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Abstract Let p = (pn) be a sequence of nonnegative numbers and Pn :=
∑n
k=0 pk →∞ as n→∞.

Let the weighted general control modulo of the oscillatory behavior of integer orderm ≥ 1 of a sequence

(un) be denoted by (ω
(m)
n,p (u)). We prove that if the weighted generator sequence of a sequence u = (un)

of real numbers is summable to a finite number by the weighted mean method, (σ
(1)
n,p(ω

(m−1)(u))) is
increasing, the conditions

(λα − 1) lim sup
n

 1

P[λn] − Pn

[λn]∑
k=n+1

(ω
(m)
k,p (u))q

 1
q

= o(1), λ→ 1+, q > 1, α > −1

and

(1− λα) lim sup
n

 1

Pn − P[λn]

n∑
k=[λn]+1

(ω
(m)
k,p (u))q

 1
q

= o(1), λ→ 1−, q > 1, α > −1

are satisfied, and certain conditions on (pn) are hold, then (un) is slowly oscillating.
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1 Introduction

Let p = (pn) be a sequence of nonnegative numbers with p0 > 0 and

Pn :=
n∑
k=0

pk →∞ as n→∞.

The n-th weighted mean of a sequence u = (un) is defined [1] by

σ(1)
n,p(u) :=

1

Pn

n∑
k=0

pkuk.

Let (un) be a sequence of real numbers. If

un = vn +
n∑
k=1

pk
Pk−1

vk + u0,

for some v = (vn), we say that the sequence (un) is regularly weighted generated by
the sequence (vn) and (vn) is called a weighted generator of (un).

For a sequence (un),

un − σ(1)
n,p(u) = V (0)

n,p (∆u), (1.1)

where V (0)
n,p (∆u) =

1

Pn

n∑
k=1

Pk−1∆uk. Note that ∆un = un − un−1 and u−1 = 0.

Since σ
(1)
n,p(u) = u0 +

∑n
k=1

pk
Pk−1

V
(0)
k,p (∆u), (1.1) can be rewritten as

un = V (0)
n,p (∆u) +

n∑
k=1

pk
Pk−1

V
(0)
k,p (∆u) + u0. (1.2)

Therefore, we say that the sequence (V
(0)
n,p (∆u)) is called a weighted generator of (un).

The weighted classical control modulo of the oscillatory behavior of (un) is denoted

by ω
(0)
n,p(u) = Pn−1

pn
∆un. The weighted general control modulo of the oscillatory behav-

ior of integer order m ≥ 1 of a sequence (un) is defined in [2] by

ω(m)
n,p (u) = ω(m−1)

n,p (u)− σ(1)
n,p(ω

(m−1)(u)).

For a sequence (un), we define(
Pn−1
pn

∆

)
m

un =

(
Pn−1
pn

∆

)
m−1

(
Pn−1
pn

∆un

)

=
Pn−1
pn

∆

((
Pn−1
pn

∆

)
m−1

un

)
,

where

(
Pn−1
pn

∆

)
0

un = un, and

(
Pn−1
pn

∆

)
1

un =
Pn−1
pn

∆un.
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It is proved in [3] that for any integer m ≥ 2,

ω(m)
n,p (u) =

(
Pn−1
pn

∆

)
m

V (m−1)
n,p (∆u),

where V
(m−1)
n,p (∆u) = σ

(1)
n,p(V (m−2)(∆u)).

Throughout this work, the symbol [λn] denotes the integral part of the product λn.
A sequence (un) is called slowly oscillating [4] if

lim
λ→1+

lim sup
n

max
n+1≤k≤[λn]

∣∣∣∣∣∣
k∑

j=n+1

∆uj

∣∣∣∣∣∣ = 0.

If ω
(0)
n,p(u) = O(1) with

Pn−1
pn

= O(n) (1.3)

holds for a sequence (un), then (un) is slowly oscillating.
The weighted de la Vallée Poussin means of (un) are defined by

τ>n,[λn],p(u) =
1

P[λn] − Pn

[λn]∑
k=n+1

pkuk,

for λ > 1 and sufficiently large n and

τ<n,[λn],p(u) =
1

Pn − P[λn]

n∑
k=[λn]+1

pkuk,

for 0 < λ < 1 and sufficiently large n.
A sequence (un) is said to be summable by the weighted mean method determined

by the sequence p, in short, (N, p) summable to a finite number s if

lim
n
σ(1)
n,p(u) = s. (1.4)

If the limit

lim
n
un = s (1.5)

exists, then (1.4) is also exists. The converse is not necessarily true. However, (1.4) may
imply (1.5) by adding some suitable condition on the sequence (un). Such a condition is
called a Tauberian condition and the resulting theorem is called a Tauberian theorem.

