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respectively. The whole Finsler connection (i.c.. Dg i i
s Finsle .C.. xo-0) 1s deter
by taking account of the intrinsic behaviour of v (i.c.. g)s Alzd sorilz ;1111;1:]:?0(:1(}

problems such as the averaging process < >, ete. have been considered

under the assumplion of ,osculation” y ‘
er the assi o g = y(x). In future, some other essenti
Lunifications™ of v (x) and Ay (v) should be investigated. v
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NON-HOLONOMIC FRAMES IN A FINSLER SPACE
BY
HIDEO IZUMI

§0. Introduction. Let M be an % dimensional manifold with coor-
dinate chart (U,®p) and T(M)=(T,=, M, V) a tangent vector bundle
with extended coordinate (ex-c.) chart (=7*(U), ®@y) such that, for a vector
yer(U), =(y)=p U, Oy{p)=(x) =R, and by means of natural frame
(8] 95)p, We see y=3'(8]dx"),, then we have ®y(y)=(x', ¥")e. Let us denote
by M, a manifold of non vanishing vectors, that is, Mj:= T(M)—{0},
which is called a line element space. An n-dimensional Finsler space F My
F(x, %)) is a manifold M, with a Finsler metric I(x, 3).

The purposes of the present paper are to show the existence of non-
holonomic frame (U, X%) in My with non linear connection N on using the
theory of G-structure and to introduce absolute parallel connection (AT)
associated with non-holonomic frame and lastly to investigate a Finsler
space with metric F(x, ¥)=f(E*(x, ¥)).

Notations used here are the same as those in [2].

§1. Preliminaries of Finsler space and the existence theorem. It is
well known that in a Finsler space the non linear connection N=(Gf) is
determined by a Finsler metric F(x, y) uniquely. Generally, using non linear
connection N=(Nj), the tangent space T,(My) at y is decomposed into
two distributions H, (M) and V(M) in the following way. For the basis
(3]3x")y and (3/3y*),, we shall introduce a set of new basis of T{My) :

—;a\f g) d==dx—Ndy, d'=2y,
where, for the brevity, we use the matrix notation :

d=(dy), d'={(d(n}; dx=(3[2x"), dy=(3/ay") and 8=(3}).
The dual basis of {d,d’) are given by

. = . O) dx); f=dx, O =dv+Ndx,
0’ N 3)\dy '

where 0=(0Y, 0'=(8") and dx=(dx), dy=(dy%). The distributions
H, and V, are thc linear spaces spanned by (d;), and (44}, respectively
or equivalently, we find

(d, d') :=(dx, ay)(
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Hy(My)={X € T,(M,) | 0'(X)=0l.
VM) ={X €T,(My) | 0(X)=0}.

B On the in_tcrsect_ion of two ex-c. chart, we have cx-c. transformation
' ¥i=pi{y), viepdy?; pio=ou'fdx’ and it is known that

(1)

-, ) - . -
ip.—-{i, i!.l,--d * or (“l, dr)=(t1’ d:) ([-'- 0 ],(9) — (\I-L O)(O)' p:(“j‘)
0=p0, & =nt, 0w\ 0 pJ\y

Hence we find from (1.1} that., under any cx-c. transformation p’,
(A1) two distributions H, (M7} and V(M) are preserved.

Because the distributions f,, V, and 7,3} arc isomorphic to R,
we can define horizontal (vertical) lift Iy(/") as follows:

Ly Ty(M)—>H,(Mz) [ by . (22)p :=(d),={8x),— N{8%),,
I TAMY=>V (M) | 7. (3x), i =(2')y=(2%),.

Let L(M)=(L,~, M,GL(»)}) be a frame bundle of M with ex-c.
chart (zv7(U), Oy): zo={za} =L, za:5=2(9[2x%),; =(z.)=7(2s)=p, Gylz,) =
=(x', z3), where n-vectors z, form a set of basis of T,(M). On the other hand,
the frame bundle L{Mz)=(L, 7, M7, GL(2n)) of M, consists of 2n basis
vectors of T,(My). Let us denote Py the image of the product lift Iy =
e=ly %V L(M)—>L{M3). On taking account of (1.2}, we find that, for u=
—(B, BYe Py, B=(B,), B'=(B), we get B: =l; .z, B': ="z, and

=

then B,=zid,, Ban=2n; (B. B)=(d, a’-’)(o O] , 2e=(z%).

