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PONTRYAGIN CLASSES IN FINSLER GEOMETRY
BY
GHEORGHE PITI$

In this paper we define the Pontryagin classes associated to a non-
linear connection. We give some results concerning these characteristic
classes in the case of the metrical Finsler structure.

Our paper is based on the new idea of vector bundle Finsler geometry,
presented by professor Radu Miron in [5].

1. Let E=(E, m, M) be a smooth vector bundle of fibre dimension
m over the smooth #-dimensional and paracompact manifold M and denote
by VE the vertical bundle Ker #7. Suppose that N is a nonlinear connection
on £. Let T the space of Finsler forms of type (g, s). For a Finsler connec-
tion V we denote by R the curvature tensor. It is well-known that

(1) (R(X, Y)Z7)"=(R(X, Y)Z")*
for any X, Y, Z<®(E), and then we define a map R” by the formula
2) RY(X,Y)Z = R(X", Y")Z¥;

RY has the following properties
RY(X,Y)Z=RV(X,Y)2"; R¥(Y,X)=—RV(X,Y),
(R¥(X,Y)2)"=0; R"(X", Y")=R"(X",Y")=0,
RY(fX,Y)=fR"(X,Y), [e(F(E),

and then it may be regarded as a Finsler form of type (0, 2) with values in
gHET).
The operator defined by
(d"m)(xl, seey X||+l+l)=

g+2+1 ~
= T (= 1) (VEONXE, oy XEy X0ty s XDy ooy XU pan)—

t=g+]
15i<e ~~
(3) — T (—1)"e(THXF, X), XF, .., X%, .. XE,
TS gq+s+1
s
XDty oo Xy ey X i)~ S (—O)™o(T"(XT, XD).XF, ..., XT,

g+ 1gicfg+s+]
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where @ =7 and T is the torsion of the Finsler conncetion ¥, has the pro-
pertics of a differential and 4”797 7™ Now a straight{erw ard computa-
tion involving the equalities (2) and (3) prove that RV is ¢ -closcd.

Tet P: » gl(R™— R be a A-lincar symmetric forr, invariant under

change of basm in R™ and denote by I*(g/(R™)}) the module of these forms,
Because, for every # €FE, we lnwe f"~]“", a 2/-forin on I mav be defined
by puttmg =

(4) P(RV)(X,, oo Xu)— 3 ( et (P"( atts Nagihs -ots KT (K gt X

BE Sy

where P & [¥(gl(R™), S is thc sct of all pumutatin = of {1, o 2k} and
€ c) is the signature of c=S,. By a direct computdtton 1t follows that
P(RY) defined in {4) is a.d’’~closed Finsler form of type (0, 2/\) Moreover we
can state the following. : .

Theorem 1, Thed"-cohpmology class dcj?ﬂt a by P(R' ) 1s 1nde pendeitt
o the Tinsler connection used to define it -

This cohomology class is called the 4" .Pom‘f Vagia u’fm -f order -2k
corresponding, to P

If P el*gl(R™), ]»>m then P(R")y=0 uld in i]nq magner we obt"un

the following:
' Theorcm 2: Thed” Pontryagm classes af order 2k Jmash f v oald b
2. We can obtained somie interesting results in the®case of metrlcal

Finsler structures. For this, we. hrst need to lntl()dl ce the notion of --—Rlc-
mannian Finsler connection. ~
L&t -be a metrical Rinsler structure on'the total space I of the viéctor

hundle £ . . SR .
D(,fmltxon 1. 4 fzvzs!c: comzeriwa v is fc.llefl B I\wmmmzm if "G"
=0 for any X e®(F), where GV{X, YV)=G(X". Y¥¥),

It is clear. from the above dc[mlt.on tlnt for a memaumdn 1<mslcr
connection 'we have )

(5) XVGY, Z)=G¥(VE Y, 2)+ GV(Y. VEZ).

Proposition 3. If V is @ o Riemannian Tinsler connecting fhen
GY(R¥(X, Y})Z. U) GU(RV(X. Y7, Z)

for any X, YV, Z, Us(L).
If {X%,eim is an orti‘_;__onormdl basis of &7 then

(6) Gl’( X, X)==3e,

and by the proposition 3 we can write

(7) (RV)HY. ¥)2 —(RTHX. V),

where ((R")3(X, V)) is the matrix associated to R'(.X, ¥} by choesing an
isomorphism F} = R™. Now (7) m-m ¢s that th1s matrix is shew- gxmmctrlc,
and for € I¥(gl| R* )) we have F’( RF)=DP{{RM)¥), where 417 s the {ransposed
matrix of 4. But P is mvanant and then we can statc the following.
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Theorem 4. The d''-Pontryagin classes of order dif ferent from a multiple
af 4 are zero.
Note. 1f V° and V! are two v-Ricmannian Finsler connections then

1
I P8V (RYY, ., (RYY)dt defines a d''-cohomology class. (Here R* is the
0

curvature form of the Finsler connection V'=V°4¢(V'—V*), ¢=(0, 1], and
3V is defined by 8V(X)Y=(Vik—V°E)Y"). It scems that this cohomology
class is independent on the choice of the connection V°® and V1, but we haven't
a complete proof.

3. Suppose now that the distribution N is integrable and m >#.

If @y, ..., &, are independent Finsler forms of type (1, 0) then Q=w, A ...
" &, is a Finsler form of type (5, 0) and dQ=d4"). Morcover, from (3} it follows

(8) d”Q=£‘.(—1)“‘m1/\ o AdOg A L Ay,

i=l
and if 8, ..., 0, arc m independent Finsler forms of type (0, 1) then we have
(9) dm‘-——Aiaﬁ)} /\ Ba+A€kﬁ)j>(ﬂk

Now denoting by 0 the Finsler form — Ai*0, we deduce that 40 A Q=0 and
as d0=A"wA 0, it follows (d0})"*1=0. In this manncr we have obtained a
d"-closed Finsler form A'=0A(d0)" of type (#, n+1).

A direct computation shows that

Theorem 5. The d”'-cohomology class defined by A s tndependent on
the Finsler forms 0, and o,

This invariant is called the d'"-Godbillon- Vey class.
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