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Abstract Given a primitive substitution, we define a binary operation “⋆” on P an infinite subset
of the positive integers. This binary operation is defined with the help of the numeration system
associated with the substitution. The pair (P , ⋆) is a semigroup. Let P ′ be the set generated by P
and {0} under the binary operation “⋆”. The pair (P ′, ⋆) is no longer a semigroup, it is a unital,
i.e. a set with a close binary operation with identity. We give conditions for (P ′, ⋆) to be finitely
generated. When the substitution is unimodular Pisot, we use (P ′, ⋆) in order to represent the self-
similar structure of the Rauzy fractal associated with the substitution.
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1 Introduction

Integer binary operations and in particular integer semigroups have been studied in
different context (cf. [17,18,2,26]). One of the well known binary operations is the
Fibonacci multiplication, introduced by Knuth ([17]). This operation is related to
the dynamical system obtained by the Fibonacci substitution (cf. [2]). It has been
generalized in different ways to the tribonacci substitution, see [26,20,21]. The author
studied the usage of binary operations on the set of non-negative integers, in order
to describe the self-similar structure of the k-bonacci substitutions ([26]) and on the
so-called flipped tribonacci substitution ([27]).
In the present paper, for a given primitive substitution, we introduce a binary

operation on an infinite subset of the positive integers and obtain a semigroup. This
operation is defined using the numeration system associated with the substitution, the
so called Dumont-Thomas numeration system. We extend this operation to a subset of
the non-negative integers. In this extension process we lose the associativity, therefore
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we end up with a unital. However the unital obtained, has a particular algebraic
structure called quasi-semigroup. In Section 2 we give the corresponding definitions.
In Theorem 2.2, we give conditions for this unital to be finitely generated.
When the substitution is unimodular Pisot, we use this unital to explore the self-

similar structure of the associated Rauzy fractal. In Theorem 3.2, we prove that if the
unital is finitely generated then one of the sets of the natural decomposition of the
Rauzy fractal is the fixed point of an iterated function system.

2 Substitutions and Automata

A substitution on a finite alphabet A = {1, . . . , k} is a map ζ from A to the set of
finite words on A, i.e. A∗ = ∪i≥0A

i. This map extends to A∗ by concatenation by
ζ(∅) = ∅ and ζ(UV ) = ζ(U)ζ(V ), for all U , V ∈ A∗. Let AN (respectively AZ) denote
the set of one-sided (respectively two-sided) infinite sequences in A. The map ζ is
extended to AN and AZ in the obvious way. We call u ∈ AN (or u ∈ AZ) a fixed point

of ζ if ζ(u) = u and periodic if there exists l > 0 so that it is fixed for ζ l.
The incidence matrix of the substitution ζ is defined as the matrix M = (Mij)

whose entries Mij is the number of occurrences of the symbol j in the word ζ(i), for
1 ≤ i, j ≤ k. We say the substitution is primitive if its incidence matrix is primitive,
i.e. all the entries of M l are positive for some l > 0. We shall assume through out the
article that the substitutions are primitive.
For a primitive substitution there are a finite number of periodic points. So, we can

assume without loss of generality that a primitive substitution has a fixed point, say
u = u1u2 . . . and u1 = 1, i.e. the first symbol of ζ(1) is 1.
Let W ⊂ A∗ = ∪i≥0A

i be a set of finite words on the alphabet A = {1, . . . , k}.
An automaton over A, A = (Q,W,E, I) is a direct graph labelled by elements of A.
Q is the set of states, I ⊂ Q is the set of initial states, W is the set of labels and
E ⊂ Q×W ×Q is the set of labelled edges or transitions. If (p,w, q) ∈ E we say that
w is a transition between p and q.
The prefix automaton of the substitution ζ (cf. [24]) is the automaton A=(Q,W,E,I)

so that

1. Q = A;
2. W = Pref, the set of proper prefixes of the words ζ(p), for p ∈ A. We shall denote

by e the empty prefix;
3. (p,w, q) is in E if p, q are elements of A, w ∈ W and wq is a prefix of ζ(p).
4. I = {1}.

