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Introduction. As it is well-known, for many years, the geometry of
Ricmannian subspaces was the main topic in Ricmannian geometry. Ho-
wever, this was not the case for gcometry of Finsler subspaces, hecause of
the tremendous computations which were involved with it.

Itwas M. Haimovici who investigated in [2] for the first time,
the geometry of hypersurfaces in Finsler spaces. Since then, some intercsting
results have been obtained, but the gecometry of Finsler subspaces of codi-
mension greater than one was only sporadicaly investigated.

In 1983, M. Matsumoto in his cxcellent work (3] obtained
a systematic study of geometry of hypersurfaces in Finsler spaces. The
study is mainly based on a Finsler connection on the ambicnt space and
on the induced Finsler connection on the hypersurface.

Very recently, the first author obtained in [6] a new method for 1
study of geometry of hypersurfaces in Finsler spaces. Roughly speaking,
this method is based on an intrinsic Finsler connection on the Finsler sub-
space and on a lifted Finsler connection in thc ambient space.

The main purpose of the present paper is to show that Miron’s method
can be extended to a Finsler subspace of arbitrary codimension. We start
from the intrinsic Finsler connection on a Finsler subspace and obtain a
lifted Finsler connection on the ambient Finsler space. In this way the
induced Finsler connection on a Finsler subspace is just the intrinsic Finsler
connection of the subspace. Also the fundamental equations of a Finsler
subspace have a simplified form and thus they could be haadled in a further
study.

§1. The intrinsic Finsler connection on a Finsler subspace and the
i,- Finsler connection on the ambient space. Let Fr=(M?" gi{x, y)) be a
generalized Finsler space, where M*® is a real #-dimensional differentiable
manifold and gy(#, ») is a symmetric, non-degencrate and Finsler
tensor field of type (0, 2) on M" We call gy(x, y) the generalized
Finsler metric on M ® Denote by (v%) the supporting clement of " and by
TM™ the tangent bundle to M". (For the theory of generalized Finsler
spaces, defined by the first auther, see [3]).

Now, let M™(m <) be a submanifold of M™". Denote by ¢ the immer-
sion of M™ in M*® and by J, : TM™—=TM" its differential. Then, locally
the immersion 7 is given by
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(1.1) [ ri=et ),

| rank {exijen®l=m, i=1,..n: o=1. .m

Throughout the paper we use the following notations for indices -
A R Booe By yee=toom;oa b, =m 1o on,
[he local field of frames on M™ is given by
( axt
1.2) Bi{wy= "~ .
: dn®
In order to introduce on M™ a Finsler structure we suppose the supporting
element (v of M " satisfving

(1.3) 3= Bi(u)v.
We call (v*) the supporting clement of A™. Denoting by
: a2xt ; : :
sza:W o By=DBiv, we obtain :
¢ .0 .0
= =B B2
(1.4) ou* dxt ay*
gl
dv® * ay!

where {2/dx%, df{dy'} and {0/du®, 8[dv*} arc respectively the natural local
field of frames on TA"™ and TAI™,

We choose a local field of orthonormal Finsler frames {Bj(u, »)} which
is normal to M™ Thus we obtain a local field of Finsler frames ri(n, vy,
Bi(u), Bi(u, v)} on M* along to M™. Dcnote by [B(u, ), B, v)] the
inverse matrix of [Bi(n), Bi{x, v)]. Then we obtain

(1.5) BEBy=38%; ByBi=0; BiBL—0; BiBj=5t;
B B4 BiB3=3j.

The generalized Finsler metric g (¥, ¥) on M * induces a gencralized Finsler

metric gua(t, v} on M™ by

(1.6) Eaplt, ©)=gu(x(20), M1t ) BL(10) By (n).

Thus the manifold M™ becomes a generalized Finsler space F"={M", g,q(#,
€
v)}). Then we fix a non-lincar connection N(N§) on T'A™ and we have

[
Theorem 1.1. There exists a unique Finsler connection CI(N)=
==(N§, F§,, C§,) n F™ satis fying the conditions :
&
(i} 1ts mom-lincar connection 1s just N,

(ii) the (k) and (v)-covariant derivatives of gaaf1, v) with respect to CT(N)
vanish

(iii) T§,=0 and S§,=0.
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[
The theorem was obtained by the first author in [5]. We call CU(N)
the intrinsic Finsler connection of F™.

€ [
Next, we fix a non-linear connection N{¥}) on F*. By using the coef-

< <
ficients of both non-lincar conncctions N and N on TM " and respectively
TAM™ we define

(1.7) FH(x(), y(u, v)) = BE(BAN}— N2BY+ BL).

Thus we obtained a Finsler tensor field ¥('tf) on F* defined in all points
of i, (TM™). Then locally we define .

&
(1.8) MY}, o, ©) =Ni(x(a), y{at, 0))—E}(x(at), (o, 0))
Thus we have an #n-dimensional differentiable distribution N :(x, y)—
>Niape TaeolTM™), (1, y) i (TM™), locally spanned by /8x'=4/dx*—
Niajay'.

i Hypothesis 1. [n the present paper we suppose there exisis a prolon-
gation of the distribution N to TM*" and this prolongation will be denoted by
N, too,

&
Proposition 1.1. The non-linecar connections N(Nf) and N(N§) are
related by

(1.9) BLNj—NEBi+ Bg=0,

at cach point of i, (TM™). .
Remark 1.1. Thennon-linear connection N on 7'M * has the (H)-pro-

¢
perty with respect to N on TM™. (For the study of non-linear connection
with (H)-property see Miron [6]).