Hardy [1] proved that the condition ω
(0)
n,p(u) = O(1) is a Tauberian condition for

the (N, p) summability method. Çanak and Totur [2] replaced the Hardy’s Tauberian
condition by

ω(1)
n,p(u) ≥ −H, (1.6)
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for some H > 0, and showed that if (un) is (N, p) summable to s and the condition
(1.6) is satisfied with certain conditions on (pn), then (un) converges to s. Recently,
Totur and Çanak [3] have introduced the condition

ω(m)
n,p (u) = O(1), (1.7)

where m is some nonnegative integer, as a general Tauberian condition for (N, p)
summability method.

Instead of recovering convergence of a sequence from the existence of (1.4) and some
additional condition, we can obtain more general information on the sequence (un) by
replacing the (N, p) summability of (un) by the (N, p) summability of the generator
sequence of (un).

Çanak and Totur [5] investigated conditions, which are given in terms of the weight-
ed general control modulo of the oscillatory behavior of order 2 of (un), under which

(N, p) summability of (V
(0)
n,p (∆u)) implies the slow oscillation of (un). In the light of

this information, Çanak and Totur [5] proved the following theorem.

Theorem 1.1 Let the condition (1.3) be satisfied. For a real sequence (un) let there
exist a nonnegative sequence M = (Mn) with slow oscilation of (

∑n
k=1

Mk

k ) such that

ω(2)
n,p(u) ≥ −Mn,

lim sup
n→∞

(
P[λn] − Pn

Pn

)
lim sup
n→∞

τ>n,[λn],p(M) = o(1), λ→ 1+,

and

lim sup
n→∞

(
Pn − P[λn]

P[λn]

)
lim sup
n→∞

τ<n,[λn],p(M) = o(1), λ→ 1−.

If (V
(0)
n,p (∆u)) is (N, p) summable to s, then (un) is slowly oscillating.

In this paper we obtain the slow oscillation of (un) from (N, p) summability of

(V
(0)
n,p (∆u)) by adding some conditions on the weighted de la Vallée Poussin means

of the qth power, q > 1, of the general control modulo of the oscillatory behavior of
integer order m ≥ 1 of (un).

2 Main Result

The main theorem of this paper involves the concepts of a regularly varying sequence
of index α > −1.

Definition 2.1 ([6]) A positive sequence (R(n)) is said to be regularly varying of
index α > −1 if

lim
n→∞

R([λn])

R(n)
= λα, λ > 0, α > −1. (2.1)

Throughout this section m is any nonnegative integer and q is any positive real
number greater than 1.
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Theorem 2.2 Let the condition (1.3) be satisfied and (Pn) be regularly varying se-

quence of index α > −1. For a real sequence (un), let (σ
(1)
n,p(ω(m−1)(u))) be increasing

and the conditions

(λα − 1) lim sup
n

(
τ>n,[λn],p((ω

(m)(u))q)
) 1
q

= o(1), λ→ 1+, q > 1, (2.2)

and

(1− λα) lim sup
n

(
τ<n,[λn],p((ω

(m)(u))q)
) 1
q

= o(1), λ→ 1−, q > 1, (2.3)

be hold. If (V
(0)
n,p (∆u)) is (N, p) summable to s, then (un) is slowly oscillating.

In the complex case, one of the conditions

(λα − 1) lim sup
n

(
τ>n,[λn],p(|ω

(m)(u)|q)
) 1
q

= o(1), λ→ 1+, q > 1, (2.4)

and

(1− λα) lim sup
n

(
τ<n,[λn],p(|ω

(m)(u)|)q)
) 1
q

= o(1), λ→ 1−, q > 1, (2.5)

is sufficient to recover the slow oscillation of (un) out of (N, p) summability of its
generator sequence.

Contrary to the main theorem, in the complex case we do not require the condition

that (σ
(1)
n,p(ω(m−1)(u))) is increasing.

We need the following lemmas for the proof of our theorem.

Lemma 2.3 ([2]) Let (un) be a sequence of real numbers.
(i) For λ > 1 and sufficiently large n,

un − σ(1)
n,p(u) =

P[λn]

P[λn] − Pn

(
σ
(1)
[λn],p(u)− σ(1)

n,p(u)
)

− 1

P[λn] − Pn

[λn]∑
k=n+1

pk(uk − un).