The automaton reads words from left to right.
In Figure 1, it is shown the prefix automaton of the k-bonacci substitution, i.e.

ζ(1) = 12, ζ(2) = 13, . . . , ζ(k − 1) = 1k, ζ(k) = 1.
A finite path in the automaton A is a word in E, the set of transitions:

(pm, am, qm)(pm−1, am−1, qm−1) · · · (p0, a0, q0) (2.1)

such that qi = pi−1 for 1 ≤ i ≤ m and pm ∈ I; however we usually denote the paths
using only the labels, i.e. am · · · a0. We say that the path am · · · a0 terminates at the
state q0 and we say that the path passes through the state q, if there is i ∈ {0, . . . ,m}
such that pi = q, in (2.1). We generalize the concept of a path on the automaton, in



Representation of the self-similar structure of Rauzy fractals 3

1 2 3 4 ... ke

1 1 1 1 1

e

e

e

e

e

Fig. 1 The k-bonacci automaton.

the following way: we say that a path bn · · · b0 in A starts in the state p and terminates
in the state q, if for some m ≥ n there exists a path of type (2.1), such that bi = ai,
for 0 ≤ i ≤ n, with pn = p and q0 = q. See [11] for more on automata theory.

Theorem 2.1 ([24,9]) Let U be a non-empty prefix of u, the fixed point of the sub-
stitution ζ. Then there exists a unique path on the prefix automaton of ζ, labelled by
(an,an−1,. . . ,a0) such that an 6=e, the empty word and U=ζn(an)ζ

n−1(an−1) · · · ζ(a1)a0.
Conversely, to any such path, there corresponds a prefix of u, given by the above for-
mula.

Due to this theorem, we can associate a numeration system for the positive inte-
gers, in the following way: Let ǫ : N → W ∗, given by ǫ(n) = alal−1 · · · a1a0, where
al 6= e and U the prefix of u of length n whose expression according Theorem 2.1
is U = ζ l(al)ζ

l−1(al−1) · · · ζ(a1)a0. Furthermore this representation is unique. This
numeration system is called the Dumont-Thomas numeration system associated with
the substitution ζ (cf. [9,10]). For general numeration systems see [1,5,6,10,14,15].
We consider the following subset of positive integers:

P := {n ∈ N : ǫ(n) = al · · · a0, such that al · · · a0 is path in A

terminating at the initial state}.

We define “⋆” an binary operation in P, in the following way: Let n,m ∈ P, such that
ǫ(n) = alal−1 · · · a1a0 and ǫ(m) = brbr−1 · · · b0, so

ǫ(n ⋆ m) := alal−1 · · · a1a0brbr−1 · · · b0.

This binary operation is well defined since the paths in the
prefix-automaton, associated with the elements of P terminates at the initial state, so
we can concatenate them. It is clear that the operation ⋆ is associative. Hence (P, ⋆)
a semigroup.
However the binary operation ⋆ is not always commutative, e.g. in the Fibonacci

case, we consider ǫ(2) = 1e and ǫ(3) = 1ee, so ǫ(2 ⋆ 3) = 1e1ee = ǫ(10) and ǫ(3 ⋆ 2) =
1ee1e = ǫ(9), so 2 ⋆ 3 = 10 and 3 ⋆ 2 = 9.

If the word ζ(1) starts with the symbol 1, then in the prefix automation the tran-
sition (1, e, 1) is allowed, so e · · · ealal−1 · · · a1a0 is a path in A, and

ζ l(al)ζ
l−1(al−1) · · · ζ(a1)a0 = ζ l+i(e) · · · ζ l+1(e)ζ l(al)ζ

l−1(al−1) · · · ζ(a1)a0.
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By convention we say that ǫ(0) = e. Let P ′ be the set generated by P and {0}, by the
operation “⋆”. Clearly 0 ⋆ n = n, but n ⋆ 0 6= n, since in general,

ζ l(al)ζ
l−1(al−1) · · · ζ(a1)a0 6= ζ l+1(al)ζ

l(al−1) · · · ζ
2(a1)ζ(a0).