(1.2)

~

Thus we shall define the action of geGL{n) to u=Py as follows:

ug : —(Bg, B'g)=(B, B') (g 0), T =(g O)ecT: — D(GL(w) C GL(2#),

0 g 0 ¢
so that (A1) is satisfied. Evidently Py(M7)=(Py, %, My, GL(n)) is a ma-
nifold with ex-c. chart (T '="(U), ®y) and can be identified with the sub-

frame bundle Bz=(Py, =, M7, G) of L(M ;). Summarizing the above stated,
we can understand that, in virtue of the existence of non linear connection
N, the structure group GL(2#) of the framec bundle L{M;) is reducible

to its sub-group G=D(GL(n)). Hence from the thcory of G-structure
[1], we find that, for each y & M 5, there exist a ncighbourhood GC My of ¥
and a differential map o U—L(My) such that o(U)C Bg. Morc precisely
for a vector y € U and g, we have a(y)=(X, X') € Bz=Py and hence there,
exist a matrix X=(Xi(x, »)) €GL(n) such that X, :=X¥(d,), and X}, :=
= X3¥(ds), are the sct of basis of T\(Mr) which satisfies (Al). A pair (U, X&)
is called a non-holonomic frame on UC My Evidently UC 7:'1::((7), we see
Dy(y)=(x, ¥') for any y=U. On the other hand, we can define a non-holo-
nomic (n.h.) chart (Ef, (5) such that ®(y)=(x', £%(x, y)), where ®y(n{y))=
—(xY), U=r(T) and y=E*(X.)5. Thus we can state.
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Theorem 1.1, [f therc is given o non linedr connection N 11 a line
elemtent s pace Mg, we fave a seb of um.',-}z.-;lonownq fn:ma a:n‘d ils non-fiolonom%c
coordinate system which preserve the decomposition of T ,(Myp) with respect

e w lincar conncclion N,
v éw(ﬁa:fﬁrﬁk. This result is available to any manifold (M, Nitx, »)).

As the usual way, a connection form w=(w!) of T*(My) gives the
decomposition  of the tangent space T Py(My)) at w=Py, that 1,
T, (Py) =Tu(Py)DG.(Py) such that

I(Py) = (X € Tu(Py) |8(X)=0} Gu(Py}: ={&< W(Py) | B(X)=0}.

where &= (w§) and 6=(0, 0" ;
& : =z Hdztoz), D mmzordx, 071 =z dy-+Ndx), 23=(2}).

For the manifold (Mr, Ni(x. 3)), we have a natural connection parameter
(NDYNE, Gie)s Gl : =2,N¢ and then yoj=Gj dx*. For a Finsler SP(?;“C
(Mg, F(x, ), it is well known that we have two types of connection (CF)
(G, *I%, Ch) and (BFY(GI, Gix). Using conncction parameters, for example
of (CF), we obtain the dual basis of 8, 6,6 as follows :

H, ::—'—z;(di_*Fi,;Li:): H(a:'~=z¢§(d(u'—cl:ij‘¢).-

10 —ziajex, Lii=zia|ad;

where L2 is the basis of left invariant vectors of T(GL(%)) or the element
of Lie :flgebra of GL(#). Two distributions I',(Py) and G,(Py) are the

i 4 ively. The covariant
linear spaces spanned by Hs H and L, respectively. 1
differen?ial D=h* .don FPyMy)or 3 on Mydefined by as usual way. Under

ex-c. transformation p', the connection « is transformed as dp 4_—&')-9_--[,:.:.)
so that 3v'=p!ds’. Hence we see that, under any ex-c. transformation p’,
(A2) parallelism s preserved.

For the manifolds (M, Ni(x, 3)) and (Mg, F(x, ¥)), we see
(A3) B =3y=dy+owy.

§2. Nom-holonomic objects 1), and C}. The dual basis of n.h. frame

A i 2 . yayi__%xa

(X X are defined by 0%=X{dx!, 8‘“’=X;(d}:‘+1\’f,dx") i XiXi=33.
o 'I'(I?l)c) coordinate E*(x, ») is also given by £a = X%(x, 3)y". If the 1-form

B* isan exact differential, the n.h. frame is called to be kolonomic. We sce
[489]=[dX§, dx']=X{xlda®, da']+Xiwldy", dx'];