(ii) For 0 < λ < 1 and sufficiently large n,

un − σ(1)
n,p(u) =

P[λn]

Pn − P[λn]

(
σ(1)
n,p(u)− σ(1)

[λn],p(u)
)

+
1

Pn − P[λn]

n∑
k=[λn]+1

pk(un − uk).
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Lemma 2.4 For each integer m ≥ 1,

ω(m)
n,p (u) =

m−1∑
j=0

(−1)j
(
m− 1

j

)
Pn−1
pn

∆V (j)
n,p (∆u),

where
(
m−1
j

)
= (m−1)(m−2)...(m−j)

j! .

Proof. We do the proof by induction. For m = 1, we have

ω(1)
n,p(u) =

Pn−1
pn

∆un − V (0)
n,p (∆u) =

Pn−1
pn

∆V (0)
n,p (∆u)

=
0∑
j=0

(−1)j
(

0

j

)
Pn−1
pn

∆V (j)
n,p (∆u).

Assume the observation is true for m = k. That is, assume that

ω(k)
n,p(u) =

k−1∑
j=0

(−1)j
(
k − 1

j

)
Pn−1
pn

∆V (j)
n,p (∆u). (2.6)

We must show that the observation is true for m = k+ 1. That is, we must show that

ω(k+1)
n,p (u) =

k∑
j=0

(−1)j
(
k

j

)
Pn−1
pn

∆V (j)
n,p (∆u).

By definition,

ω(k+1)
n,p (u) = ω(k)

n,p(u)− σ(1)
n,p(ω

(k)(u)).

By (2.6),

ω(k+1)
n,p (u) =

k−1∑
j=0

(−1)j
(
k − 1

j

)
Pn−1
pn

∆V (j)
n,p (∆u)

−
k−1∑
j=0

(−1)j
(
k − 1

j

)
Pn−1
pn

∆V (j+1)
n,p (∆u).

Letting j + 1 = i in the second sum. Using this substitution

ω
(k+1)
n,p (u) =

k−1∑
j=0

(−1)j
(
k − 1

j

)
Pn−1
pn

∆V (j)
n,p (∆u)

+
k∑
i=1

(−1)i
(
k − 1

i− 1

)
Pn−1
pn

∆V (i)
n,p(∆u).

(2.7)
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In the second sum of (2.7), we rename the index of summation j, split the first term
off in the first sum and the last term in the second sum of (2.7), we have

ω(k+1)
n,p (u)=(−1)0

(
k−1

0

)
Pn−1
pn

∆V (0)
n,p (∆u)+

k−1∑
j=1

(−1)j
(
k−1

j

)
Pn−1
pn

∆V (j)
n,p (∆u)

+
k−1∑
j=1

(−1)j
(
k−1

j−1

)
Pn−1
pn

∆V (j)
n,p (∆u)+(−1)k

(
k−1

k−1

)
Pn−1
pn

∆V (k)
n,p (∆u).

Thus, we have

ω(k+1)
n,p (u) = (−1)0

(
k − 1

0

)
Pn−1
pn

∆V (0)
n,p (∆u) +

k−1∑
j=1

(−1)j
[(
k − 1

j

)
+

(
k − 1

j − 1

)]
Pn−1
pn

∆V (j)
n,p (∆u) + (−1)k

(
k − 1

k

)
Pn−1
pn

∆V (k)
n,p (∆u).

Since
(
k−1
j

)
+
(
k−1
j

)
=
(
k
j

)
, the last identity can be written

ω(k+1)
n,p (u) = (−1)0

(
k − 1

0

)
Pn−1
pn

∆V (0)
n,p (∆u)

+
k−1∑
j=1

(−1)j
(
k

j

)
Pn−1
pn

∆V (j)
n,p (∆u)

+ (−1)k
(
k − 1

k − 1

)
Pn−1
pn

∆V (k)
n,p (∆u)

=
k∑
j=1

(−1)j
(
k

j

)
Pn−1
pn

∆V (j)
n,p (∆u).

Thus, we conclude that Lemma 2.4 is true for every positive integer m. ut

3 Proof of Theorem 2.2

Since (V
(0)
n,p (∆u)) is (N, p) summable to s, we have

V (1)
n,p (∆u)→ s, n→∞. (3.1)

It follows from the identity

V (1)
n,p (∆u)− V (2)

n,p (∆u) =
Pn−1
pn

∆V (2)
n,p (∆u) = σ(2)

n,p(ω
(1)(u))

and (3.1) that

σ(2)
n,p(ω

(1)(u)) = o(1). (3.2)
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Hence, we get, by the identity (1.1),

σ(2)
n,p(ω

(m−1)(u)) = o(1), (3.3)

for any integer m ≥ 2.