We point out that if n 6= 0 and ǫ(n) = alal−1 · · · a1a0, we always consider that al 6= e.
Hence the pair (P ′, ⋆) has a left identity. Moreover P ′ = P ∪ {0}, since 0 ⋆ n = n and
n⋆0 ∈ P. However (P ′, ⋆) is not a semigroup, consider ǫ(n⋆(0⋆m)) = al · · · a1br · · · b0,
since 0 ⋆ m = m and on the other hand ǫ((n ⋆ 0) ⋆ m) = al · · · a1ebr · · · b0, therefore
n ⋆ (0 ⋆m) 6= (n ⋆ 0) ⋆m. Observe that the associativity of n1 ⋆ · · · ⋆ nl fails only in the
case that ni = 0 with i ∈ {2, . . . , l}.

The algebraic structure of the pair (P ′, ⋆) is an unital magma or simply unital, a set
with a closed binary operation with identity, see [7]. However it has a richer algebraic
structure, it is a quasi-semigroup. We say that (S, ⋄) is a quasi-semigroup if ⋄ is a
closed binary operation on the set S, and there exists an element s0 in S with the the
property that (S \ {s0}, ⋄) is a semigropup.

In [28] different integer semigroups were defined, using the
Dumont-Thomas numeration systems, and studied by the author.

Let (S, ⋄) be a quasi-semigroup. In order to simplify the notation we denote (· · · (s1⋄
s2) ⋄ . . . sk−1) ⋄ sk by s1 ⋄ s2 ⋄ . . . ⋄ sk−1 ⋄ sk. We say that a quasi-semigroup (S, ⋄)
is finitely generated if there exists G = {s1, . . . , sm} with si ∈ S, such that for all
s ∈ S we have s = si1 ⋄ · · · ⋄ sil , for some l and sij ∈ G, 1 ≤ j ≤ l. The elements of
G are called generators of (S, ⋄). In a similar way we say that a semigroup is finitely
generated.

Let us consider the tribonacci case, and the numbers n1 = 0, n2 = 2 and n3 = 6
their representation are ǫ(n1) = e, ǫ(n2) = 1e, and ǫ(n3) = 11e. The corresponding
paths e, 1e and 11e, are all the paths in the prefix automaton that pass through the
initial state only when they start and terminate. Therefore all the paths that start and
terminate at the initial state are concatenation of these three paths. Hence the set P ′

is generated by these three numbers, i.e. for every n ∈ P ′, we have n = ni1 ⋆ · · · ⋆ nil ,
for some l ≥ 1. We point out that (P ′, ⋆) is finitely generated while (P, ⋆) is not, since
one of the generators, n1 is not in P. The same situation occurs for the k-bonacci
substitution for all k ≥ 2. This was considered in [26]. This is a special case of the
following theorem.

Theorem 2.2 The quasi-semigroup (P ′, ⋆) is finitely generated if and only if for any
state p in the prefix automaton, different of the initial state, the paths in automaton
from p to itself have to pass through the initial state.

Proof. Let us suppose that there is a state p in the prefix automaton A, different of
the initial state, i.e. p 6= 1; such that there is at least one path in A from p to itself
that does not pass through the initial state. Let cr . . . c0 be such path. By primitivity
there exist a path al . . . a0 in A from the initial state to p and bm . . . b0 a path in A

from p to the state 1. So we have the following paths in A: al . . . a0cr . . . c0bm . . . b0,
al . . . a0cr . . . c0cr . . . c0bm . . . b0 and so on. They start at the state 1 and terminate at
the state 1, but they do not pass through the state 1 in any intermediate step. Since

ǫ(al . . . a0 (cr . . . c0) · · · (cr . . . c0)
︸ ︷︷ ︸

s

bm . . . b0)
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are elements of P, for s ≥ 1 and the path cr . . . c0 does not correspond to an element
in P ′. We conclude P ′ is not finitely generated.