2.1 A

( ) X‘i‘,tl= X5 X = ex X%

Therefore d6°=0 means that X§e=AXR: apd Xi:(,c,-—o, that is, theaX? is a

Jacobian matrix and therc exist functions % of xf such that &¥x, y)=

— (%2 3x") y* and X, = dfdx*. o y .
We shall introduce a set of I-form, using A=, =X+ X5 ¥

(3.3) P2 =123dxt, 0 =d 7= ).TTS_V: : 5}" c=dyt - Adxt,

where AL=2425 9/, Mr=28%

Matematws 203
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For the present, we shall confine ourseclves to assume
(A0} (X X 1= XX~ XX @m=0,

which implies X%;=2X5; so that 3=X{ and 0°= 0% hold.
Using (2.1), {2.2) and (A0), we have

(4071 = — 2 (dnfu[d !, dx*]+Chldx, Sy,
n;k=lt‘l'[_{k)\§l_]| k, E}k:=7\;)\;‘(k” ;i,,:=ak—A£é,,,

where 7 | k means the interchange of indices j, & of the foregoing terms.
Proposition 2.1. The necessary and sufficient conditions for a n.h,
frame (U, Xi(x, ¥)) of My to be holonomic are that the tensors i and Chy vanish,
§3. Absolute paraliel connection associated with a.n.h. frame. On the
domain U of My, we shall define 1-form 8f:=2ida].
Proposition 3.1. The connection form 0=(0}) is absolute parallel,

that is, \Q :=[d0]+{8, 6]=0.

Proof. Since dA=x0 and dr"i=—8r"" A=(}]), A7'=(), we find
[d0])=[dr7, dr]=—[8, 8]. o

If we denote Of==Aldx*+Cfi3y%, we find Al=2d;3;. Hence (AT)
(AL, Aly, Ci)) is a connection parameter on U of M, such that
(3.1 vhe=d' + AN v;‘(,,,:=v'(k,+6§,,,v", for v'(x, ¥).

For the curvature tensor ,Q=(AR, sP, 45), we have

RNy =T A+ AR A+ Chadi AP — | £==0,
(312) AH;jk:=akA§:J+Ag}A:nk""j | A=0, AH;:x :=AH;Jk=EtA§“_jI k=0,
AP}W::=AI‘.\1(I:]_E‘M’:J=O: Sl‘uk3=6;1(n+6;36:m“‘j ! k=0,
Moreover we have

Proposition 3.2. It holds that 34=0 and Afy=A~h.
The direct calculations give us

a) dudp'—j | k=0, b) (dvt)a— A= —Aksvin,
(3.3) <) vhie—7 | k=—nlh, d) viaw—7 1 =0,
€) Uf;(t;“‘”f&::J——"Afnf(kahs f) U:‘j;t—vgmuz—'ﬁgﬂfm
g) '”:mw—Uth:(n=6bm(’h+E?k?":m-

Proposition 3.3. Bianchi's identities [5Q]1=0 are derived from the
tdentities [dd8*]1=0.
Proposition 3.4. The identities {dd0*]=0 give

(3.4) a) ”gx;ri-”?k”'gﬁ-j | £ 1=0, b) n;k(llit‘mk—(—:ik:h

where j | k | I means the cyclic permutation of sndices j, k, L
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3]

In virtue of well known 'Lagrangean Mcthod’, we can choose a func-
tion & so that ¢@0* is holonomic {called c‘on[olrm:ri frame). ,
Theorem 3.5. The nceessary and sufficient condilions for a n.h

Jframe (lfT XY to beu con formal frame are that there extsts a vector a(x) such

§ g Sieadt and Cl=0. '
! n,§,.4- Aj&i“ins;e; space ,:vith metric F(x, »)=F(5(x. ¥})- _\\'Ye‘ know that
in the manifold (M. Ni(v. ) we have two connections | NT) and (A'I‘),
the difference of which is an arbitrary I-form and o a lﬂnslejr space with
metric F(x, ¥) we have the connections (CF), (BF) and (AT). However,

¢ can show . N "
o LlThZorem 4.1. In a FFinsler space with metric F(x, ¥) = f(E¥(x, ¥)), we

we (CF) and (BI} by (AT) uniquely. ‘ -
determ';'ﬁi (pro)of of ('l‘hgorcm( 4 1 follows from the following calculations.

P(x. y) fE(6 ¥, M =8
(-1.1) L =F.‘;:_-=——f(,;7\§" }-l,_—_—FF“)—_—ﬂ[al"{, A, ;=ff{a” Fiars 3]‘-3?.