Applying Lemma 2.3 (i) to σ
(1)
n,p(ω(m−1)(u)) we have

σ(1)
n,p(ω

(m−1)(u))− σ(2)
n,p(ω

(m−1)(u)) =
P[λn]

P[λn] − Pn

(
σ
(2)
[λn],p(ω

(m−1)(u))

−σ(2)
n,p(ω

(m−1)(u))
)
− 1

P[λn] − Pn

[λn]∑
k=n+1

pk

k∑
j=n+1

∆σ
(1)
j,p (ω(m−1)(u))

(3.4)

for λ > 1 and sufficiently large n. For the second term on the right-hand side of (3.4),
we have

1

P[λn]−Pn

[λn]∑
k=n+1

pk

k∑
j=n+1

∆σ
(1)
j,p (ω(m−1)(u))≤ max

n+1≤k≤[λn]

k∑
j=n+1

∆σ
(1)
j,p (ω(m−1)(u))

≤
[λn]∑

j=n+1

pj
Pj−1

ω
(m)
j (u).

Let q > 1 and 1
p + 1

q = 1. Applying Hölder inequality to the right-hand side of the

last inequality, we obtain

1

P[λn] − Pn

[λn]∑
k=n+1

pk

k∑
j=n+1

∆σ
(1)
j,p (ω(m−1)(u))

≤

 [λn]∑
j=n+1

( pj
Pj−1

)p 1
p
 [λn]∑
j=n+1

(
ω
(m)
j,p (u)

)q 1
q

≤ 1

Pn
(P[λn] − Pn)

1
p

 [λn]∑
j=n+1

(
ω
(m)
j,p (u)

)q 1
q

=
1

Pn
(P[λn] − Pn)

 1
P[λn]−Pn

[λn]∑
j=n+1

(
ω
(m)
j (u)

)q 1
q

=
P[λn] − Pn

Pn

(
τ>n,[λn],p

((
ω(m)(u)

)q)) 1
q

.
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Consequently, we get

− 1

P[λn] − Pn

[λn]∑
k=n+1

pk

k∑
j=n+1

∆σ
(1)
j (ω(m−1)(u)) ≥

−
P[λn] − Pn

Pn

(
τ>n,[λn],p

((
ω(m)(u)

)q)) 1
q

. (3.5)

Taking the lim inf of both sides of (3.4), we see that the first term on the right-hand
side vanishes. Therefore we deduce

lim infn(σ
(1)
n,p(ω(m−1)(u))− σ(2)

n,p(ω(m−1)(u)))

≥ lim infn

−P[λn]−Pn
Pn

(
τ>n,[λn],p

((
ω(m)(u)

)q)) 1
q


≥ − lim supn

(
P[λn]−Pn

Pn

)
lim supn

(
τ>n,[λn],p

((
ω(m)(u)

)q)) 1
q

by taking (3.5) into consideration.
Since (Pn) is regularly varying of index α > −1, we have

lim infn(σ
(1)
n,p(ω(m−1)(u))− σ(2)

n,p(ω(m−1)(u)))

≥ −(λα − 1) lim supn

(
τ>n,[λn],p

((
ω(m)(u)

)q)) 1
q

.

It then follows by the condition (2.2) that

lim inf
n

(σ(1)
n,p(ω

(m−1)(u))− σ(2)
n,p(ω

(m−1)(u))) ≥ 0. (3.6)

Similarly, applying Lemma 2.3 (ii) to σ
(1)
n (ω(m−1)(u)), we have

σ
(1)
n,p(ω(m−1)(u))− σ(2)

n,p(ω(m−1)(u)) =

P[λn]

Pn − P[λn]

(
σ
(2)
n,p(ω(m−1)(u))− σ(2)

[λn],p(ω
(m−1)(u))

)
+

1

Pn − P[λn]

n∑
k=[λn]+1

pk

n∑
j=k+1

∆σ
(1)
j,p (ω(m−1)(u))

(3.7)

for 0 < λ < 1 and sufficiently large n.
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For the second term on the right-hand side of (3.7), we have

1

Pn − P[λn]

n∑
k=[λn]+1

pk

n∑
j=k+1

∆σ
(1)
j,p (ω(m−1)(u))

≤ max
[λn]+1≤k≤n

n∑
j=k+1

∆σ
(1)
j,p (ω(m−1)(u))

≤
n∑

j=[λn]+1

pj
Pj−1

ω
(m)
j,p (u).