Let us suppose that the paths in the prefix automaton from any state, different from
the initial, to itself pass through the initial state. Since there is no path from any state
p, with p 6= 1, to itself that does not pass through the state 1, there is a finite number
of paths that pass only through the initial state when they start and terminate. Let
ajs . . . aj0 , for 1 ≤ j ≤ r, be these paths. And let n1, . . . , nr, the numbers in P ′, with
ǫ(nj) = ajs . . . aj0 . So, we have that any path in the prefix automaton that starts
and terminates at the initial state, is a concatenation of these paths. Therefore the
numbers n1, . . . , nr generate (P ′, ⋆). ⊓⊔

3 Rauzy Fractals

A substitution is Pisot if the Perron-Frobenius eigenvalue of the the incidence matrix
is a Pisot number and the characteristic polynomial is irreducible. i.e. all non-Perron-
Frobenius eigenvalues are nonzero and less than one in modulus. A Pisot substitution
is primitive [8]. A substitution is unimodular Pisot if it is Pisot and the absolute value
of the determinant of the incidence matrix is 1.
Let ζ be a unimodular Pisot substitution and M its incidence matrix. We order the

eigenvalues of M as follows:

λ, β1, . . . , βr−1, βr, βr, βr+1, βr+1, . . . , βr+s, βr+s

where λ is the Perron-Frobenius eigenvalue of M , the first r are distinct real eigenval-
ues and the last 2s are pairs of complex conjugate eigenvalues, r + 2(s+ 1) = k. We
identify Rr−1 ×Cs+1 with Rk−1. Let B be the matrix associated with the contractive
space of M , i.e.

B = diag(β1, . . . , βr−1, βr, βr+1, . . . , βr+s, βr+s).

Let ∆ : A∗ → Rk−1 be a map with the properties ∆(UV ) = ∆(U) + ∆(V ) and
∆(ζ(U)) = B∆(U), for all U, V ∈ A∗. There exists a map with these properties and
is called a valuation of ζ (cf. [16,29]).
Let

R :=







n∑

j=0

Bj∆(aj) : an · · · a0 is a path in the automaton A






,

where A is the closure of A in the standard topology of Rk−1. The set R is known as
the Rauzy fractal associated with the substitution ζ. The set R has positive Lebesgue
mesure and its boundary null Lebesgue measure (cf. [29]).
For i ∈ {1, . . . , k}, let

Ri :=







n∑

j=0

Bj∆(aj) : an · · · a0 path in A terminating at the state i






.

So {R1, . . . ,Rk} is a partition ofR into k subsets. It is called the natural decomposition
of R. The boundary Ri has null Lebesgue measure (cf. [29]). There is a long standing
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conjecture, the so called Pisot conjecture, that sets Ri have disjoint interiors. For
references on the Rauzy fractal and conditions under which the Pisot conjecture is
true, among other references see [23,3,8,16,22,29,25,30].
The natural decomposition of the Rauzy fractals satisfies the following equations

Rj =
⋃

i :Mij>0

fi,w,j(Ri), (3.1)

where i,j are states of the automaton A and (i, w, j) is a transition in A; the maps
fi,w,j(z) := Bz + ∆(w) and z ∈ Ri. This is a graph-directed iterated function system
or GIFS. Moreover {R1, . . . ,Rk} is the only compact solution of the equation (3.1),
since the maps fi,w,j are contractions and the matrix M is primitive. When a GIFS
has only a unique compact solution, we say that the solution is the fixed point of the
GIFS, or the attractor of the GIFS. For more details see [29] and for general properties
of GIFS, see [19] or [13].
The equation (3.1) can also be written as

Rj =
⋃

(i,w,j)∈E

fi,w,j(Ri), (3.2)

where E is the set of transitions in the automaton A.