£ . — M <. (0
Gayp="1u Con Py =“Ua3?‘?}\%s Mag: =Ma) C o Chx-

2C =Mt m inc?k"r‘mjh@i‘k‘l'mkhdlj‘i‘-Nm-s
Mo MW, N =M 25500
3N -_},:—i—g"‘(gh,;(,,.,—}—ghk;(j,Fg,k_,h.).'Z.
Proposition 4.2. [¢ holds that
Fiy=0, v =0, Ver=0, 851:&-":(;1-1:’ My =0, ==Y
(4.2) g =g (,..,+'(7”;“.,, Mg =M isas Vi =0k
For the conncctions {CF) and (BF), we have
Gi=AL+Eh, A=Ak El=Eijn
(4.3) Giy=Ab+ El, i, =E—Di, Adp=24d,38, |
8 =Ah A+ Di By -Ajkfl\}..,z—E§,-_.~§—I£ﬁ,=—D},_.+DL,,
where we denote
AEL © — e (g% va g guny 303k —2CRYaY) +8"Chii
(4.4) 220Dt =1keln ”?Jgn.l.-"”?'.-gnf‘%‘éuiH'Cn.-:J“‘Cu-:1'
-}-Z(E,’;CU,,-]—E,Q'C;,;,-, —E2C )
If we put @°: — g, we get from (4.3) and (4_4.} .
}czAi+(¢:kJ_1L5':)'lzr Efcs(Aic_’T‘(’;;-)'lzs A 0 = D
E§k=(¢§'k+5§k:u —5i )2, C—}k;o‘-ff}f:' foegas Wi = s

"i

. . = =i i i =il
G-‘ikl:_((])h.l—}—(/}k; o(x."i‘C;x;kﬂl_ckl:J)l’z' YT I’ (1
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‘ Preposition 4.3. 1f },==0, the comnection (AV) s metrical, that

15, Zuux=0. Y

Theorem_{!.s. If wh=0 and Ch,—=0 the space is Minkowskian

If #8y=0 and Ci.,=0, the space ts a Berwald space. 1f there exists u vector
oy Such that ul=c,8} — =85 and C}, =0, the space 1s conformally flaf.

(will be revisted)
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SOME REMARKABLE FINSLER STRUCTURES
ON VECTOR BUNDLES

BY
FRANCISC C. KLEFPP

§1. Preliminaries. At the second National Seminar on Finsler
Spaces (Brasov, 1982) Radu Miron [3] has introduced an efficient
method for the study of Finsler geometry on vector bundles, considering
the Finsler geometry of a vector bundle £E=(E, 11, M) to be the Finsler
geometrical objects theory on the total space E. Let i=(E,Il, M) be a
vector bundle of class C=: we suppose that the space E has #nt+m di-
mensions, the base M is a differentiable manifold of dimension %, IT is the
projection and the local fibre E p=I11(P), PeM is an m dimensional real
vector spaces.

Definition 1.1. A non-linear connection on the total space E of § is a
dif ferentiable distribution N . u e E-»N, eE,, with the property E,=N,® Eg,
where E, is the tangent space in the point u to the manifold E, N : u—>N, is
the horizontal distribution on E, and E*: u->E? is the vertical distribution on E.

For every vector field X on E there exists the unique decomposi-
tion: X=X"1+X*: XJeN,, X;<E, VYu eE, where X* is called the ho-
rizontal part and X° the vertical part of X.

A Finsler connection on the total space E can be introduced as a linear
connection V on E, which preserve by parallelism the horizontal distribu-
tion N and the vertical distribution E* of £. The connection V has four local
coefficients which have the very simple transformation laws to a change
of canonical coordinates on E.

Any Finsler connection V can be decomposed in an unique way by:

VeY=VEY 4 V5Y; VX, Ye®(E)
R. Miron [3]has established the torsion tensor field of a Fin-

sler connection on E, characterised by five Finsler tensor fields, and the
curvature of a Finsler connection on E, characterised by six Finsler tensor
fields. In particular for E=T(}{) the components of the Finsler connection
are equal in paires and the curvature tensor field has only three compo-
nents which are the Finsler tensor fields R®, P2, §* from the known casc
of M. Matsumoto [2].

§2. Metric Finsler Structures on Vector Bundles. A metric structure
on the total space E is defined by a second order covariant, symmetric and
non-degenerated tensor field G on E. The orthogonal vectors at Ef in the
point 1 €E, determine by & in a unique way the horizontal linear space Ny,



