(u) = ¢, R (u) # ¢ and t(u) # c. Then

c<ule,x1,...,x,) ~c < cxcy.

Lemma 2.11 Let k € N,k > 2. Let u = u(c,z1,...,2,) € L be such that c* | u,
FH b, h(u) = ¢, h(u) # 2, t(u) = ¢ and t(u) # 2. Then

c<ule,xy,...,2p) ~c< cxcfye.

Lemma 2.12 Let u = u(c,x1,...,%,) € L be such that h(u) # ¢ and t* (u) = 2.
Then

c<ule,xy,...,x,) ~c < ac’

Proof. Clearly, ¢ < u(c,z1,...,x,) implies ¢ < zc?.

Conversely, we consider an ordered semigroup (.5,-, <), and let a € S be such that
a < za? has a solution in S, i.e., a < pa? for some p in S. To show that the inequation
a < ula,x,...,2z,) is solvable in S, it suffices to show that

a € (Silakl Si2ak2 . Simakm]

for every m € N and i1,...,4m, k1,.-.,knm € N. By a < pa?, it follows that a < pta’*!
for all t € N. And, for ¢ =41 +io + -+ -4y, + k1 + - - - + ki, we have

a < pla™t e §irakr§igke ... Gimghn,
That is, a € (St akrSi2qk2 ... Simghn]. O
Similarly, we have the following two lemmas:

Lemma 2.13 Let u = u(c,x1,...,2,) € L be such that h® (u) = ¢ and t(u) # c.
Then

c<ule,xy,...,x,) ~c <.

Lemma 2.14 Let u = u(c,x1,...,2,) € L be such that h® (u) = ¢ and t?) (u) = 2.
Then

c<ule,xy,...,x,) ~c < .

Lemma 2.15 Let u = u(c,xy,...,x,) € L be such that h(u) = ¢, h®(u) # ¢ and
t@)(u) = ¢®. Then

c<u(e,x1,. .., xy) ~ < cxc?.

Proof. Tt is easy to see that ¢ < u(c,z1,...,z,) implies ¢ < cwc?.

Conversely, we consider an ordered semigroup (.5, -, <) and a € S such that a < aza
is solvable in S, i.e., a < apa? for some p in S. It suffices to show that

2

a € (aSilakl Sizak2 e Simakm]

for every m € N and 41,...,%m,k1,...,km € N. As in the proof of Lemma 2.12 we

have , . A
ac (Suakl Sizgk2 ... Slmakm]‘
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Thus
a < (apa)a
& apa(Siia¥ §izab . §inahn]
C (apa)(S™ak §i2ak - .- §im gk
g (apasll klslz ko .. S’Lmakm]
C (aShab1Siaks . Simghn],
Hence
€ ((aShak 8%2ak2 ... §imakn]] = (aShak S%2ak2 . .. Simakn].
d

The following lemma can be proved in the same manner as Lemma 2.15.

Lemma 2.16 Let u = u(c,x1,...,%,) € L be such that h® (u) = 2, t(u) = ¢ and
t2(u) # 2. Then

c<ule,xy,...,x,) ~c < Cae.
We now state the main result of the paper:

Theorem 2.17 Let u(c,x1,...,2,) € L. Then the inequation ¢ < u(c,z1, ..., Tp) i
equivalent to one of the following inequations:

$Cy,

Q
8 fé

xeyez;
xeyce;

crey;

cre;

zcPy, for some k € N;
zcPye, for some k € N;
cxcty, for some k € N;
cxcFye, for some k € N;

00 ~J O U~ W N+

o ©
e e e e e e e e N S e e e e
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cxcs;

02.’L’C.

ST S o N oY N S S S o S oY T U Y oW e
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Proof. The proof of the assertion follows by Lemmas 2.1 - 2.16. O
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3 Regularity Conditions

Given an inequation ¢ < u(c, 1, ...,xy), the reqularity condition determined by this
inequation means an expression of the form

(c<ule,z1,...,2p)) .

And, we say that an ordered semigroup (S,-, <) satisfies the regularity condition

(¢ <ule,z1,...,2y)) if the inequation a < wu(a,z1,...,z,) is solvable in S for all
ain S.
Now, for any two regularity conditions
(c<ule,z1,...,2p))

<C (Cayla"'?ym)>7
Cx

we say that (¢ < u(c,x1,...,2y)) implies (¢ < v(c,y1,...,Ym)), denoted by

(e <ule,z1,. . xn)) = (e <v(e, Y1, -, Ym)) s
if for all ordered semigroups (S, -, <),
S satisfies (¢ < u(c,x1,...,2y,)) = S satisfies (¢ < v(c,y1,---,Ym)) -

And, these two regularity conditions are equivalent, denoted by
(e <ule,z1,. . xn)) ~ (e <v(C, Y1, -, Ym)) s
if for all ordered semigroups (S, -, <),
S satisfies (¢ < u(c,z1,...,2,)) < S satisfies (¢ < v(c,y1,..-,Ym)) -

For an arbitrary u(c,z1,...,z,) € L, using Theorem 2.17, we obtain that the regu-
larity condition (¢ < u(c,x1,...,xy)) is equivalent to one of the following conditions:
(c < zey);

¢ < cxey);
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