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We obtain :

1 1 2z 3 1 ¢
sy | FOTHERX=—X", (FoF+FoF)(X")—0
- 1 2 2 4 3 2 4 4
(FoF +FoF)(X")=0 ; (FoF 4FoF)(X*)=— X"
In the adopted basis for the distributions N and £* the relations
(3.5) are written as :

1 1 2 8 3 2 4 3
FiF{+FiFj=—8,,  FIFl-|-FFp=o0,

(46) 1 2 2 4 3 2 44
FiF{+FiFi=o0, FUF{ 4 FeFge 8
The Nijenhuis tensor of F is given by :
(4.7) NYX,Y)=[X, Y]+F[FX, Y]+F[X, FY]—[FX. FY.

Theorem 4.1. The Finsler tensors from the decomposition of N* are
the horizontal and vertical components of the lensors N*(XU, YUy, N*{(X ¥
N*(X*, V7). '

_ Theorem 4.2. The almost complex Finsler structure I is infegrable
tf and only if the following inslcr tensors vanish

[__\T*(XH, YH) :H .I\T*(‘Y’H, YH);V: [1\"*(.)&'”, 1‘:') ':H.
:N’*(Xh" Yu)';i', [.N*(X”, Yu):n_ [‘,\‘*(‘X’r’ Yl,) v

Definition 4.1. A linear connection V on E, with the properiics :
15, V 45 an almost complex connection ; 2°. V is a Fiusler connection relative
fo the distributions N and E¥,i.e. [V, Y7V =0, [V, Y =0 is called an almost
complex Finsler connmection.

Theorem 4.3. The connection

1
(4.8) V,= '2'(Vx ~FoV,.oF), VX e(E)

’

where V is an arbitrary fived linear conncclion on E, is an almost complex
conmection.

Theorem 4.4. If V ts an almost complex connection on E, then the set
of all abmost complex conneclions on I is ofven by :

(4.9) Vo=V b QA VX eB(E) ; VA =)(E)
iwhere Q. <{E)—=><{(E) 1s the Obata operator of F. given by
1
QA,.= . (Adx—Fosd oF).
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INDUCED FINSLER CONNECTIONS OF A HYPERSURFACE
BY
MAKOTO MATSUMOTO

1 published my {irst paper on Finsler geometry in 1960, so 24 years
have passed since then. During the first decade I have mainly studied
Finsler connections. The preface of my monograph [1] published in 1970
began with the following paragraph :

It was undesirable for the author to give the title , Differential
geometry of Finsler spaces” to the present book, because the Finsler geo-
metry was not vet developed satisfactoriiy in this book. We have been able
to study. at the present stage, only the theory of general connections appea-
ring in the theory of Finsler spaces.

Since 1970 T have gradually tended to considerations of Finsler spaces
with some characteristic propertics and their metrics. In particular the
notion of constant curvature has excited my interest recently [2], and
Iwas naturally attracted into the theory of hypersurfaces, because a sphere
is a hypersurface of an cuclidean space and a typical example of spaces
of constant curvature.

Now, to our greatest regret, we can not see the father of differential
geometry of Romania, M. Haimovici. Following E. Cartan, hc at once de-
veloped the theory of Finslerian subspaces, not only derived the Gauss-
Codazzi cquations, but also showed important theorems on the existence
of totally geodesic subspacces.

Let I"=(Ar*, L(x, y), FT) be a Finsler space cquipped with a Finsler
metric L{x, v) and a Finsler connection FI'. Then a hypersurface M"1 of
M™ is regarded as a Finsler space with the induced metric Lz, v) which 1s
given from L{x, 1) by treating only the supporting clement y tangential
to Mt

M le=ai(a®),  Bi(w)y=oxifont,  yi= Bi(u)v®,
L(a, o)=L (x(a), Bi(a)v*).

We have naturally two Finsler connections on the Finslerian hyper-
surface F'"'=(M""1, L{u, v)) ; one is the imtrinsic connection FI', derived
from L{w, v) in the way (2) which is similar to (2), and another is induced
conncction IFIY, derived from FI' by the so-called projection.
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As it is well-known, FI' docs not coincide with TFT' in general and
this problem has given rise to complicated circumstances in Finslerian
subspace theory. In fact, when we shall make a comparative reading of
papers on the subspace theory written by various authors, we are sure to
find cluttering up our minds owing to differcnces of methods and notations.

