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As it is well-known, FI" docs not coincide with TFI' in general and
this problem has given risc to complicated circumstances in Finslerian
subspace theory. In fact, when we shall make a comparative reading of
papers on the subspace theory written Ly various authors, we are sure to
find cluttering up our minds owing to differences of methods and notations,

In our new viewpoint of Finsler connections, however, this problem
15 satisfactorily solved as follows :

Theorem 1. The induced connection [CI' om a hypersurface of a
Finsler space Fr=(M", L(x, v). CI') with the Cartan connection CI' is a
seneralized Cartan connection which is uniguely determined from the induced
metric L{n, v) by the following 5 axioms: (1) gap1y=0, (2) T§,=MiH,—~

MgHg, (3) D§=0, (4} ganly=0, {5) S,=0.

M,a is a symmetric tensor, derived from the Cartan C-tensor gip=

—digyf2 by the projection operators By and the unmit normal B': M=
giuBLBABY, and H, is the normal curvature vector: H.=BB},+N',Bj)
(Bya=1" 34 Bf).

Theorem 2. The induced connection I BT from the Berwald connection
BT is a generalized Berwald P-conmection which is uniquely delermined
from L{u, v) by the following 5 axioms: (1) L.a=0, (2) T§,=0, (3) D§=0,
(4) PT,=2Hg M2, (5) C§,=0.

The following diagram is well-known :

C-process
C‘P 2 C-process : C'x—0
P-process Pi-process Pl-process : Fi'y—>F iyt Py
f}l‘ C-process B‘LI,

These four connections have the common nonlinear connection Nj, so that
ICT, IRT, IH I' and /BT have the common induced nonlinear connection
N8=B%Bj.+NjBj). Then we have

ICT IC-process  _ ;pp IC-process : {F;;“.,—»Fa“?—MEH,,
1 CguY—Q'O
I P'-prticess I Plrprocess IPi-process 1 Fy%—>Fg®+00%
N v _—— i pd Dk
THT IC-process . BT Qaay=ginie BaBiBY.

Corresponding to these processes, as to the second fundamental h-tensor
Ha,a, we have

IC-process : Hap—>Hap M Hs, M,=gu:BiB B,

I Pl-process : Hys=>Hap+Qaz:  Qap gumBiBéB"-

From the above results it may be said that our new concept of Fin-
sler connection is very useful in the theory of Finslerian subspaces and the
well-known concept of constant curvature should be reconsidered from the
wider standpoint of general Finsler connections.

I hope to speak on the existence of totally geodesic hypersurfaces

afterwards.
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Tn 1935 M. Haimovici found the fundamental Gauss and
Codazzi canatious for a hypersurface of a Finsler space and, about 5
years after. he discussed the probiem of cxistence of totally geodesic sub-
cpaces. Next, in 1932 5. Kikuc hi delt with this problem in more detailed
form. Finally. in 1957 this problem was nearly {inished by A Rapcesdk's
paper, but T can not understand his proof of the essential lemma ; according
o Prof. L. Tamassy's communication, Prof. Rapcsak acknow-
ledges @ misprint in his lemma. Nevertheless his paper is very valuable,

Now. let L (r, v) and /I T be the induced metric and induced connection
of a bypersurface I'" ™ of a Finsler spacce Fr=(A", L(x, ), FT). We get
(he notion of geodesic curve with respect to a metric and the notion of path
with respect to a connection. If each geodesic curve of F" is a path, then
cach geodesic curve of F* U with respeet to L(u, @) is a path with respcet
to [T,

Definition 1. J/ each path of F"~% with respect to JI'T is a path of F*
with respect to FU, F'=tis called a hyperplanc of the 1-st kind.

If we are concerned with the Cartan conncction of F"7, the above
notion coincides with the notion of totally geodesic hypersurface.