Let q > 1 and 1
p + 1

q = 1. Applying Hölder inequality to the right-hand side of the

last inequality, we obtain

1

Pn − P[λn]

n∑
k=[λn]+1

pk

n∑
j=k+1

∆σ
(1)
j,p (ω(m−1)(u))

≤

 n∑
j=[λn]+1

( pj
Pj−1

)p 1
p
 n∑
j=[λn]+1

(
ω
(m)
j,p (u)

)q 1
q

≤ 1

P[λn]
(Pn − P[λn])

1
p

 n∑
j=[λn]+1

(
ω
(m)
j,p (u)

)q 1
q

=
Pn − P[λn]

P[λn]

 1

Pn − P[λn]

n∑
j=[λn]+1

(
ω
(m)
j,p (u)

)q 1
q

=
Pn − P[λn]

P[λn]

(
τ<[n,λn],p

((
ω(m)(u)

)q)) 1
q

.

Consequently, we get

1

Pn − P[λn]

n∑
k=[λn]+1

pk

n∑
j=k+1

∆σ
(1)
j,p (ω(m−1)(u))

≤
Pn − P[λn]

P[λn]

(
τ<n,[λn],p

((
ω(m)(u)

)q)) 1
q

.

(3.8)
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Taking the lim sup of both sides of (3.7) we see that the first term on the right-hand
side vanishes. Therefore we deduce

lim supn(σ
(1)
n,p(ω(m−1)(u))− σ(2)

n,p(ω(m−1)(u)))

≤ lim supn

Pn−P[λn]

P[λn]

(
τ<n,[λn],p

((
ω(m)(u)

)q)) 1
q


≤ lim supn

(
Pn−P[λn]

P[λn]

)
lim supn

(
τ<[n,λn],p

((
ω(m)(u)

)q)) 1
q

by taking (3.8) into consideration.
Since (Pn) is regularly varying of index α > −1, we have

lim supn(σ
(1)
n,p(ω(m−1)(u))− σ(2)

n,p(ω(m−1)(u)))

≤
(

1− λα

λα

)
lim supn

(
τ<[n,λn],p

((
ω(m)(u)

)q)) 1
q

.

It then follows by the condition (2.3) that

lim sup
n

(σ(1)
n,p(ω

(m−1)(u))− σ(2)
n,p(ω

(m−1)(u))) ≤ 0. (3.9)

From (3.6) and (3.9) we have

σ(1)
n,p(ω

(m−1)(u))− σ(2)
n,p(ω

(m−1)(u)) = o(1). (3.10)

Using (3.3), we obtain

σ(1)
n,p(ω

(m−1)(u)) = o(1). (3.11)

By Lemma 2.4, we get

σ(1)
n,p(ω

(m−1)(u)) =
m−2∑
j=0

(−1)j
(
m− 2

j

)
Pn−1
pn

∆V (j+1)
n,p (∆u) = o(1). (3.12)

It easily follows from (3.2) and (3.12) that Pn−1

pn
∆V

(1)
n,p (∆u) = o(1). From the equality

Pn−1

pn
∆V

(1)
n,p (∆u) = V

(0)
n,p (∆u) − V (1)

n,p (∆u), we get V
(0)
n,p (∆u) → s as n → ∞ by (3.1).

We conclude by (1.2) that (un) is slowly oscillating. �
As a corollary, we have the following Tauberian theorem for (N, p) summability.

Corollary 3.1 For the real sequence u = (un), let (σ
(1)
n,p(ω(m−1)(u))) be increasing and

the conditions (2.2) and (2.3) be hold. If (un) is (N, p) summable to s, then (un) is
convergent to s.

Proof. Assume that (un) is (N, p) summable to s. It follows by the identity (1.1) that

(V
(0)
n,p (∆u)) is (N, p) summable to 0. By Theorem 2.2, (V

(0)
n,p (∆u)) is convergent to 0.

Since (un) is (N, p) summable to s, (un) is convergent to s by (1.1). ut
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Corollary 3.2 ([7]) For the real sequence u = (un), let (σ
(1)
n (ω(m−1)(u))) be increas-

ing and the conditions

(λα − 1) lim sup
n

(
τ>n,[λn]((ω

(m)(u))q)
) 1
q

= o(1), λ→ 1+, q > 1, α > −1

and

(1− λα) lim sup
n

(
τ<n,[λn]((ω

(m)(u))q)
) 1
q

= o(1), λ→ 1−, q > 1, α > −1

be hold. If (V
(0)
n (∆u)) is Cesàro summable to s, then (un) is slowly oscillating.

Proof. Take pn = 1 for every nonnegative integer n in Theorem 2.2. ut
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