In our ncw viewpoint of Finsler connections, hoewever, this problem
is satisfactorily solved as follows:

Theorem 1. The induced connection ICI' om a hypersurface of a
Finslcr space Fr—=(M", L(x, v). CI') with the Cartan connection CF 15 a
veneralized Cartan conmection which 1s uniguely determined from the induced
metric L{n, v) by the following 5 axioms: (1) gap1y=0, (2) T§,=MiH,—

M3Hg, (3) D§=0, (4} ganly=0, (5) S§,=0.

Maa is a symmetric tensor, derived from the Cartan C-tensor gyp=

—&ig8ul2 by the projection operators Bg and the unmit normal B': M=
ginBLBLABY, and H, is the normal curvature vector: H.=BB}, -+ N*,Bj)
(B, =1*3, BE).

Theorem 2. The induced connection IBT from the Berwald connection
BT is a generalized Berwald Pl-conmection which is uniquely determined
from L{u, v) by the following 5 axioms: (1) L.a=0, (2) T§,=0, (3) Dg=0,
(4) P§,=2HgM3, (5) Cg,=0.

The following diagram is well-known :

C-process
CIP 9% C-process : C/y—0
Pl-process Pi-process DPl-process: Fy'v—F et Py,
;}r C-process BJrI‘

These four connecctions have the common nonlinear connection Ny, so that
ICT, IRT, IHI and IBI have the common induced nonlinear connection
N8 B8(Bi,+NiBi). Then we have

ICT IC-process ;pop IC-process : {Fg“.,—rFa“,—MEHT,
I Ca".,-a-O
I P'-prcicess I P‘iprocess IP'-process 1 Fy%—Fg®+0a%
. e i 1d Dk
THT IC-process . IBT Qazy=8iie BaBiBY.

Corresponding to these processes, as to the second fundamental h-tensor
H,a, we have

IC-process : Hap—>Hap —M,Hs, M.=g.:BiB'B",

IPv-process : Hop—>Hap+0Qas CQap gurieBaBEB".

From the above results it may be said that our new concept of Fin-
sler connection is very useful in the theory of Finslerian subspaces and the
well-known concept of constant curvature should be reconsidered from the
wider standpoint of general Finsler connections.

I hope to speak on the existence of totally geodesic hypersurfaces

afterwards.
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[OTALLY ¢-HOvy s SYFLRSURFACES AN FINSLIFRIAN
FROMECTIVE GEOMETRY
BY

MAKOTO MATSUMOTO

fn 1035 M. Haimovici found the lundamental Gauss and
Codazzi canstions for a hypersurface of a Finsler space and, about 5
years after. he discussed the problem of existence of totally geodesic sub-
spaces. Next.in 1952 S, Kikuchi delt with this problem in more detailed
form. Finally. in 1957 this problem was nearly {inished by A, Rapesdk's
paper, but T can not understend his proof of the essential lemma ; according
‘o Prof. L. Tamassy's communication, Prof. Rapcsidk acknow-
Jedges @ misprint in his lemma. Nevertheless his paper is very valuable,

Now. let L (x, v) and IFT be the induced metric and induced connection
of a hypersurface I'" * of a Finsler space Fr=(M""1 L(x, ), FT). We get
{he notion of zeodesic curve with respect to a metric and the notion of path
with respect to a conncction. If each geodesic curve of F" is a path, then
cach geodesic curve of F"-t with respeet to L(u, o) is a path with respcct
to II'L.

Definition 1, Jf each path of F** with respect to JIT is a path of F"
with respect to FULF" Vs called a hyperplanc of the 1-st kind.

H we are concerned with the Cartan connection of £"7, the above
notion coincides with the notion of totally geodesic hypersurface.

Next, in 1950 O, Varga defined the concept of quasigeodesic curve
with respect to CI'. 1 generalized this concept to a general Finsler connection
about 1970 ; a curve C=(x¥(s), 3'(s)) of the tangent bundle TF* is called
an h-path if y¥(s) is parallcl along the curve C=(x*(s)) with respect to the
nonlincar connection and dx!/ds is parallel along € with respect to yi(s), 1.e.

dytds-k Ni(x, y)dailds=0, d2x'[ds®-+Fis(x, 3)d ald ¥ fds?=0.

Definition 2. /f cach A-path of FP~t with respect to IFT is an h-path of
I with respect to FU, FU is called a hyperplane of the 2nd kind.

Further we define another notion of hyperplane:

Definition 3. F" is called a hyperplanc of the 3rd kind 1f the unit normat
vector BUof F*7V is parallel along each curve (u2(s), v*(s)) on F"~1, where v*(s)
15 to be tangent to FP7N

The relations among these three concepts of hyperplanes with respect
1o the connections CIY, BF, HT and RT arc as follows :