Next, in 1950 O, Varga defined the concept of quasigeodesic curve
with respect to CI'. 1 genceralized this concept to a general Finsler connection
about £970 ; a curve ¢ =(x¥s), ¥'(s)} of the tangent bundle TF* is called
an h-path if yi(s) is parallel along the curve C=(x*(s)) with respect to the
nonlincar connection and dx!/ds is parallel along € with respect to yi(s), i.e.

dytlds-- Ni(x, y)daids=0, d=x'|ds*-+Fix(x, A)datd ¥ [ds?=0.

Definition 2. /[ cach h-path of I'"™ with respect to [FT is an h-path of
I with respect to FT, Fv is called a hyperplane of the Znd kind.

Further we define another notion of hyperplane:

Definition 3. F"t is called a hyperplanc of the 3rd kind 1f the unit normal
sector Bl of F*7V is parallel along each curve (42(s), v*(s)) on F"~%, where v*(s)
is to be tangent to F"7.

The relations among these three concepts of hyperplanes with respect
1o the connections CI, BT, HT and RT arc as follows :
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st 2nd 3rd
cr Hy w0 Hy=0, Qup=0 Ha =0, Qap=Moa=0
RT' H o0 Ho =0, Oxp=0 Hy=My=0, Qup=Map=0
HT H i} Hg=0 Hy=0x=0, Osa=Mag=0
B Ho=0 Hy=0 Ha=Maq=0a=0, (ag=Msp=0

H,=B,(B}, + NiB}) .. . normal curvature vector,
{ Qa=gux10 BB’ B, { M, =guBaB'B*
Qus=Zu o 3L Bh B, M, a=gBL By B*.

Now the necessary lemma, proposed by Rapcsak, toshow Haimo-
vici-Kikuchi-Rapcsik’s theorems is as  follows :
Lemma. Suppose a tensor T} p of type (1, r) be
(1) indicatory : 13 =T 2= ... =T}.,=0,
(2) symumetric inj,. . ., k,
(3) BiT| B ... BE=0 for each hvpersurface element (B, Bf). Then we have

an tndicatory and symmetric tensor Ty..p of type (0, r) satisfying

T;}.,.Jr=h},TJ,...!r+’--‘i'h;,,Tj,..J,_,’
where Wy=8}—1I'l, is the angular metric tensor.

My proof of the lemma is based on the fact that the Lie algebra of
the group of orthogonal matrices consists of skew-symmetric matrices.

Then H-K-R's theorems are as follows :

Theorem 1. There exists a hyperlane of the 1st kind with respect to CT'
at each hypersurface element of F", i ff F* is projectively flat. The hyperplanes
are represented by a linear equation in a rectilincar coordinate system.

Theorem 2. The analogons fact holds for hyperplane of the 2nd kind,
tff F* is projectively flat and Landsberg (gisn1s=0).

Theorem 3. The analogous fact holds for hyperplane of the 3 rd kinds
tff I'* is a Riemannian space of constant curvature.

As to Theorem 1, Haimovici and Kikuchi showed that such an F*
is necessarily of scalar curvature. Ra pcsa k showed that the F" is pro-
jectively flat and of scalar curvature, and the converse is true. Z. Szab o,
however, showed in 1977 that the projective flatness gives rise to ,,of scalar
curvature”. The second half of Theorem 1 was first showed by me. That
is, projective flatness is the same notion as ,with rectilinear extremals” due to
Hilbert and studied by Berwald, Funk etc. Therefore there
exists a covering by neighborhoods of coordinate systems () in which each
geodesic curve is represented by n—1 linear equations. Such a coordinate
system is called rectilinear. Thus Theorem 1 asserts that hyperplanc of
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the st kind are dual concept to geodesic curves, similarly to the case ol
an ordinary projective space. Morvover, in one of my previous paper 1 showed
that rectilincar coordinate svstems obey projective transformation : Let
(*%}y and (%°) be rectilinear coordinate systems. The relation betwceen them are

e (:?li—l—f.).'(ﬁ‘-x‘—i £)

where ¢'s are constant. The converse is true.
Conscquently Theorem 1, together with this fact, concludes the esta-
blishment of Finslerian projective geometry.
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