Now we sfate

Theorem 1.2. Let F* be a Finsler subspace of a Finsler space F*. Then
there exists a unique Finsler connection FT(N), =(Nj, F§, C§) on F* satis-
fving conditions _

(i) its mon-linear conmection N(N}) is given by (1.8) and Hypothesis 1,
(ii) the (k) and (v)-covariant derivatives of g with respect to FT(N), vanish,
(1i1) TH=0 and Sh=0. o ‘

The Finsler connection FI'(N), is called the i,-Finsler connection on
F*. Our study will be mainly based on the intrinsic Finsler connection
on F™ and the 4,-Finsler connection on F". _

§2. The induced Finsler connection on I'" andthe normal Finsler
derivatives. We denote by D the covariant differentiation with respect to
an arbitrary Finsler connection FI'(N)==(Nj, Fii, Cj;) on I'*. Then if XY{x,x)
is a Finsler vector field on F* we have

(2.1) DX'= X1 dx¥+ X, 3%,
where we put

(2.2) Xty=8 X'+ X*Fly ; Xi|,=8X'+X"C; and
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(2.3) ByF=dyt{ Nidad,

Nox_v, we denote by D the covariant differentiation with respect to an
arbitrary Finsler connection IFFI(N'g, g, , C§,) on F™. Then there are satis-
fied similar relations to {2.1)— (2 3).

We say that Fi'is an induced Finsler connection on F™ by the Finsler
connection FI'(N) on I'" if we have

{2.4) DX*=B:DX' and (2.5) 3v*= B3y},
where (X') and (X%) arc rclated by
(2.6) X'i=Bi(u)X*.

Theorem 2.1. Let I'™ be a I'insler subspace of a Finsler space IF*. Then
there exists a unique induced Finsler connection on ™ by the 1,-Finsler con-

nect}z;_on IT(NY, on F* and it is just the intrinsic Finsler connection C I‘(z\:')
on F™. n

Remark 2.1. The definition of the induced Finsler connection is the
same with that one given by Matsumoto in {3]. The main point is that
we have a situation when the induced Finsler connection on F™ is just its
ntrinsic Finsler connection and thus the computations will be much sim-
plified.

Next, we consider a Finsler vector ficld X! normal to F™, i.e., we have

2.7) X'=X*B; .
Then we define {%)-normal Finsler derivative by
(2.8) X0 =0 XL XY f,=8f,

where L§, =B} B? and f is an arbitrary scalar field on F™. In a similar
way, the (v}-normal Finsler derivative is given by
(2.9) XL, =8, X+ MEX?; [l,=0d.f,

where & & =DBjl.B. By means of the (%) and (v)-normal Finsler derivatives
we define a new relative differentiation. Then from some commutations
formulas we obtain three curvature tensors given by

(2.10) Rip—35L8— 8 Lis+ Lo LELipt R M,
0 TP
Q1) Pog—pLi—d Mt MalLh— LMo 5, 2E,
v
(2.12) St M2, — 8, M+ M2 MS, — Mo M .

3. The fundamental equations of a generalized Finsler subspace.
Let F™ be a generalized Finsler subspace of F", We consider the i,-Finsler

connection FI(N), on F” and the intrinsic Finsler connection CI‘(I:?) on
F™ which by Theorem 2.1 is the induced Finsler connection on F™ by the
1,-Finsler connection. We define the following Finsler tensor fields
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i[:g: ]j:‘( ;ﬂ'Jl_ !;‘1];’;]‘;{5)_ I{gar ]j?fngéC;“ s

(-l]) 3 ap }pra . Ta i) Ka
]'[a(3=§ hoﬁ . Aaﬁ=g op -
Then we obtain
(4.2) Iv’im=[:'§3}j; and  (4.3) )’;i;_,._..K:Bb’,f

We call (4.2) and (4.3) the Ganss’ formulus and [T, K the second funda-
mental Iorms of the immersion of ™ in [F*, On the other hand, we obtain
(+.4) Big== Mg, b+ L, By and

(+.3) Bila=—Kg By M2, I,

which are called the Weingurten's formulas.

Now we denote b} (Rhwik » Dot 5 Siin) zl‘nd (Rvsr Plyss Shys) the curva-
ture tensors of the 7,-Finsler connection on I°” and respectively the curva-
ture tensors of the intrinsic Finsler connection on /. Then we get the
following structure cquations of '™ in I7":

R BRByBE By == k%, - 12 Heg— HEgH2, I BrBLBEBY=P3,+

e Ke Hy— K HS,, Sty Br BB BT = 5%, + K2 K — K& K2, ,
(4.7) Ry BT B B BT - Hsyv— HEy s R_$8K3¢ ) P‘:nskBrBfrBﬁ By=

' =Ky, HE Ly CoHE, -~ PEKS,, S BB, BEBT =K}, — Ki ls»
“8) R BUBPBIBE = RS g+ HE Y, — HE Hbs, Pl BB B B=Phyy+-

+ K¢ HE — HE K, ’,‘,,_;,,B‘,-’B;"Bi}jﬁ——PSﬂY&-}—Kﬁal{zy—lﬂ?,l\’ga.

The equations (4.6), (4.7) and (4.8) are called the cquations of Gauss, Co-
Jazzi and respectively Ricer for the immersion of ™ in IF". It is remarkable
that. for the first time, the structure equations of F™ in FF* have a simpli-
fied form and thus they could be handled in a further study of Finsler
subspaces.

Proofs and details will be given cisewhere in a forthcoming paper [7].
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