We remark that if al · · · a0 is a path in the prefix automaton A, that terminates
at the state r, more precisely: (pl, al, ql)(pl−1, al−1, ql−1) · · · (p0, a0, q0) is a path in A,
with al 6= e, qi = pi−1, for 1 ≤ i ≤ l, pl = 1 and q0 = r, then we have

fp0,a0,q0 ◦ fp1,a1,q1 ◦ · · · ◦ fpl−1,al−1,ql−1
◦ fpl,al,ql(R1) ⊂ Rr.

In order to simplify the notation, we shall denote fa0
◦ fa1

◦ · · · ◦ fal
the map fp0,q0,a0

◦
fp1,q1,a1

◦ · · · ◦fpl,ql,al
. So we define R(n) := Fn(R1), where n is a positive integer with

ǫ(n) = al · · · a0, as before and Fn = fa0
◦ fa1

◦ · · · ◦ fal
: R1 → Rr. It follows from the

definitions:
R(n ⋆ m) = Fm ◦ Fn(R1).

For this reason we say (P, ⋆) represents the self-similar structure of the set R, and its
natural decomposition. Theorems 3.1 and 3.2 reinforce this concept.

Theorem 3.1 The union of the sets R(n), over all n ∈ P is the set R1, i.e.

R1 =
⋃

n∈P

R(n).

Proof. By previous remarks, clearly R(n) ⊂ R1, for all n ∈ P.

Let x ∈ R1 of the form
∑l

j=0B
j(∆(aj)), for some path al . . . a0 in A that starts

and terminates at the state 1, and al 6= e. Let n be the corresponding element in P,
i.e. ǫ(n) = al . . . a0.
For any z ∈ R1, we have

fa0
◦ · · · ◦ fan

(z) = B(· · ·B(B(z +∆(al)) +∆(al−1)) + · · · +∆(a1)) +∆(a0)

= Bl+1z +Bl(∆(al)) + · · ·+B(∆(a1)) +∆(a0)

= Bl+1z + x.
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Let us remark that 0 is an element of R1, since (1, e, 1) is a transition in the prefix
automaton and ∆(e) = 0. Taking z = 0, then fa0

◦ · · · ◦ fan
(z) = x, so x ∈ R(n).

If x ∈ R1, is not of the previous form, then it is the limit of points xlm =
∑lm

j=0B
j(∆(aj)), where alm . . . a0 are paths in A that start and terminate at the

state 1. In this case, we can denote x =
∑

j≥0B
j(∆(aj)). Let us fix a large l =

li, let ǫ(n) = al . . . a0, with al 6= e. By the previous argument xl ∈ R(n) and
fa0

◦ · · · ◦ fal
(R1) = R(n), so

R(n) = Bl+1(R1) + xl.

On the other hand, the point
∑

j≥0B
j(∆(aj+l)) is in R1, since for the infinite

increasing sequence {lm}m≥1, the paths alm . . . al1+1 are in A and they start and ter-
minate at the initial state. Hence |

∑

j>lB
j(∆(aj))| ≤ diameter(Bl+1(R1)). Therefore

we can conclude x ∈ R(n). ⊓⊔

An iterated function system or IFS on X ⊂ Rn is {g1, . . . , gk}, where gj : X → X are
contractions, for 1 ≤ j ≤ k. There exits a unique compact set K ⊂ X that satisfies:

K = g1(K) ∪ · · · ∪ gk(K).

We say that K is the fixed point or the attractor of the IFS (cf. [12]).

Theorem 3.2 If (P ′, ⋆) is finitely generated then the set R1 is the fixed point of an
IFS.

Before giving the proof of Theorem 3.2, we present some examples:

Example 1. Let us consider, the well known example of the tribonacci substitution.
Here the GIFS (3.1) is given by:

R1 = f1,e,1(R1)
⋃

f2,e,1(R2)
⋃

f3,e,1(R3), R2 = f1,1,2(R1), R3 = f2,1,3(R2);

where fi,e,j(z) = βz and fi,1,j(z) = βz +1, where β is one of the complex roots of the
polynomial x3 − x2 − x− 1.
As we remarked in Section 2, the set P ′ is generated by n1, n2 and n3, where

ǫ(n1) = e, ǫ(n2) = 1e and ǫ(n3) = 11e. So the set R1 is the fixed point of the IFS:
{Fn1

, Fn2
, Fn3

}. Where Fn1
(z) = βz, Fn2

(z) = β2z+β and Fn3
(z) = β3z+β2+β. Due

to the particular fact f1,e,1 = f2,e,1 = f3,e,1, we have that R is also is the fixed point of
the IFS: {G1, G2, G3}, where G1(z) = βz, G2(z) = β2z + 1 and G3(z) = β3z + β + 1.
As it can be noticed this property is a very special fact of the tribonacci substitution,
in general k-bonacci. This unital (P ′, ⋆) is related to the semigroup introduced and
studied in [26].

Example 2. Let ζ be the “flipped tribonacci” substitution: ζ(1) = 12, ζ(2) = 31,
ζ(3) = 1. Here the GIFS (3.1) is given by:

R1 = f1,e,1(R1)
⋃
f2,3,1(R2)

⋃
f3,e,1(R3),

R2 = f1,1,2(R1),

R3 = f2,0,3(R2).
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Fig. 2 Rauzy fractals of Examples 1 (left) and 2 (right) and their natural decomposition
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Fig. 3 The Rauzy fractal of Example 3 and its natural decomposition

Let β be one of the complex roots of the polynomial x3 − x2 − x− 1.
Since the valuation is ∆(e) = 0 and ∆(1) = 1, we have ∆(ζ(3)) = β∆(3), so ∆(3) =

β−1. Therefore the maps that define the GIFS are: fi,e,j(z) = βz, f1,1,2(z) = βz + 1
and f2,3,1(z) = βz + β−1.
The unital (P ′, ⋆) is generated by n1, n2, n3 the non-negative numbers whose repre-

sentation in the numeration system defined by Theorem 2.1 are ǫ(n1) = e, ǫ(n2) = 13
and ǫ(n3) = 1ee. So the set R1 is the fixed point of the IFS {Fn1

, Fn2
, Fn3

}. This
unital (P ′, ⋆) is related to the semigroup introduced and studied in [27].

Example 3. Let ζ be the substitution: ζ(1) = 12, ζ(2) = 3, ζ(3) = 1. The corresponding
semigroup P ′ is generated by ǫ(n1) = e, ǫ(n2) = 1ee. The natural decomposition
{R1,R2,R3} of its Rauzy fractal is the fixed point of the GIFS:

R1 = f1,e,1(R1)
⋃

f3,e,1(R3), R2 = f1,1,2(R1), R3 = f2,e,3(R2),

where fi,e,j(z) = βz and f1,1,2(z) = βz+1, where β is one of the complex roots of the
polynomial x3 − x2 − 1.
We can simplify the notation by introducing the maps g0 := fi,e,j and g1 := f1,1,2

HereR1 is the fixed point of the IFS {Fn1
, Fn2

}, where Fn1
:= g0 and Fn2

:= g0◦g0◦g1.
The set R2 is also the fixed point of the IFS {g1 ◦ Fn1

, g2 ◦ Fn2
}, similarly R3.
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Proof of Theorem 3.2. Let I := {i : Mi1 > 0} and i1, . . . , ir be its elements. Since
the fixed point of the substitution ζ starts with the symbol 1, then 1 ∈ I. Let us
suppose that i1 = 1.
Let Ci1 := {(1, w, 1) ∈ E}, where E is the set of transitions of the prefix automaton

A. For is ∈ I, let Cis be the set of paths
(pm, am, qm) · · · (p0, a0, q0) in the automaton A of type (2.1) such that pm = 1, q0 = 1,
p0 = is and qi 6= 1 for 1 ≤ i ≤ m, i.e. Cis is the set of paths in the automaton A such
that they start and terminate in the initial state and pass through the state is, just
before terminating.
Since P is finitely generated, according to Theorem 2.2, the sets Cis are well defined

and not empty.
By GIFS (3.1) or (3.2):

R1 =
⋃

i : Mi1>0

fi,w,1(Ri)

=
⋃

(1,w,1)∈Ci1

f1,w,1(R1) ∪
r⋃

s=2




⋃

(is,w,1)∈E

fis,w,1(Ris)



 .

If we use (3.2) to one of the terms of this identity, we get

⋃

(is,w,1)∈E

fis,w,1(Ris) =
⋃

(js,w,is),(is,w,1)∈E

fis,w,1(fjs,w,is(Rjs))

By Theorem 2.2, all the paths in A from any state to itself have to pass through
the initial state. So, iterating the previous identity, we eventually get to the state 1.
Therefore

⋃

(is,w,1)∈E

fis,w,1(Ris) =

⋃

(pl,al,ql)···(p0,a0,q0)∈Cis

fp0,a0,q0 ◦ fp1,a1,q1 ◦ · · · ◦ fpl−1,al−1,ql−1
◦ fpl,al,ql(R1).

Hence

R1 =
r⋃

s=1

⋃

(pl,al,ql)···(p0,a0,q0)∈Cis

fp0,a0,q0 ◦ fp1,a1,q1 ◦ · · · ◦ fpl−1,al−1,ql−1
◦ fpl,al,ql(R1). (3.3)

Let nj be the non-negative integers such that ǫ(nj) = al . . . a0, for
(pl, al, ql) · · · (p0, a0, q0) ∈ Cis , for 1 ≤ s ≤ r. We can say 1 ≤ j ≤ N , for some
N . So each nj is associated with a path in A that starts and terminates at the initial
state, and it does not pass through the initial state at any intermediate stage. On the
other hand all those paths are elements of some Cis . Therefore the n1, . . . , nN are the
generators of (P ′, ⋆).
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1 2 3 4 ... k

e, 1, . . . ,

m1−1

︷ ︸︸ ︷

1 · · · 1

m1

︷ ︸︸ ︷

1 · · · 1

m2

︷ ︸︸ ︷

1 · · · 1

m3

︷ ︸︸ ︷

1 · · · 1

m4

︷ ︸︸ ︷

1 · · · 1

mk−1

︷ ︸︸ ︷

1 · · · 1

e, 1, . . . , 1 · · · 1
︸ ︷︷ ︸

m2−1

e, 1, . . . , 1 · · · 1
︸ ︷︷ ︸

m3−1

e, 1, . . . , , 1 · · · 1
︸ ︷︷ ︸

m4−1

e, 1, . . . , , 1 · · · 1
︸ ︷︷ ︸

mk−1−1

e

Fig. 4 The automaton of the substitution of type (3.4).

1 2

3

e, 1, . . . ,

m1−1

︷ ︸︸ ︷

1 · · · 1

m1

︷ ︸︸ ︷

1 · · · 1

e, 1, . . . , 1 · · · 1
︸ ︷︷ ︸

m2−1

1 · · · 1
︸ ︷︷ ︸

m2
e

Fig. 5 The automaton of the substitution of type (3.4) with k = 3.

Let F (nj) be the maps defined before. By (3.3):

R1 = Fn1
(R1) ∪ · · · ∪ FnN

(R1).

Since the fi,w,j are contractions then Fnj
are also contractions. Therefore R1 is the

fixed point of the IFS {Fn1
, . . . , FnN

}. ⊓⊔

Corollary 3.3 If the set R1 is a fixed point of an IFS, whose maps are associated
with paths in pre-fix automaton then (P ′, ⋆) is finitely generated.

Proof. Follows from the proof of Theorem 3.2 ⊓⊔

Example 4. Let us consider the family of substitutions:

1 → 1 · · · 1
︸ ︷︷ ︸

m1

2, 2 → 1 · · · 1
︸ ︷︷ ︸

m2

3, . . . , (k − 1) → 1 · · · 1
︸ ︷︷ ︸

mk−1

k, k → 1,
(3.4)

with m1 ≥ m2 ≥ · · ·mk−1 ≥ 1. This is a generalization of the k-bonacci substitutions.
Their prefix-automaton can be seen in Figure 4, when k = 3 the corresponding au-
tomaton is shown in Figure 5. In these figures different transitions between two states
are represented by same “arrow”, with different labels. This family of substitutions
has been studied by different authors, for instance see [30].
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-1.0 -0.8 -0.6 -0.4 -0.2 0.2 0.4

-0.6

-0.4

-0.2

0.2

0.4

0.6

-0.8 -0.6 -0.4 -0.2 0.2

-0.5

0.5

Fig. 6 Rauzy fractals of Example 3 and their natural decomposition, with k = 3, m1 = 2, m2 = 1
(left) and m1 = m2 = 2 (right).

For simplicity, we suppose k = 3. Let β be one of the complex eigenvalues of the
incidence matrix of the substitution. The maps of the GIFS are: fijw = βz +∆(w),
where ∆(e) = 0, and ∆(1) = 1. Since w is of the form e or 1 · · · 1

︸ ︷︷ ︸

l

, ∆(w) = 0 or

∆(w) = l. In order to simplify the notation we introduce the maps gi,l,j(z) = fi,w,j(z),
where ∆(w) = l.
Let {R1,R2,R3} be the compact solution of the GIFS:

R1 =

(
m1−1⋃

l=0

g1,l,1(R1)

)

∪

(
m2−1⋃

l=0

g2,l,1(R2)

)

∪ g3,0,1(R3),

R2 = g1,m1,2(R1), R3 = g2,m2,3(R3).

Let si be the positive integers, such that ǫ(si) =

i
︷ ︸︸ ︷

1 · · · 1, for 1 ≤ m1 − 1. We define

ni :=







si, if 1 ≤ i ≤ m1 − 1;

m1 ⋆ si, if m1 ≤ i ≤ m1 +m2 − 1;

m1 ⋆ m2 ⋆ 0, if i = m1 +m2.

These m1 + m2 numbers are the generators (P ′, ⋆), mentioned in Theorem 2.2. Ac-
cording to Theorem 3.2, the set R1 is the fixed point of the IFS, {Fni

}m1+m2

i=1 , where

Fni
:=







f1,ǫ(si),1, if 1 ≤ i ≤ m1 − 1;

f2,ǫ(si),1 ◦ f1,ǫ(m1),2, if m1 ≤ i ≤ m1 +m2 − 1;

f3,e,1 ◦ f2,ǫ(m2),3 ◦ f1,ǫ(m1),2, if i = m1 +m2.

This fact allow us to have to have an easy description of the self-similar structure of the
other sets of the natural decomposition, since
R2 = f1,ǫ(m1),2(R1), and R3 = f2,ǫ(m2),3 ◦ f1,ǫ(m1),2(R1).
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1 2

3

e

1

e

1

12 e

Fig. 7 The prefix automaton of the Kolakoski substitution.

Example 5. The substitution ζ(1) = 123, ζ(2) = 12, ζ(3) = 2, is known as theKolakoski
substitution and it has been studied in [4]. Its prefix automaton is shown in Figure 7.
This substitution is Pisot unimodular, however (P ′, ⋆) is not finitely generated, since
there is a transition from the state 2 to itself. According to Corollary 3.3 the elements
of the natural decompositions are not fixed points of IFS, whose maps are associated
with paths in the prefix automaton.
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